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PREFACE.

THE following work is not a series of speculations. It is

but an analysis of that system of mathematical instruction

which has been steadily pursued at the Military Academy
nearly half a century, and which has given to that institu-

tion its celebrity as a school of mathematical science.

It is of the essence of that system that a principle be

taught before it is applied to practice ;
that general princi-

ples and general laws be taught, for their contemplation is

far more improving to the mind than the examination of

isolated propositions; and that when such principles and

such laws are fully comprehended, their applications be then

taught, as consequences, or practical results.

This view of education led, at an early day, to the union

of the French and English systems of Mathematics. By
this union the exact and beautiful methods of generaliza-

tion, which distinguish the French school, were blended

with the practical methods of the English system.

The fruits of this new system of instruction have been

abundant. The graduates of the Military Academy liuve

been sought for wherever science of the highest grade has

been needed. Russia has sought them to construct her

railroads;* the Coast Survey needed their aid; the works of

internal improvement of the first class in our country, have

mostly been conducted under their direction
;
and the war

with Mexico afforded ample, opportunity for showing the

thousand ways in which science the highest class of knowl-

edge may be made available in practice.

* Major Whistler, the engineer, to whom was intrusted the great en-

terprise of constructing a railroad from St. Petersburg to Moscow, and

Major Brown, who succeeded him at his death, were both graduates of

the Military Academy.
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4 PREFACE.

All these results are due to the system of instruction. In

that system, Mathematics is the basis Science precedes Art

Theory goes before Practice the general formula em-

braces all the particulars.

Although my official connection with the Military Aca-

demy was terminated many years since, yet the general

system of Mathematical instruction has not been changed.

Younger and able professors have extended and developed

it, and it now forms an important element in the education

of the country.

The present work is a modification, in many important

particulars, of the Logic and Utility of Mathematics, pub-
lished in the year 1850. The changes in the Text, seemed

to require a change in the Title.

It was deemed necessary to the full development of the

plan of the work, to give a general view of the subject of

Logic. The materials of Book I. have been drawn, mainly,
from the works of Archbishop "Whately and Mr. Mill. Al-

though the general outline of the subject has but little re-

semblance to the work of either author, yet very much has

been taken from both
;
and in all cases where it could be

done consistently with my own plan, I have adopted their

exact language. This remark is particularly applicable to

Chapter III., Book I., which is taken, with few alterations,

from Whately.
For a full account of the objects and plan of the work, the

reader is referred to the Introduction.

FISHKILL LANDING, )

January
r

, 1873. i
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INTRODUCTION,

OBJECTS AND PLAN OF THE WORK.

UTILITY and Progress are the two leading utility

ideas of the present age. They were manifested

in the formation of our political and social insti- Their influ-

ence in go*
tutions, and have been further developed in the

extension of those institutions, with their subdu-

ing and civilizing influences, over the fairest por-

tions of a great continent. They are now be-

coming the controlling elements in our systems in education.

of public instruction.

What, then, must be the basis of that system wiwt

/. . .
^ne I*88 '8 of

of education which shall embrace within its ho- utility and

rizon a Utility as comprehensive and a Progress

as permanent as the ordinations of Providence,

exhibited in the laws of nature, as made known

by science ? It must obviously be laid in the

examination and analysis of those laws ; and



1 v! i x r K o in" c T I o N .

primarily, in those preparatory studios which fit

and qualify the mind lor such Divine Contem-

plations.

When Bacon had analyzed the philosophy of

Philosophy.

the ancients, he found it speculative. The great

highways of life had been deserted. Nature.

spread out to the intelligence of man, in all the

minuteness and generality of its laws in all the

harmony and beauty which those laws develop

had scarcely been consulted by the ancient phi-

Pha a -

losophers. They had looked wr
ithin, and not

phyoftbo
without. They sought to rear systems on the

uncertain foundations of human hypothesis and

speculation, instead of resting them on the im-

mutable laws of Providence, as manifested in

the material world. Bacon broke the bars oi

this mental prison-house: bade the mind go tree.

and investigate nature.

Bacon laid the foundations of his philosophy m
. organic lawr

s, and explained the several processes

of experience, observation, experiment, and in-

duction, by which these laws are made known,

why op- He rejected the reasonings of Aristotle because
pMdtoAfto.

they were not progressive and useful ; because

they added little to knowledge, and contributed

nothing to ameliorate the sufferings and elevate

the condition of humanity
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The time seems now to be at hand when the Practical

philosophy of Bacon is to find its full develop-

ment. The only fear is, that in passing from a

speculative to a practical philosophy, we may,

for a time, lose sight of the fact, that Practice

without Science is Empiricism; and that all it true na-

ture,

which is truly great in the practical must be the

application and result of an antecedent ideal.

What, then, are the sources of that Utility,
what i

the true qr

and the basis of that Practical, which the pres- temofedu-

ent generation desire, and aftei which they are

so anxiously seeking ? What system of training

and discipline will best develop and steady the

intellect of the young ; give vigor and expan-

sion to thought, and stability to action ? What Which will

develop and

course of study will most enlarge the sphere of steady the

investigation ; give the greatest freedom to the

mind without licentiousness, and the greatest

freedom to action consistent with the laws of

nature, and the obligations of the social com-

pact ? What subject of study is, from its na- what are

the subjects

ture, most likely to ensure this training, and Or study?

contribute to such results, and at the same time

lay the foundations of all that is truly great in

the Practical ? It has seemed to me that math- Mathematics

ematical science may lay claim to this pre-emi-

nence.
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The first impressions which the child receives

f Number and Quantity are the foundations oi

dge*

his mathematical knowledge. They form, as it

were, a part of his intellectual being. The laws

Laws of of Nature are merely truths or generalized facts,
Nature.

in regard to matter, derived by induction from

experience, observation, arid experiment. The

laws of mathematical science are generalized

Number truths derived from the consideration of Number

space.
anc^ Space. All the processes of inquiry and

investigation are conducted according to fixed

laws, and form a science ; and every new thought

and higher impression form additional links in

the lengthening chain.

The knowledge which mathematical science
teal knowl- .

edge: imparts to the mind is deep profound abiding.

It gives rise to trains of thought, which are born

in the pure ideal, and fed and nurtured by ar.

acquaintance with physical nature in all its mi-

what it
nuteness and in all its grandeur : which survey

doM- the laws of elementary organization, by the mi-

croscope, and weigh the spheres in the balance

of universal gravitation.

what The processes of mathematical science serve

tQ g jve mental unhv an(J wllo ]enesg< Thev im_

part that knowledge which applies the means of
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crystallization to a chaos of scattered particulars, Right knowi.

and discovers at once the general law, if there the'L^^f

be one, which forms a connecting link between c|78lalllza'

lion.

them. Such results can only be attained by

minds highly disciplined by scientific combina-

tions. In all these processes no fact of science

is forgotten or lost. They are all engraved on

the great tablet of universal truth, there to be

read by succeeding generations so long as the

laws of mind remain unchanged. This is stri- truth.

kingly illustrated by the fact, that any diligent

student of a college may now read the works of

Newton, or the Mecanique Celeste of La Place

The educator regards mathematical science IIow l)1"

educator re-

as the great means of accomplishing his work, ganismati.-

The definitions present clear and separate ideas,

which the mind readily apprehends. The axioms The axiom*

are the simplest exercises of the reasoning fac-

ulty, and afford the most satisfactory results in

the early use and employment of that faculty.

The trains of reasoning which follow are com-

binations, according to logical rules, of what

has been previously fully comprehended, and influence ot

,
the study of

the mind and the argument grow together, so mathematic*

that the thread of science and the warp of the
or

intellect entwine themselves, and become insep-

arable. Such a training will lay the foundations
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of systematic knowledge, so greatly preferable

to conjectural judgments.

HOW the The philosopher regards mathematical science

regardV*
as tne mere tools of his higher vocation. Look-

mmht-mmics: ^ ^^ ft stea(jy an(j anxious eye to Nature,

and the great laws \vhich regulate and govern

all things, he becomes earnestly intent on their

examination, and absorbed in the wonderful har-

monies which he discovers. Urged forward by
iu necessity these high impulses, he sometimes neglects that

to him.

thorough preparation, in mathematical science,

necessary to success ; and is not unfrequently

obliged, like Antasus, to touch again his mother

earth, in order to renew his strength.

The mere practical man regards with favor
of the practi-

cal man. only the results of science, deeming the reason-

ings through which these results are arrived at,

quite superfluous. Such should remember that

iMtnimenta the mind requires instruments as well as the
of the mind

hands, and that it should be equally trained in

their combinations and uses. Such is, indeed,

now the complication of human affairs, that to

do one thing well, it is necessary to know the

properties and relations of many things. Every
Ewy thing

thing, whether existing in the abstract or in the
kMalaw.

material world; whether an element of knowl-
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edge or a rule of art, has its connections and its TO know

,
the Inw is to

law: to understand these connections and that knowth e

law, is to know the thing. When the principle

is clearly apprehended, the practice is easy.

analyzed.

HOW.

With these general views, and under a firm

,
. ,

conviction that mathematical science must be-

come the great basis of education, I have be-

stowed much time and labor on its analysis, as

a subject of knowledge. I have endeavored to

present its elements separately, and in their con-

nections ; to point out and note the mental fac-

ulties which it calls into exercise ; to show why
and how it develops those faculties ;

and in what

respect it gives to the whole mental machinery

greater power and certainty of action than can

be attained by other studies. To acccmplish
what was

deemed n

these ends, in the way that seemed to me most

desirable, I have divided the work into three

parts, arranged under the heads of Book I., II.,

and III

Book I. treats of Logic, both as a science and Logic.

an art ; that is, it explains the laws which gov-

ern the reasoning faculty, in the complicated

processes of argumentation, and lays down the Explanation.

rules, deduced from those laws, for conducting

such processes. It being one of the leading

2
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For what objects to show that mathematical science is the

best subject for the development and application

of the principles of logic ; and, indeed, that the

science itself is but the application of those prin-

ciples to the abstract quantities Number and
of treating it.

Space, it appeared indispensable to give, in a

manner best adapted to my purpose, an out-

line of the nature of that reasoning by means

of which all inferred knowledge is acquired.

BooklL Book II. treats of Mathematical Science.

Here I have endeavored to explain the nature of

or what it the subjects with which mathematical science is

treats. i-i i i

conversant ; the ideas which arise in examining

and contemplating those subjects ; the language

employed to express those ideas, and the laws of

their connection. This, of course, led to a class-

Manner of ification of the subjects; to an analysis of the
treating.

language used, and an examination of the reason-

ings employed in the methods of proof.

Book UL Book III. explains and illustrates the Utility of
rtility of

Mathematics Mathematics : First, as a means of mental disci-

pline and training ; Secondly, as a means of ac-

quiring knowledge; and, Thirdly, as furnishing
those rules of art, which make knowledge prac-

tically effective.
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Having thus given the general outlines of the classes of

work, we will refer to the classes of readers for

whose use it is designed, and the particular ad-

vantages and benefits which each class may re-

ceive from its perusal and study.

There are four classes of readers, who may, Fourciasse*

it is supposed, be profited, more or less, by the

perusal of this work :

1st. The general reader ; First class

2d. Professional men and students ; second.

3d. Students of mathematics and philosophy ; -mini.

4th. Professional Teachers. Fourth.

First. The general reader, who reads for im. Advantage*

provement, and desires to acquire knowledge, eral reader,

must carefully search out the import of language.

He must early establish and carefully cultivate

the habit of noting the connection between ideas comm-

and their signs, and also the relation of ideas to VOT^^A
each other. Such analysis leads to attentive

reading, to clear apprehension, deep reflection,

and soon to generalization.

Logic considers the forms in which truth must Logic,

be expressed, and lays down rules for reducing

all trains of thought to such known forms. This

habit of analyzing arms us with tests by which its value:

we separate argument from sophistry truth from

falsehood. The application of these principles,
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in the study in the construction of the mathematical science.

math^(iUc3
where the relation between the sign (or language)

and the thing signified (or idea expressed), is un

mistakable, gives precision and accuracy, leads

to right arrangement and classification, and thus

prepares the mind for the reception of general

knowledge.

Advantage* Secondly. The increase of knowledge carriea

^Tm^
^

with it ^e necessity of classification. A limited

number of isolated facts may be remembered, or

a few simple principles applied, without tracing

out their connections, or determining the places

which they occupy in the science of general

knowledge. But when these facts and principles

are greatly multiplied, as they are in the learned

The reason, professions ; when the labors of preceding gen-

erations are to be examined, analyzed, compared ;

when new systems are to be formed, combining

all that is valuable in the past with the stimu-

lating elements of the present, there is occasion

for the constant exercise of our highest facul-

Knowiedge ties. Knowledge reduced to order ; that is,

order J knowledge so classified and arranged as to be

sdeuce-

easily remembered, readily referred to, and ad-

vantageously applied, will alone suffice to sift

the pure metal from the dust of ages, and fashion

it for present use. Such knowledge is Science.
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Masses of facts, like masses of matter, are ca- Knowledge

pable of very minute subdivisions ; and when \ve ^ed io\u

know the law of combination, they are readily

divided or reunited. To know the law, in any

case, is to ascend to the source ; and without

that knowledge the mind gropes in darkness.

It has been my aim to present such a view objects or

of Logic and Mathematical Science as would

clearly indicate, to the professional student, and

even to the general reader, the outlines of these

subjects. Logic exhibits the general formula Logic and

i- i i 11 i , f mathematics

applicable to all kinds of argumentation, and

mathematics is an application of logic to the

abstract quantities Number and Space.

When the professional student shall have ex-

amined the subject, even to the extent to which certainty of

it is here treated, he will be impressed with the
*

clearness, simplicity, certainty, and generality of

its principles ; and will find no difficulty in ma-

king them available in classifying the facts, and

examining the organic laws which characterize

his particular department of knowledge.

Thirdly. Mathematical knowledge differs from

edge.
every other kind of knowledge in this : it is, as

c

it were, a web of connected principles spun out

from a few abstract ideas, until it has become

one of the great means of intellectual develop- in, extent
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ment and of practical utility.
And if I am per-

my mitted to extend the figure,
I may add, that the

web of the spider, though perfectly simple, if we

pluce'

see the end and understand the way n which

it is put together, is yet too complicated to be

unravelled, unless we begin at the right point,

and observe the law of its formation. So with

mathematical science. It is evolved from a few

a very few elementary and intuitive princi-

HOW pies : the law of its evolution is simple but ex-

^Ki<w* acting, and to begin at the right place and pro-

constructed.
cee(j jn t^e rjght wav> jg ajj tnat js necessary to

make the subject easy, interesting, and useful,

what has I have endeavored to point out the place of
been air

,

tempted, beginning, and to indicate the way to the math-

ematical student. I am aware that he is start-

ing on a road where the guide-boards resemble

each other, and where, for the want of careful

observation, they are often mistaken ;
I have

sought, therefore, to furnish him with the maps

and guide-books of an old traveller.

Advantages By explaining with minuteness the subjects

the whole about which mathematical science is conversant,

|oct the whole field to be gone over is at once sur-

veyed: by calling attention to the faculties of

Advantages the mind which the science brings into exercise,
of consider-

ing the men- we are better prepared to note the intellectual
Ul boilties : . i-ii

operations which the processes require ; and by
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a knowledge of the laws of reasoning, and an ofaknowi-

f . edge of the

acquaintance with the tests of truth, we are en- iaW80rrea-

abled to verify all our results. These means have

been furnished in the following work, and to

aid the student in classification and arrangement,

diagrams have been prepared exhibiting separ-
What has

been done.

ately and in connection all the principal parts of

mathematical science. The student, therefore,

who adopts the system here indicated, will find

his way clearly marked out, and will recognise,
Advantul-'rt

J J
to the stu-

from their general resemblance to the descrip-
dent,

tions, all the guide-posts which he meets. He

will be at no loss to discover the connection

between the parts of his subject. Beginning

with first principles and elementary combina-

tions, and guided by simple laws, he will go for- vvnere

he begins.

ward from the exercises of Mental Arithmetic

to the higher analysis of Mathematical Science

on an ascent so gentle, and with a progress so omer
of progress.

steady, as scarcely to note the changes. And

indeed, why should he ? For all mathematical

processes are alike in their nature, governed by

the same laws, exercising the same faculties, unity or

and lifting the mind towards the same eminence.

Fourthly. The leading idea, in the construe- Advantage*

tion of the work, has been, to afford substantial

aid to the professional teacher. The nature ol
teacher-
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Htoduue,: his duties-their inherent difficulties-the per-

plexities
which meet him at every step-the wanl

of sympathy and support in his hours of discour-

agement (and they are many) are circum-

stances which awaken a lively interest in tne

hearts of all who have shared the toils, and been

themselves laborers in the same vineyard. He

takes his place in the schoolhouse by the road-

side, and there, removed from the highways of

life, spends his days in raising the feeble mind

of childhood to strength in planting aright the

seeds of knowledge in curbing the turbulence

of passion in eradicating evil and inspiring

good. The fruits of his labors are seen but

once in a generation. The boy must grow to

manhood and the girl become a matron before

iU?^ he is certain that his labors have not been in

vain.

Yet, to the teacher is committed the high trust

of forming the intellectual, and, to a certain ex-

tent, the moral development of a people. He

The impcr- holds in his hands the keys of knowledge. If

the first moral impressions do not spring into

life at his bidding, he is at the source of the

stream, and gives direction to the current. Al-

though himself imprisoned in the schoolhouse,

his influence and his teachings affect all condi-

tions of society, and reach over the whole hori-

ta
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zon of civilization. He impresses himself on The influence

the young of the age in which he lives, and

lives again in the age which succeeds him.

All good teaching must flow from copious sources of

good teach-

knowledge. The shallow fountain cannot emit i,u.

a vigorous stream. In the hope of doing some-

thing thai may be useful to the professional

teacher, I have attempted a careful and full
obJect8for
which the

analysis of mathematical science. I have spread *rk was

undertaken.

out, in detail, those methods which have been

carefully examined and subjected to the test of

long experience. If they are the right meth- principles

ods, they will serve as standards of teaching ; j^^MiLc,

for, the principles of imparting instruction are

the same for all branches of knowledge.

The system which I have indicated is com- system,

plete in itself. It lays open to the teacher the

entire skeleton of the science exhibits all its ""niu it

presents.

parts separately and in their connection. It

explains a course of reasoning simple in itself, what

and applicable not only to every process in

mathematical science, but to all processes of

argumentation in every subject of knowledge.

The teacher who thus combines science with Bdence

art, no longer regards Arithmetic as a mere combined

with art:

treadmill of mechanical labor, but as a means
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me dran- and the simplest means of teaching the art and

science of reasoning on quantity and this is

the logic of mathematics. If he would accom-

plish well his work, he must so instruct his
riptit instruc-

tion. pupils that they shall apprehend clearly, think

quickly and correctly, reason justly, and above

all, he must inspire them with a lore of knowl-

edge.
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LOGIC,

CHAPTER I.

SEFDirnOXS-OPERATIONS OK THE MIND TERMS DEFI5KD.

DEFINITIONS.

$ 1. DEFINITION is a metaphorical word, which Definition

literally signifies
"
laying down a boundary." metaphorical

All definitions are of names, and of names only ;

Some
but in some definitions, it is clearly apparent, definitions

that nothing is intended except to explain the ^^
meaning of the word; while in others, besides Word8:

explaining the meaning of the word, it is also

implied that there exists, or may exist, a thing
corre8P nd-

*
ing to the

corresponding to the word. words.

2. Definitions which do not imply the exist- or definitions

ence of things corresponding to the words de- not'imply

fined, are those usually found in the Dictionary

of one's own language. They explain only the



28 LOGIC. [BOOK i.

The meaning of the word or term, by giving some

explain equivalent expression which may happen to be
words by . . .

equivalents, better known. Definitions which imply the ex-

istence of things corresponding to the words de-

fined, do more than this.

Definition For example :

" A triangle is a rectilineal fig-

ure having three sides." This definition does

two things :

implies. i st. It explains the meaning of the word tri-

angle; and,

2d. It implies that there exists, or may exist,

a rectilineal figure having three sides.

ofa 3. To define a word when the definition is

definition

which im- to imply the existence of a thing, is to select

P
tote ot

T̂Om ^ tne properties of the thing those which

a thing. are most simple, general, and obvious; and the

properties properties must be very well known to us before

j^ro. we can decide which are the fittest for this pur-

pose. Hence, a thing may have many properties

besides those which are named in the definition

A definition of the word which stands for it. This second
supports

truth. kind of definition is not only the best form of ex-

pressing certain conceptions, but also contributes

to the development and support of new truths.

** 4. In Mathematics, and indeed, in all stiict
Mathematics

imply sciences, names imply the existence of the things



CHAP. I.] DEFINITIONS. 29

which they name; and the definitions of those things

names express attributes of the things ; so that
express

no correct definition whatever, of any mathe-

matical term, can be devised, which shall not

express certain attributes of the thing correspond-

ing to the name. Every definition of this class Definition*

is a tacit assumption of some proposition which Ofuuscla8s

is expressed by means of the definition, and propositions.

which gives to such definition its importance.

5. All the reasonings in mathematics, which Reasoning

resting on

definitions ;

rest ultimately on definitions, do, in fact, rest

on the intuitive inference, that things corre-
rests on

spending to the words defined have a conceiv- intuitive

able existence as subjects of thought, and do or

may have proximately, an actual existence.*

* There are four rules which aid us in framing defini- Four rules

tions.

1st. The definition must be adequate: that is, neither toe 1st rale,

extended, nor too narrow for the word defined.

2d. The definition must be in itself plainer than the word 2d rule,

defined, else it would not explain it.

3d. The definition should be expressed in a convenient 3d rule.

number of appropriate words.

4th. When the definition implies the existence of a thing
4th rule,

corresponding to the word defined, the certainty of that

existence must be intuitive.
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OPERATIONS OF THE MIND CONCERNED IN REASONING.

Thre opera- g. There are three operations of the mind

tiro or the which are immediately concerned in reasoning.

1st. Simple apprehension ; 2d. Judgment ;

3d. Reasoning or Discourse.

sim iea
7- Simple apprehension is the notion (or

prehension, conception) of an object in the mind, analogous

to the perception of the senses. It is either

incompiox. Incomplex or Complex. Incomplex Apprehen-

sion is of one object, or of several without any

relation being perceived between them, as of a

complex, triangle, a square, or a circle : Complex is ot

several with such a relation, as of a triangle

within a circle, or a circle within a square.

8. Judgment is the comparing together in

the mind two of the notions fur ideas) which
Judgment
defined, are the objects of apprehension, whether com-

plex or incomplex, and pronouncing that they

agree or disagree with each other, or that one

of them belongs or does not belong to, the other :

for example : that a right-angled triangle and an

Judgment equilateral triangle belong to the class of figures

called triangles ; or that a square is not a circle.

Judgment, therefore, is either Affirmative or Neg-
D*atiTe-

ative

either

'v?
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9. Reasoning (or discourse) is the act of Reasoning

proceeding from certain judgments to another

founded upon them (or the result of them).

10. Language affords the signs by which

these operations of the mind are recorded, ex-

pressed, and communicated. It is also an in- Bought:

strument of thought, and one of the principal aJso,^

instrument

helps in all mental operations ; and any imper- of thought

fection in the instrument, or in the mode of

using it, will materially affect any result attained

through its aid.

11. Every branch of knowledge has, to a
ETery branch

certain extent, its own appropriate language ; ofknowiedge

. has its own
and for a mind not previously versed in the language,

meaning and right use of the various words and

signs which constitute the language, to attempt must be

the study of methods of philosophizing, would

be as absurd as to attempt reading before learn-

ing the alphabet.

ABSTRACTION.

12. The faculty of abstraction is that power
of the mind which enables us, in contemplating

any object (or objects), to attend exclusively to
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s>me particular circumstance belonging to it, and

quite withhold our attention from the rest. Thus,

if a person in contemplating a rose should make

the scent a distinct object of attention, and lay

aside all thought of the form, color, &c., he

would draw
off,

or abstract that particular part ;

of drawing and therefore employ the faculty of abstraction.

He would also employ the same faculty in con-

sidering whiteness, softness, virtue, existence, as

entirely separate from particular objects.

13. The term abstraction, is also used to

denote the operation of abstracting from one or

Abstraction, more things the particular part under consider-
>iow and.

ation ; and likewise to designate the state of the

mind when occupied by abstract ideas. Hence,

abstraction is used in three senses :

Abstraction lst - To denote a faculty or power of the

2d> To Denote a process of the mind
; and,

or mind. 3d> To denote a state of the mind.

GENERALIZATION.

Generaliza-
$ 14 Generanzation IS the prOCCSS of COn-

"r^^f
temPlatmg tne agreement of several objects in

contempiar certain points (that is, abstracting the circum-
1 1 ni: the

stances of agreement, disregarding the differ-
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ences), and giving to all and each of these ob-
ofseveraj

jects a name applicable to them in respect to thing8-

this agreement. For example ; we give the

name of triangle, to every rectilineal figure hav-

ing three sides : thus we abstract this property
.. ., Generalira-

trom all the others (lor, the triangle has three ti<m

angles, may be equilateral, or scalene, or right-

angled), and name the entire class from the prop-

erty so abstracted. Generalization therefore implies

necessarily implies abstraction ; though abstrac-

tion does not imply generalization.

A term.

TERMS SINGULAR TERMS COMMON TERMS.

15. An act of apprehension, expressed in

language, is called a Term. Proper names, or

any other terms which denote each but a single

individual, as "
Caesar,"

" the Hudson,"
" the

Conqueror of Pompey," are called Singular singular

terms.

Terms.

On the other hand, those terms which denote

any individual of a whole class (which are form-

ed by the process of abstraction and generaliza-

tion), are called Common or general Terms. For common

1-1 i
terma.

example ; quadrilateral is a common term, appli-

cable to every rectilineal plane figure having

four sides ; River, to all rivers ; and Conqueror,

to all conquerors. The individuals for which a

common term stands, are called its Significates.

3
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CLASSIFICATION.

16. Common terms afford the means of clas-

sification ; that is, of the arrangement of objects

into classes, with reference to some common and

distinguishing characteristic. A collection, com-

prehending a number of objects, so arranged, is

called a Genus or Species genus being the

more extensive term, and often embracing many

For example: animal is a genus embracing

every thing which is endowed with life, the pow-

er of voluntary motion, and sensation. It has

many species, such as man, beast, bird, &c. It

we say of an animal, that it is rational, it be

longs to the species man, for this is the charac-

teristic of that species. If we say that it has

wings, it belongs to the species bird, for this, in

like manner, is the characteristic of the species

bird.

A species may likewise be divided into classes,

or subspecies; thus the species man, may be

divided into the classes, male and female, and

these classes may be again divided until we reach

the individuals.

17. Now, it wfll appear from the principles

which govern this system of classification, that
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the characteristic of a genus is of a more exten-

sive signification, but involves fewer particu-

lars than that ot a species. In like manner, the

characteristic of a species is more extensive, but

less full and complete, than that of a subspecies

or class, and the characteristics of these less full

than that of an individual.

For example ; if we take as a genus the Quadri-

laterals of Geometry, of which the characteristic

is. that they have four sides, then every plane

rectilineal figure, having four sides, will fail under

this class. If, then, we divide all quadrilaterals

into two species, viz. those whose opposite sides,

taken two and two, are not parallel, and those

whose opposite sides, taken two and two, are

parallel, we shall have in the first class, all irreg-

ular quadrilaterals, including the trapezoid (1 and

2) ; and in the other, the parallelogram, the rhom-

bus, the rectangle, and the square (3,4, 5, and 6).

If, then, we divide the first species into two

subspecies or classes, we shall have in the one, the

irregular quadrilaterals (1), and in the other, the

trapezoids (2) ; and each of these classes, being

made up of individuals having the same char-

acteristics, are not susceptible of further division.

If we divide the second species into two

classes, arranging those which have oblique an-

gles in the one, and those which have right
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angles in the other, we shall have in the first,

two varieties, viz. the common parallelogram

s e
and the equilateral parallelogram or rhombus (3

111x1 and 4) ; and in the second, two varieties also,
classes.

viz. the rectangle and the square (5 and 6).

Now, each of these six figures is a quadn-
Each Indi-

vidual falling lateral; and hence, possesses the characteristic

enjo s
f tne genus >

an(l eacn variety of both species

aii the
enjoys all the characteristics of the species to

characteris-

tics. which it belongs, together with some other dis-

tinguishing feature ; and similarly, of all classi-

fications.

18. In special classifications, it is often not

necessary to begin with the most general char-

subaitem acteristicsj and then the genus with which we
enus-

begin, is in fact but a species of a more extended

classification, and is called a Subaltern Genus.

For example ; if we begin with the genus Par-

allelogram, we shall at once nave two species,

viz. those parallelograms whose angles are oblique
and those whose angles are right angles ; and in

each species there will be two varieties, viz. in the

first, the common parallelogram and the rhom-

bus ; and in the second, the rectangle and square.

Highest
19- A genus which cannot be considered

as a species, that is, which cannot be referred



CHAP.
I.]

NATURE OF COMMON TERMS. 37

to a more extended classification, is called the Highest

genus.

highest genus ;
and a species which cannot be

considered as a genus, because it contains only species

individuals having the same characteristic, is

called the lowest species.

NATURE OF COMMON TERMS.

$ 20. It should be steadily kept in mind, that

the " common terms" employed in classification, A commiv.

have not, as the names of individuals have, any to

te

^,
h

t^uo

real existing thing in nature corresponding to coTespo1*1-

them ; but that each is merely a name denoting
. i . is an

a certain inadequate notion which our minds
inadequate

have formed of an individual. But as this name

does not include any thing wherein that indi- does not

include anf

vidual differs from others of the same class, it thing in

is applicable equally well to all or any of them. ^^4^^
Thus, quadrilateral denotes no real thing, dis- differ:

tinct from each individual, but merely any recti-

lineal figure of four sides, vie wed inadequately ;

that is, after abstracting and omitting all that

is peculiar to each individual of the class. ByJ
but to

this means, a common term becomes applicable applicable to

many
alike to any one of several individuals, or, taken individuals,

in the plural, to several individuals together.

Much needless difficulty has been raised re-
Needle

specting the results of this process: many hav

ing contended, and perhaps more having taken
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Difficulty in it for granted, that there must be some really

existing thing corresponding to each of those

common common terms, and of which such term is the
MOML

name, standing for and representing it. For ex-

ample ;
since there is a really existing thing cor-

Noone responding to and signified by the proper and

^ singular name "./Etna," it has been supposed
ii to ech. tnat tne common term " Mountain" must have

some one really existing thing corresponding to

it, and of course distinct from each individual

mountain, yet existing in each, since the term,

being common, is applicable, separately, to every

one of them.

The fact is, the notion expressed by a common

term is merely an inadequate (or incomplete)

notion of an individual ; and from the very cir-

cumstance of its inadequacy, it will apply equally
8i Iultin well to any one of several individuals. For ex-
the thing.

ample ; if I omit the mention and the consider-

ation of every circumstance which distinguishes

./Etna from any other mountain, I then form a

notion, that inadequately designates ./Etna. This

Mountain" notion is expressed by the common term " moun-

ppilLbie
tam

"
which does not imply any of the peculiar-

ities of the mountain ./Etna, and is equally ap-

plicable to any one of several individuals.

In regard to classification, we should also bear

in mind, that we may fix, arbitrarily, on the
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characteristic which we choose to abstract and May fix on

r -c T attributes

consider as the basis of our classification, disre-
arbitrarily

earding all the rest : so that the same individual .

ciMBtnc&iioii

may be referred to any of several different spe-

cies, and the same species to several genera, as

suits our purpose.

SCIENCE.

21. Science, in its popular signification,

means knowledge.* In a more restricted sense, science

in its general

it means knowledge reduced to order ; that is,

knowledge so classified and arranged as to be

easily remembered, readily referred to, and ad- Ha8 a

vantageously applied. In a more strict and g^^tion

technical sense, it has another signification.

"Every thing in nature, as well in the in-
VieW80f

animate as in the animated world, happens or Kimt-

is done according to rules, though we do not

always know them. Water falls according to

the laws of gravitation, and the motion of walk-
Generallaw*

ing is performed by animals according to rules.

The fish in the water, the bird in the air, move

according to rules. There is nowhere any want

of rule. When we think we find that want, we
Nowhere

can only say that, in this case, the r*les are un- any warn of

rule.

known to us. f

Assuming that all the phenomena of nature

* Section 23. f Kant.
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are consequences of general and immutable laws,

a technical
we may define Science to be the analysis of

MDwdeOned:
those jawg> comprehending not only the con-

an analysis nected processes of experiment and reasoning
of the laws

of nature, which make them known to man, but also those

processes of reasoning which make known their

individual and concurrent operation in the de-

velopment of individual phenomena.

ART.

22. Art is the application of knowledge to

^ practice. Science is conversant about knowl-

ec[ge : Art is the use or application of knowl-

ence, edge, and is conversant about works. Science

has knowledge for its object : Art has knowledge

for its guide. A principle of science, when ap-

plied, becomes a rule of art. The developments

of science increase knowledge : the applications

^ of art add to works. Art, necessarily, presup-

pOses knowledge : art, in any but its infant state,
knowledge.

r J

presupposes scientific knowledge ; and if every

art does not bear the name of the science on

which it rests, it is only because several sciences

are often necessary to form the groundwork ol

a single art. Such is the complication of hu-

mLtbe man affairs, that to enable one thing to be done,
known be-

j t j g often requjs j te to f-now tne nature and prop
fort! one can

be done, erties of manv things.
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CHAPTER II.

8OUBCES AND MEANS OF KNOWLEDGE INDUCTION

KNO WLEGDE.

23. KNOWLEDGE is a clear and certain con- Knowledge

f. .... i i< n clear con-

ception of that which is true, and implies three
ceptionof

things:
what la true

1st. Firm belief; 2d. Of what is true; and, implies

3d. On sufficient grounds. belief-

If any one, for example, is in doubt respecting
2d

;

Of what

one of Legendre's Demonstrations, he cannot M. ou

be said to know the proposition proved by it. If,

again, he is fully convinced of any thing that is

not true, he is mistaken in supposing himself to
. . Examples.

know it; and lastly, it two persons are each fully

confident, one that the moon is inhabited, and

the other that it is not (though one of these

opinions must be true), neither of them could

properly be said to know the truth, since he

cannot have sufficient proof of it.
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FACTS AND TRUTHS.

6 24 Our knowledge is of two kinds : of facts
Knowledge is '

offacuand anj truths. A fact is any thing that HAS BEEN
truths.

or is. That the sun rose yesterday, is a fact :

that he gives light to-day, is a fact. That wa-

ter is fluid and stone solid, are facts. We de-

rive our knowledge of facts through the medium

of the senses.

Truth an Truth is an exact accordance with what HAS

with what BEEN, is, or SHALL BE. There are two methods

ihairbef"
^ ascertaining truth :

TWO methods
j st gy comparing known facts with each

of ascertain- '

">s it- other; and,

2dly. By comparing known truths with each

other.

Hence, truths are inferences either from facts

or other truths, made by a mental process called

Reasoning.

25. Seeing, then, that facts and truths are the

Facto and elements of all our knowledge, and that knowl-
truths, the

element* edge itself is but their clear apprehension, their
Of OUT

knowledge, firm belief, and a distinct conception of their

relations to each other, our main inquiry is, How
are we to attain unto these facts and truths.

which are the foundations of knowledge ?

1st. Our knowledge of facts is derived through
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the medium of our senses, by observation, exper-

iment,* and experience. We see the tree, and HOW wo
arrive at a

perceive that it is shaken by the wind, and note knowledge oi

the fact that it is in motion. We decompose

water and find its elements ; and hence, learn

from experiment ihefact, that it is not a simple

substance. We experience the vicissitudes of

heat and cold ;
and thus learn from experience

that the temperature is not uniform.

The ascertainment of facts, in any of the ways

above indicated, does not point out any connec- This does not

,
., .

, point out a
tion between them. It merely exhibits them to connection

the mind as separate or isolated ; that is, each
them.

as standing for a determinate thing, whether

simple or compound. The term facts, in the

sense in which we shall use it, will designate

facts of this class only. If the facts so ascer-

tained have such connections with each other, when they

.... (, . ~ r have a con-

that additional facts can be inferred from them, nection that

that inference is pointed out by the reasoning
18

b̂ ^"
1

process, which is carried on, in all cases, by com- "o^
process.

parison.

2dly. A result obtained by comparing facts, we Truth,

have designated by the term Truth. Truths,

therefore, are inferences from facts ; and every

* Under this term we include all the methods of inves-

tigation and processes of arriving at facts, except the pro-

cess of reasoning.
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truth has reference to all the singular facts from

^ h it
.

g inferred Truths, therefore, are re-
from them.

suits deduced from facts, or from classes of facts.

Such results, when obtained, appertain to all facts

of the same class. Facts make a genus : truths,

a species ; with the characteristic, that they be-

come known to us by inference or reasoning.

HOW 26. How, then, are truths to be inferred

inferred fro'm fr m facts by tne reasoning process ? There

tacttby
.

lbe
are two cases.

reasoning

igt. When the instances are so few and simple

1st case, that the mind can contemplate all the facts on

which the induction rests, and to which it refers,

and can make the induction without the aid of

other facts ; and,

2dly. When the facts, being numerous, com-

plicated, and remote, are brought to mind only

by processes of investigation.

INTUITIVE TRUTH.

27. Truths which become known by con-

sidcring all the facts on which they depend, and

eitorident
wnicn are inferred the moment the facts are

truths,
apprehended, are the subjects of Intuition, and

are called Intuitive or Self-evident Truths. The

intuition
term Intuition is strictly applicable only to that

*e<L mode of contemplation in which we look at
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facts, or classes of facts, and apprehend the

relations of those facts at the same time, and

by the same act by which we apprehend the

facts themselves. Hence, intuitive or self-evi- HOW intuitive

. i-i i
truths are

dent truths are those which are conceived in conceived in

the mind immediately; that is, which are per-

fectly conceived by a single process of induc-

tion, the moment the facts on which they depend

are apprehended, without the inteivention of

other ideas. They are necessary consequences of

conceptions respecting which they are asserted. Axioms of

The axioms of Geometry afford the simplest and ^"^^7
most unmistakable class of such truths.

kind>

"A whole is equal to the sum of all its parts," A whole

is an intuitive or self-evident truth, inferred from

facts previously learned. For example ; having

learned from experience and through the senses truth -

what a whole is, and, from experiment, the fact

that it may be divided into parts, the mind per-

ceives the relation between the whole and the

sum of the parts, viz. that they are equal ; and

then, by the reasoning process, infers that the HOW inferred.

same will be true of every other thing; and

hence, pronounces the general truth, that "a

whole is equal to the sum of all its parts." Here

all the facts from which the induction is drawn, AU U"5 /**
are presented

are presented to the mind, and the induction tot

is made without the aid of other facts ; hence,
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AU the it is an intuitive or self-evident truth. All the

deduced in other axioms of Geometry are deduced irom

way""* premises and by processes of inference, entirely

similar. We would not call these experimental

truths, for they are not alone the results of ex-

periment or experience. 'Experience and exper-

iment furnish the requisite information, but the

reasoning power evolves the general truth.

" When we say, the equals of equals are equal,

we mentally make comparisons in equal spaces,

These equal times, &c. ; so that these axioms, how-
axioms are

general ever self-evident, are still general propositions :

so far of the inductive kind, that, independently

of experience, they would not present themselves

to the mind. The only difference between these

and axioms obtained from extensive induction is

Difference this : that, in raising the axioms of Geometry,

them and
tne instances offer themselves spontaneously, and

witnout the trouble of search, and are few and

simPle : in raising those of nature, they are in-

finitely numerous, complicated, and remote; so

that the most diligent research and the utmost

acuteness are required to unravel their web, and

place their meaning in evidence."*

* Sir John Herschel's Discourse on the study of Natural

Philosophy.
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TEUTHS, OR LOGICAL TRUTHS.

28. Truths inferred from facts, by the process

of generalization, when the instances do not offer Truths

'

themselves spontaneously to the mind, but require f^m facts,

search and acuteness to discover and point out
truths in-

their connections, and all truths inferred from ferredfrom

truths.

truths, might be called Logical Truths. But as

we have given the name of intuitive or self-

evident truths to all inferences in which all the

facts were contemplated, we shall designate all

others by the simple term, TRUTHS.

It might appear of little consequence to dis-
Necesgit of

tinguish the processes of reasoning by which thedisi'nc-
J

tion, tx-ini;

truths are inferred from facts, from those in which the basis or a

classification.

we deduce truths from other truths ; but this dif-

ference in the premises, though seemingly slight,

is nevertheless very important, and divides the

subject of logic, as we shall presently see, into

two distinct and very different branches.

LOGIC.

29. Logic takes note of and decides upon Logic

the sufficiency of the evideace by which truths
gû cie

8

n r<g

are established. Our assent to the conclusion evidence,

being grounded on the truth of the premises, we

never could arrive at any knowledge by rea-

soning, unless something were known antece-

dently to all reasoning. It is the province of
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Furnishes Logic lo furnish the tests by which all truths

""truth* that are not intuitive may be inferred from the

premises. It has nothing to do with ascertain-

ing facts, nor with any proposition which claims

to be believed on its own intrinsic evidence ;

that is, without evidence, in the proper sense of

Has nothing the word. It has nothing to do with the original

data, or ultimate premises of our knowledge ;

portions, nor with their number or nature, the mode in which
with original

data; they are obtained, or the tests by which they

are distinguished. But, so far as our knowledge

is founded on truths made such by evidence,
but supplies

aii testa for that is, derived from facts or other truths pre-

propositions. viously known, whether those truths be particu-

lar truths, or general propositions, it is the prov-

ince of Logic to supply the tests for ascertaining

the validity of such evidence, and whether or

not a belief founded on it would be well ground-

ed. And since by far the greatest portion of

Tn greatest Our knowledge, whether of particular or general
portion ofour

knowledge truths, is avowedly matter of inference, nearly

the whole, not only of science, but of human

conduct, is amenable to the authority of logic.
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INDUCTION.

30. That part of logic which infers truths

from facts, is called Induction. Inductive rea-
tnductloll)

soning is the application of the reasoning pro-

cess to a given number of facts, for the purpose applicable,

of determining if what has been ascertained re-

specting one or more of the individuals is true

of the whole class. Hence, Induction is not induction

defined*

the mere sum of the facts, but a conclusion

Irawn from them.

The logic of Induction consists in classing Logic of

Induction.

the facts and stating the inference in such a

manner, that the evidence of the inference shall

be most manifest.

31. Induction, as above defined, is a process induct-.*.

of inference. It proceeds from the known to rrom the

the unknown; and any operation involving no kn wntoU"
unknown.

inference, any process in which the conclusion

is a mere fact, and not a truth, does not fall

within the meaning of the term. The conclu- The conclu-

sion broader

sion must be broader than the premises. The than the

premise*.

premises are facts : the conclusion must be a

truth.

Induction, therefore, is a process of general- induction,

... a process of

ization. It is that operation of the mind by

which we infer that what we know to be true

4
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m which in a particular case or cases, will be true in all

oLTTiuato
1

cases which resemble the former in certain as-

true under
gjo-nable respects. In other words, Induction is

particular

cinuir^ian- the process by which we conclude that what
cvs will be

, . ,
, .

tr.u- univt-r- is true of certain individuals of a class is true

" : "'
of the whole class; or that what is true at cer-

tain times, will be true, under similar circum-

stances, at all times.

induction 32. Induction always presupposes, not only

pit-supposes ^at tke necessary observations are made with
accurate and

necessary the necessary accuracy, but also that the results
observations. .. -11

of these observations are, so lar as practicable,

connected together by general descriptions : ena-

bling the mind to represent to itself as wholes,

whatever phenomena are capable of being so

represented.

To suppose, however, that nothing more is

More is required from the conception than that it should

necM"W7 serve to connect the observations, would be to
thai to

substitute hypothesis for theory, and imagina-

*e must tion for proof. The connecting link must be
infer from .

them. some character which really exists in the fact:*

themselves, and which would manifest itself

therein, if the condition could be realized which

our organs of sense require.

For example ; Blakewell, a celebrated English

cattle-breeder, observed, in a great number of
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individual beasts, a tendency to fatten readily, Example of

and in a great number of others the absence of y^ English

this constitution : in every individual of the for-
br̂ 'l

mer description, he observed a certain peculiar

make, though they differed widely in size, color,

&c. Those of the latter description differed no

less in various points, but agreed in being of a

different make from the others. These facts were HOW he

his data; from which, combining them with the the/acts:

general principle, that nature is steady and uni-

form in her proceedings, he logically drew the

conclusion that beasts of the specified make have

universally a peculiar tendency to fattening.

The principal difficulty in this case consisted inwhattto

difficulty

in making the observations, and so collating and consist**!.

combining them as to abstract from each of a

multitude of cases, differing widely in many re-

spects, the circumstances in which they all

agreed. But neither the making of the observa-

tions, nor their combination, nor the abstraction,

nor the judgment employed in these processes,

constituted the induction, though they were all

preparatory to it. The Induction consisted in i*w

the generalization ; that is, in inferring from all

the data, that certain circumstances would be.

found in the whole class.

The mind of Newton was led to the universal

law, that all bodies attract each other by forces
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Newton's

Illff.- li'f "f

the law of

universal

gravitation.

How he

facts aad

their

The use

which he

made of

exact

science.

What wag

the result.

varying directly as their masses, and inversely

a> the squares of their distances, by Induction.

He saw an apple falling from the tree : a mere

fact ;
and asked himself the cause ; that is, if any

inference could be drawn from that fact, which

should point out an invariable antecedent condi-

tion. This led him to note other facts, to prose-

cute experiments, to observe the heavenly bodies,

until from many facts, and their connections

with each other, he arrived at the conclusion,

that the motions of the heavenly bodies were gov-

erned by general laws, applicable to all matter ,

that the stone whirled in the sling and the earth

rolling forward through space, are governed in

their motions by one and the same law. He
then brought the exact sciences to his aid, and

demonstrated that this law accounted for all the

phenomena, and harmonized the results of all ob-

servations. Thus, it was ascertained that tl it-

laws which regulate the motions of the heav-

enly bodies, as they circle the heavens, also

guide the feather, as it is wafted along on the

passing breeze.

The ways oi 33. We have already indicated the ways in
Bfloertaining .

tod.** which the facts are ascertained from which the

inferences are drawn. But when an inference

can be drawn ; how many facts must enter into
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the premises ; what their exact nature must be ;

and what their relations to each other, and to

the inferences which flow from them ; are ques-

tions which do not admit of definite answers.

Although no general law has yet been discov-

ered connecting all facts with truths, yet all the

uniformities which exist in the succession of phe-

nomena, and most of those which prevail in their

coexistence, are either themselves laws of cau-

sation or consequences resulting and corollaries

capable of being deduced from, such laws. It

being the main business of Induction to deter-

mine the effects of every cause, and the causes

of all effects, if we had for all such processes

general and certain laws, we could determine,

in all cases, what causes are correctly assigned

to what effects, and what effects to what causes,

and we should thus be virtually acquainted with

the whole course of nature. So far, then, as we

can trace, with certainty, the connection be-

tween cause and effect, or between effects and

their causes, to that extent Induction is a sci-

ence. When this cannot be done, the conclu-

sions must be, to some extent, conjectural.

but w
do not know

certainly,

in all cases,

when we cam

draw on

inference.

No

general law.

Business

of

Induction.

What is

necessary.

How far a

science.
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CHAPTER III.

DEDUCTION NATURE OF THE SYLLOGISM-ITS USES AND APPLICATIONS.

DEDUCTION.

inductive

34. WE have seen that all processes of

Reasoning, in which the premises are particular

facts, and the conclusions general truths, are

called Inductions. All processes of Reasoning,

in which the premises are general truths and the

Deductive conclusions particular truths, are called Deduc-

tions. Hence, a deduction is the process of

Deduction reasoning by which a particular truth is inferred
defined. ,

, .

irom other truths which are known or admitted.

Deductive The formula for all deductions is found in the

Syllogism, the parts, nature, and uses of which

we shall now proceed to explain.

PROPOSITIONS.

Proposition,
35 - A proposition is a judgment expressed

!

to in words. Hence, a proposition is defined logi-

cally,
" A sentence indicative :" affirming or

* Section 30.
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denying; therefore, it must not be ambiguous, must not be

, . . ambisjuous;
for that which has more than one meaning is

norinil)er-

in reality several propositions ; nor imperfect,

nor ungrammatical, for such expressions have

no meaning at all.

36. Whatever can be an object of beliet,

or even of disbelief, must, when put into words,
., .. . . , explained

assume the form of a proposition. All truth and

all error lie in propositions. What we call a

truth, is simply a true proposition ; and errors Ita nature,-
extent

are false propositions. To know the import of

all propositions, would be to know all questions

which can be raised, and all matters which are Embrace8a11

truth and all

susceptible of being either believed or disbe- w
lieved. Since, then, the objects of all belief and

all inquiry express themselves in propositions, a

sufficient scrutiny of propositions and their va- An examina-

rieties will apprize us of what questions mankind propositions

have actually asked themselves, and what, in the
"
questions and

ave

actually thought they had grounds to believe.

nature of answers to those questions, they have allknowl-

37. The first glance at a proposition shows A proposition

that it is formed by putting together two names.
^
J"^>

Thus, in the proposition,
" Gold is yellow," the nanie8

1
togeUiwr.

property yellow is affirmed of the substance gold.

tn the proposition,
" Franklin was not born in
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England," the fact expressed by the words born

in England is denied of the man Franklin.

A 38. Every proposition consists of three

hns three parts : the Subject, the Predicate, and the Co-

Pu^a ' ^ne su^Ject
'

ls the name denoting the

Predicate, persOn or thing of which something is affirmed

copula, or denied : the predicate is that which is affirm-

ed or denied of the subject ;
and these two are

called the terms (or extremes), because, logically,

the subject is placed first, and the predicate last.

The copula, in the middle, indicates the act of

judgment, and is the sign denoting that there is

an affirmation or denial. Thus, in the proposi-

subject tion,
" The earth is round ;" the subject is the

defined.

words " the earth," being that of which some-

thing is affirmed : the predicate, is the word round,

which denotes the quality affirmed, or (as the

phrase is) predicated: the word is, which serves

as a connecting mark between the subject and

the predicate, to show that one of them is af-

firmed of the other, is called the Copula. The

copula must be either is, or is NOT, the substan-

. tive verb being the only verb recognised by

AD rerbs Logic. All other verbs are resolvable, by means

f the verb " to be," and a participle or adjective.

For example :

' The Romans conquered :"

oru HOT.
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the word "
conquered" is both copula and predi- Examples

... of the

cate, being equivalent to
" were victorious.

copula.

Hence, we might write,

" The Romans were victorious,"

in which were is the copula, and victorious the

predicate.

39. A proposition being a portion of dis- A proposition

course, in which something is affirmed or denied affirmative

of something, all propositions may be divided

into affirmative and negative. An affirmative

proposition is that in which the predicate is af-

firmed of the subject ; as,
" Caesar is dead." A

negative proposition is that in which the predicate

is denied of the subject ; as,
" Caesar is not dead."

The copula, in this last species of proposition, in the last,

,,..... the copula to

consists oi the words "is NOT, which is the I8KOT

sign of negation ;

" is" being the sign of affirm-

ation.

SYLLOGISM.

40. A syllogism is a form of stating the con- A syllogism

consists of

nection which may exist, for the purpose of three propo-

reasoning, between three propositions. Hence,

to a legitimate syllogism, it is essential that
Two are

theie should be three, and only three, proposi- admitted-
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nd the third lions. Of these, two are admitted to be true,

ftomtulm. an(l are calle(l the premises : the third is proved

from these two, and is called the conclusion.

For example :

__ ,

" All tyrants are detestable :

Example.
Caesar was a tyrant ;

Therefore, Caesar was detestable."

Now, if the first two propositions be admitted,

the third, or conclusion, necessarily follows from

them, and it is proved that C^SAR was detestable.

Major Term
Of the two terms of the conclusion, the Predi-

<wtoed - cate (detestable) is called the major term, and

the Subject (Caesar) the minor term ; and these

two terms, together with the term "tyrant,"

make up the three propositions of the syllogism,

Minor Term. each term being used twice. Hence, every

syllogism has three, and only three, different

terms.

Major The premise, into which the Predicate of the
Premise

defined, conclusion enters, is called the major premise ;

Minor the other is called the minor premise, and con-
Premtoe.

tajng ^ Subject of the conclusion ; and the

other term, common to the two premises, and

with which both the terms of the conclusion were

separately compared, before they were compared
vv jtn each other, is called the middle term. In

the syllogism above, "detestable" (in the con-
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elusion) is the major term, and " Caesar" the mi- Exawj.ie,

pointiii- mi!

nor term : hence, Maj ()r

" All tyrants are detestable," Minor

'

is the major premise, and Middle ToriIU

" Caesar was a tyrant,"

the minor premise, and "
tyrant" the middle term.

41. The svllogism, therefore, is a mere for-
Syllogism,

mula for ascertaining what may, or what may a me
formula.

not, be predicated of a subject. It accomplishes

this end by means of two propositions, viz. by

comparing the given predicate of the first (a HOW applied.

Major Premise), and the given subject of the

second (a Minor Premise), respectively with one

and the same third term (called the middle term),

and thus under certain conditions, or laws of

the syllogism to be hereafter stated eliciting

the truth (conclusion) that the given predicate

must be predicated of that subject. It will be Useorth*

Major
seen that the Major Premise always declares, pr , :

in a general way, such a relation between the

Major Term and the Middle Term ; and the Mi- ortheMin.*

nor Premise declares, in a more particular way,

such a relation between the Minor Term and

the Middle Term, as that, in the Conclusion, orth*

Middle Term.

the Minor Term must be put under the Major

Term ; or in other words, that the Major Term

must be predicated of the Minor Term.
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ANALYTICAL OUTLINE OF DEDUCTION.

Reasoning 42. In every instance in which we reason,
oe<L

in the strict sense of the word, that is, make use

of arguments, whether for the sake of refuting

an adversary, or of conveying instruction, or of

satisfying our own minds on any point, whatever

may be the subject we are engaged on, a certain

process takes place in the mind, which is one

The process, and the same in all cases (provided it be cor-

thesame. rectly conducted), whether we use the inductive

process or the deductive formulas.

Of course it cannot be supposed that every

Everyone one is even conscious of this process in his own

^^
ous

mind ; much less, is competent to explain the

process,
principles on which it proceeds. This indeed is,

the same for and cannot but be, the case with every other
every other . . . .

process, process respecting which any system has been

formed ; the practice not only may exist inde-

pendently of the theory, but must have preceded

the theory. There must have been Language

Elements and before a system of Grammar could be devised ;

^.S
' and musical compositions, previous to the sci-

mut precede encc of Music. This, by the way, serves to ex-
-
iliza-

:ion and pose the futility of the popular objection against
classification .

of principle*. Logic ; viz. that men may reason very well who
know nothing of it. The parallel instances ad-

duced show that such an objection may be urged
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in many other cases, 'where its absurdity would i^c

be obvious ; and that there is no ground for de-

ciding thence, either that the system has no ten-

dency to improve practice, or that even if it had

not, it might not still be a dignified and inter-

esting pursuit.

43. One of the chief impediments to the s<neneae Of

the reasoning

attainment of a just view of the nature and ob- procew
,, T ,, ,, should be

ject of Logic, is the not fully understanding, or
keptinmind.

not sufficiently keeping in mind the SAMENESS

of the reasoning process in all cases. If, as the

ordinary mode of speaking would seem to indi-

cate, mathematical reasoning, and theological, AH kinds of

,
i .

| j i. . > o reasoning arn
and metaphysical, and political, &c., were essen-

alikt . JM

tially different from each other, that is, different P?*
hinds of reasoning, it would follow, that suppo-

sing there could be at all any such science as

we have described Logic, there must be so many
different species or at least different branches

of Logic. And such is perhaps the most pre-

vailing notion. Nor is this much to be won- Reason of

the prevaiV
dered at ; since it is evident to all, that some

men converse and write, in an argumentative

w;iy, very justly on one subject, and very erro-

neously on another, in which again others excel,

who fail in the former.

This error may be at once illustrated and re-
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The reasonof moved, by considering the parallel instance of

Arithmetic ;
in which every one is aware that

b> Dimple, tne process of a calculation is not affected by
Which shows

timt the rea- the nature of the objects whose numbers are

process ia before us ;
but that, for example, the multiph-

al^i

s

e

the
cation of a number is the very same operation,

whether it be a number of men, of miles, or of

pounds ; though, nevertheless, persons may per-

haps be found who are accurate in the results

of their calculations relative to natural philoso-

phy, and incorrect in those of political econo-

my, from their different degrees of skill in the

subjects of these two sciences ; not surely be-

cause there are different arts of arithmetic ap

plicable to each of these respectively.

44. Others again, who are aware that tne

some view s imple system of Logic may be applied to all
Logic as a

peculiar subjects whatever, are yet disposed to view it

method of

reafwiing: as a peculiar method of reasoning, and not, as

it is, a method of unfolding and analyzing our

reasoning : whence many have been led to talk

of comparing Syllogistic reasoning with Mora)

reasoning; taking it for granted that it is pos-

sible to reason correctly without reasoning logi-

tt to the only cally ; which is, in fact, as great a blunder as if

method of

rjasomng
anv one were to mistake grammar for a pecu-

scUy:
liar language, and to suppose it possible to speak
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correctly without speaking grammatically. They

have in short, considered Logic as an art of rea-

soning ;
whereas (so far as it is an art) it is the

art of reasoning; the logician's object being, not it lays down

. , , i i rules, not
to lay down principles by which one may reason, which may

but by which all must reason, even though they
but whieh

* J mwtbe
are not distinctly aware of them : to lay down followed,

rules, not which may be followed with advan-

tage, but which cannot possibly be departed

from in sound reasoning. These misapprehen- Misappre-

... i i- . i hensionsand
sions and objections being such as lie on the

^j^i,,,,,

very threshold of the subject, it would have been noticed,

hardly possible, without noticing them, to con-

vey any just notion of the nature and design of

the logical system.

45. Supposing it then to have been per- operation of

ceived that the operation of reasoning is in all
reasomns
should be

cases the same, the analysis of that operation analyzed,

could not fail to strike the mind as an interesting

matter of inquiry. And moreover, since (appa-

rent) arguments, which are unsound and incon-

clusive, are so often employed, either from error Because

or design ; and since even those who are not
8Uch analy~

sis is neces-

misled by these fallacies, are so often at a loss saryto

furnish the

to detect and expose them in a manner satis-

factory to others, or even to themselves
;

it could

not but appear desirable to lay down some gen-
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rule* for the eral rules of reasoning, applicable to all cases ;

detection of , w hich a person might be enabled the more
eiror and the J

discovery of
readily and clearly to state the grounds of his

truth.

own conviction, or of his objection to the argu-

ments of an opponent ; instead of arguing at

random, without any fixed and acknowledged

principles to guide his procedure. Such rules

such rules woui(j fog analogous to those of Arithmetic, which
are analogous

lotheruiesof obviate the tediousness and uncertainty of cal-
Arithmetic.

culations in the head ; wherein, after much labor,

different persons might arrive at different results.

without any of them being able distinctly to

point out the error of the rest. A system of

such rules, it is obvious, must, instead of deserv-

They bring ing to be called the art of wrangling, be more
the parties, in . . ,

wxument, to J ustlv characterized as the " art of cutting short
8ue>

wrangling," by bringing the parties to issue at

once, if not to agreement; and thus saving a

waste of ingenuity.

- 45 in pursumg the supposed investigation,

deducedfrom it will be found that in all deductive processes

to^TSted"
every conclusion is deduced, in reality, from two

Premises, other propositions (thence called Premises) ; for

"tetalUT
though one of these may be, and commonly is,

prised, it is
suppressed, it must nevertheless be understood

cerertheless

understood, as admitted
; as may easily be made evident by

supposing the denial of the suppressed premise
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which will at once invalidate the argument. For

example ;
in the following syllogism :

" Whatever exhibits marks ofdesign had an intelligent author:

The world exhibits marks of design ;

Therefore, the world had an intelligent author :"

if any one from perceiving that " the world ex-

hibits marks of design," infers that "it must have

had an intelligent author," though he may not be
* tho argu-

avvare in his own mind of the existence of any ment, though
one may not

other premise, he will readily understand, if it be be awan

denied that "whatever exhibits marks of design

must have had an intelligent author," that the

affirmative of that proposition is necessary to

the validity of the argument.

neessilry to

47. When one of the premises is suppressed
a syllogism

(which for brevity's sake it usually is), the argu- with one

ment is called an Enthymeme. For example :

" The world exhibits marks of design,

Therefore the world had an intelligent author,"

is an Enthymeme. And it may be worth while

to remark, that, when the argument is in this objections

made to the

state, the objections ot an opponent are (or rather a ertion or

appear to be) of two kinds, viz. either objections ^^^Irew
to the assertion itself, or objections to its force

ment-

as an argument. For example : in the above Example,

instance, an atheist may be conceived either de-
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nvino- that the world does exhibit marks of de-
Both prem- J

1st* must be s ign or denying that it follows from thence that
true, if the

*

argument u it had an intelligent author. Now it is impor-

tant to keep in mind that the only difference in

the two cases is, that in the one the expressed

premise is denied, in the other the suppressed;

and when for the force as an argument of either premise

ie coLiu- depends on the other premise : if both be admit-

Bion follows.
je(j^ t^e conc iusion legitimately connected with

them cannot be denied.

48. It is evidently immaterial to the argu-

ment whether the conclusion be placed first or

Premise last
; but it may be proper to remark, that a

premise placed after its conclusion is called the

d Reason of it, and is introduced by one of those

conjunctions which are called causal, viz.
"
since,"

"because," &c., which may indeed be employed

to designate a premise, whether it come first or

native last. The illative conjunctions
"
therefore," &c.,

aon*

designate the conclusion.

It is a circumstance which often occasions

causes of error an(j perplexity, tnat oot h. these classes of
error and

perplexity, conjunctions have also another signification, be-

ing employed to denote, respectively, Cause and

Effect, as well as Premise and Conclusion. For
Different

,<gniflcattoM example: if I say, "this ground is rich, because
of the

u:niunctions. the trees on it are flourishing ;" or.
"
the trees are
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flourishing, and therefore the soil must be rich ;" Examples

where the
I employ these conjunctions to denote the con-

conjunction,,

nection of Premise and Conclusion; for it is
areU!it>a

logically.

plain that the luxuriance of the trees is not the

cause of the soil's fertility, but only the cause

of my knowing it. If again I say,
" the trees

flourish, because the ground is rich ;" or " the

ground is rich, and therefore the trees flourish,' Examples
. , where they

I am using the very same conjunctions to denote
denote ^^

the connection of cause and effect; for in this
andeffect

case, the luxuriance of the trees being evident

to the eye, would hardly need to be proved, but

might need to be accounted for. There are, Many case*

i i i .1 in which the
however, many cases, m which the cause is em- cauge^
ployed to prove the existence of its effect ; espe-

the reaso"

are the game.

cially in arguments relating to future events; as,

for example, when from favorable weather any

one argues that the crops are likely to be abun-

dant, the cause and the reason, in that case, co-

incide ;
and this contributes to their being so

often confounded together in other cases.

49. In an argument, such as the example in every

v * ^ u -j -ui
correctarsu-

above given, it is, as has been said, impossible ment, to

for any one, who admits both premises, to avoid
admitthe

premise is to

admitting the conclusion. But there will be fre- admit the

conclusion.

quently an apparent connection of premises with

a conclusion which does not in reality follow
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Apparent from them, though to the inattentive or unskilful

pwtfM d tne argument may appear to be valid ; and there

conclusion
are many other cases in which a doubt may exist

mu-i not be J *

whether the argument be valid or not ; that is,

whether it be possible or not to admit the prem-

ises and yet deny the conclusion.

50. It is of the highest importance, there-

f

tattoT

en"

f re' to ^ay down some regular form to which

neceaMry-

every valid argument may be reduced, and to

devise a rule which shall show the validity of

every argument in that form, and consequently

the unsoundness of any apparent argument which

cannot be reduced to it. For example ; if such

an argument as this be proposed :

Example of "
Every rational agent is accountable :

an imperfect Brutes are not rational agents ;

Argument.
Therefore they are not accountable ;"

or again :

2d Example.
" All wise legislators suit their laws to the genius of their

nation
;

Solon did this ; therefore he was a wise legislator :"

Difficulty of there are some, perhaps, who would not per-

ce ^ve anv fallacy in such arguments, especially

if enveloped in a cloud of words ; and still more,

when the conclusion is true, or (which comes to

the same point) if they are disposed to believe

it ; and others might perceive indeed, but might
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be at a loss to explain, the fallacy. Now these TO wh.it

x i , these iii)i;u-

(apparent) arguments exactly correspond, re- Knt

spectively, with the following, the absurdity of J^^
';he conclusions from which is manifest :

"
Every horse is an animal : A similar

Sheep are not horses ;

Therefore, they are not animals."

And:

" All vegetables grow ;
2d similar

An animal grows ;

Therefore, it ia a vegetable."

These last examples, I have saia, correspond Tteeeiaat

11 \ i i c correspouj

exactly (considered as arguments) with the for- with the

mer ; the question respecting the validity of an former

argument being, not whether the conclusion be

true, but whether it follows from the premises

adduced. This mode of exposing a fallacy, by This mode oi

bringing forward a similar one whose conclusion ,
fallacy some*

is obviously absurd, is often, and very advan- timec

resorted to.

tageou^ly, resorted to in addressing those who

are ignorant of Logical rules ; but to lay down

such rules, and employ them as a test, is evi- TO lay down

dently a safer and more compendious, as well best way

*

as a more philosophical mode of proceeding. To

attain these, it would plainly be necessary to

analyze some clear and valid arguments, and to

observe in what their conclusiveness consists.
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51. Let us suppose, then, such an examin-

ation to be made of the syllogism above men-

tioned :

Example of
' ' Whatever exhibits marks of design had an intelligent author ;

a perfect fhe world exhibits marks of design ;

rUogism.
Therefore, the world had an intelligent author."

what is In the first of these premises we find it as-

"^hefiret

11

sume(l universally of the class of "
things which

premise. exhibit marks of design," that they had an intel-

in the ligent author
;
and in the other premise,

" the

^ referred to that class as comprehendedpremse.

what we in it : now it is evident that whatever is said of

the whole of a class, may be said of any thing

comprehended in that class
;
so that we are thus

authorized to say of the world, that "
it had an

intelligent author."

Syllogism Again, if we examine a syllogism with a

n

wl

t
.*
e negative conclusion, as, for example,

conclusion.

"
Nothing which exhibits marks of design could have been

produced by chance
;

The world exhibits, &c. ;

Therefore, the world could not have been produced by

chance,"

The process
*ne process of reasoning will be found to be the

of reasoning game since jt ig ev^ent t^at whatever is denied
the same.

universally of any class may be denied of any

thing that is comprehended in that class.
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52. On further examination, it will be found AH valid

i i i arguments
that all valid arguments whatever, which are reducible to

based on admitted premises, may be easily re-

duced to such a form as that of the foregoing

syllogisms; and that consequently the principle

on which they are constructed is that of the for-

mula of the syllogism. So elliptical, indeed, is the

ordinary mode of expression, even of those who Ordina

j
are considered as prolix writers, that is, so much expressing

arguments

is implied and left to be understood in the course elliptical.

of argument, in comparison of what is actually

stated (most men being impatient even, to excess,

of any appearance of unnecessary and tedious

formality of statement), that a single sentence

will often be found, though perhaps considered

as a single argument, to contain, compressed

into a short compass, a chain of several distinct

arguments. But if each of these be fully devel- Butwhen
J

fully devel-

oped, and the whole of what the author intended oped, they

-11
may a" k

to imply be stated expressly, it will be found that reduced jnu,

all the steps, even of the longest and most com- th* ab

plex train of reasoning, may be reduced into the

above form.

53. It is a mistake to imagine that Aristotle

and other logicians meant to propose that this
Ari8totledid

not mean

prolix form of unfolding arguments snould uni- thai every

argument

versally supersede, in argumentative discourses,
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mrown into the common forms of expression ; and that " to

^yu^sm." reason logically," means, to state all arguments

at full length in the syllogistic form ; and Aris-

totle has even been charged with inconsistency

for not doing so. It has been said that he "
ar-

gues like a rational creature, and never attempts

That form is to bring his own system into practice." As well

"ouroth!"' might a chemist be charged with inconsistency

for making use of any of the compound sub-

stances that are commonly employed, without

previously analyzing and resolving them into

Analogy to their simple elements; as well might it be im-
the chemist.

agined that, to speak grammatically, means, to

parse every sentence we utter. The chemist

(to pursue the illustration) keeps by him his tests

and his method of analysis, to be employed when

The analogy any substance is offered to his notice, the corn-
continued. . . i-ii

position of which has not been ascertained, ov

in which adulteration is suspected. Now a fal-

Towhata lacy may aptly be compared to some adulterated
fallacy may . .

compound ; "it consists of an ingenious mixture

of tiuth and falsehood, so entangled, so intimate-

ly blended, that the falsehood is (in the chemical

phrase) held in solution : one drop of sound logic

HOW detect-
ig tnat test which immediately disunites them,

** makes the foreign substance visible, and precipi-

tates it to the bottom."
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ARISTOTLES DICTUM.

54. But to resume the investigation of the Form or

every real

argument.

. , c -i,- f every real

principles ol reasoning : the maxim resulting from

the examination of a syllogism in the foregoing

form, and of the application of which, every valid

deduction is in reality an instance, is this :

" That whatever is predicated (that is, affirmed Aristotle's

dictum*

or denied) universally, of any class of things,

may be predicated, in like manner (viz. affirmed

or denied), of any thing comprehended in that

class."

This is the principle commonly called the die- whatue

turn de omni et nullo, for the indication of

which we are indebted to Aristotle, and which

is the keystone of his whole logical system. It

is remarkable that some, otherwise judicious

writers, should have been so carried away by have8aidof

this princi-

their zeal against that philosopher, as to speak pie; and

why.
with scorn and ridicule of this principle, on

account of its obviousness and simplicity ; gim a

though they would probably perceive at once test01
'

in any other case, that it is the greatest tri-

umph of philosophy to refer many, and seem-

ingly very various phenomena to one, or a very

few, simple principles ; and that the more simple

and evident such a principle is, provided it be

truly applicable to all the cases in question, the
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NO solid ot>- greater is its value and scientific beauty. If,

e

^&&** indeed, any principle be regarded as not thus ap-

ever urged.
piicakiej tfiat [s an objection to it of a different

kind. Such an objection against Aristotle's dic-

tum, no one has ever attempted to establish by

b^Ttaten anv kind of proof; but it has often been taken

for granted.
-f
or granted ; it being (as has been stated) very

syllogism commonly supposed, without examination, that
not a distinct T . . , . , ,

kind of ar- &* syllogism is a distinct kind of argument, and

gument; but
tkat ^ rujes of jt accordingly do not apply, nor

a form ' rr j >

applicable to were intended to apply, to all reasoning what-
all cases.

ever, where the premises are granted or known,

objection:
55. One objection against the dictum of Aris-

that the syl-
t()tie jj. m be WQrfa whJ]e to notice briefly, for

logism was '

int-nde<ito ^Q sake of setting in a clearer light the real
make a dem-

onstration character and object of that principle. The ap-
iilitiiier: .....

plication or the principle being, as has been

seen, to a regular and conclusive syllogism, it

has been urged that the dictum was intended

to prove and make evident the conclusiveness

of such a syllogism; and that it is unphilo-

sophical to attempt giving a demonstration of

a demonstration. And certainly the charge

to increase would be just, if we could imagine the logi-
Ite certainty . , , . ,

Of a cian s object to be, to increase the certainty

of a conclusion, which we are supposed to have

already arrived at by the clearest possible mode
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of proof. But it is very strange that such an This view is

idea should ever have occurred to one who had erroneous.

even the slightest tincture of natural philosophy ;

for it might as well be imagined that a natural illustration,

philosopher's or a chemist's design is to strength-

en the testimony of our senses by a priori rea-

soning, and to convince us that a stone when

thrown will fall to the ground, and that gunpow-

der will explode when fired ; because they show

according to their principles those phenomena

must take place as they do. But it would be

reckoned a mark of the grossest ignorance and
. The object is

stupidity not to be aware that their object is not to prove,

not to prove the existence of an individual
* count lor

phenomenon, which our eyes have witnessed,

but (as the phrase is) to account for it ; that is,

to show according to what principle it takes

place ; to refer, in short, the individual case to

a general law of nature. The object of Aris- T0601^ 01

the Dictum

totle's dictum is precisely analogous : he had, to point out

the general

doubtless, no thought of adding to the force of procestta

any individual syllogism ; his design was to point

out the general principle on which that process
f"rms -

is conducted which takes place in each syllo-

gism. And as the Laws of nature (as they are Laws of

called) are in reality merely generalized facts, of erauzed rcu

which all the phenomena coming under them are

particular instances ; so, the proof drawn from
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The Dictum Aristotle's dictum is not a distinct demonstration

brought to confirm another demonstration, but is

mereiy a generalized and abstract statement of

all demonstration whatever ;
and is, therefore, in

fact, the very demonstration which, under proper

suppositions, accommodates itself to the various

subject-matters, and which is actually employed

in each particular case.

HOW to trace 56. In order to trace more distinctly the

u,g and different steps of the abstracting process, by

which any particular argument may be brought

into the most general form, we may first take a

syllogism, that is, an argument stated accurately

AU argument and at full length, such as the example formerly
Htalfil at full

length, given :

" Whatever exhibits marks ofdesign had an intelligent author;

The world exhibits marks of design ;

Therefore, the world had an intelligent author :"

Propositions
an<l tnen somewhat generalize the expression, by

S

*atatra!!t

by
substituting (as in Algebra) arbitrary unmean-

terms-

ing symbols for the significant terms that were

originally used. The syllogism will then stand

thus :

"
Every B is A

; C is B
; therefore is A."

me reason- The reasoning, when thus stated, is no less evi-
ing no leas

valid, dently valid, whatever terms A, B, and C respect-
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ively may be supposed to stand for
; such terms and

may indeed be inserted as to make all or some |MenL

of the assertions false; but it will still be no less

impossible for any one who admits the truth of

the premises, in an argument thus constructed,

to deny the conclusion ;
and this it is that con-

stitutes the conclusiveness of an argument.

Viewing, then, the syllogism thus expressed, syiiogismso

viewed,

it appears clearly that " A stands for any thing affirms gen-

whatever that is affirmed of a certain entire class"

(viz. of every B),
" which class comprehends or

contains in it something else," viz. C (of which B

is, in the second premiss, affirmed) ;
and that,

consequently, the first term (A) is, in the conclu-

sion, predicated of the third (C).

57. Now, to assert the validity of this pro- Another form

of stating the

cess now before us, is to state the very dictum dictum.

we are treating of, with hardly even a verbal

alteration, viz. :

1 . Any thing whatever, predicated of a whole The three

. things

Implied.

2. Under which class something else is con-

tained ;

3. May be predicated of that which is so con-

tained.
Thesethree

members

The three members into which the maxim is correspond to

the three

here distributed, correspond to the three propo- propositions.
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sitions of the syllogism to which they are in-

tended respectively to apply.

The advantage of substituting for the terms,

*n a regu ^ar syllogism, arbitrary, unmeaning sym-
lymbois for bo]s, suc fo as letters of the alphabet, is much the
the terms.

same as in geometry : the reasoning itself is then

considered, by itself, clearly, and without any

risk of our being misled by the truth or falsity

of the conclusion ; which is, in fact, accidental

and variable ; the essential point being, as far as

connection,
tke ar^umenf [s concerned, the connection be-

the essential

point of the twecn the premises and the conclusion. We are
argument.

thus enabled to embrace the general principle of

deductive reasoning, and to perceive its applica-

bility to an indefinite number of individual cases.

That Aristotle, therefore, should have been ac-

Aristotie cuse(j of making use of these symbols for the
right in using

*

these sym- purpose of darkening his demonstrations, and
bola.

that too by persons not unacquainted with geom-

etry and algebra, is truly astonishing.

syllogism 58. It belongs, then, exclusively to a syllo-
rqually tnio

whenab- gism, properly so called (that is, a valid argu-

re used, ment, so stated that its conclusiveness is evident

from the mere form of the expression), that if

letters, or any other unmeaning symbols, be sub-

stituted for the several terms, the validity of the

argument shall still be evident. Whenever this
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is not the case, the supposed argument is either whevnotso,

unsound and sophistical, or else may be reduced
^"',^,1

'

(without any alteration of its meaning) into the
wunsa 'Bd -

syllogistic form ; in which form, the test just

mentioned may be applied to it.

59. What is called an unsound or fallacious Deflation of

an unsound

argument, that is, an apparent argument, which argument

is, in reality, none, cannot, of course, be reduced

into this form ; but when stated in the form most

nearly approaching to this that is possible, its whenr*-

.
duced to the

lallaciousness becomes more evident, from its form, the fat

nonconformity to the foregoing rule. For ex- evide'nT"'

ample :

" Whoever is capable of deliberate crime is responsible ; Example.

An infant is not capable of deliberate crime ;

Therefore, an infant is not responsible."

Here the term "responsible" is affirmed uni- Anaiysisof

versally of " those capable of deliberate crime ;"

it might, therefore, according to Aristotle's dic-

tum, have been affirmed of any thing contained

under that class ; but, in the instance before us,

nothing is mentioned as contained under that its defective

class ; only, the term " infant" is excluded from

that class ; and though what is affirmed of a

whole class may be affirmed of any thing that

is contained under it, there is no ground for sup-

posing that it may be denied of whatever is not
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so contained ; for it is evidently possible that it

, may be applicable to a whole class and to some-
the iirguineut J

is not good,
thing else besides. To say, for example, that all

trees are vegetables, does not imply that nothing

else is a vegetable. Nor, when it is said, that

what the aj] wno are capable of -deliberate crime are re-
statement

implies, sponsible, does this imply that no others are

responsible; for though this may be very true,

what is to it has not been asserted in the premise before us ;

be done in 1-1 i /

the analysis
and in the analysis ot an argument, we are to

argument,
discard a^ consideration of what might be as-

serted ; contemplating only what actually is laid

down in the premises. It is evident, therefore,

The one that such an apparent argument as the above

comply with
^oes no* comply with the rule laid down, nor

the rule. can ^e so stated as to comply with it, and is

consequently invalid.

60. Again, in this instance :

Another
" Food is necessary to life ;

example. Corn is food
;

Therefore corn is necessary to life :"

in what the tne term "necessary to life" is affirmed of food,
argument is

defective, but not universally; for it is not said of every

kind of food <he meaning of the assertion be-

ing manifestly that some food is necessary to

life : here again, therefore, the rule has not been

complied with, since that which has been predi-
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cated (that is, affirmed or denied), not of the why we

whole, but of apart only of a cerlain class, can-

not be, on that ground, predicated of whatever

is contained under that class. food-

DISTRIBUTION AND NON-DISTRIBUTION OF TERMS.

61. The fallacy in this last case is, what is Fallacy in the

last example.

usually described in logical language as consist-

ing in the " non-distribution of the middle term ;"
tion of the

that is, its not being employed to denote all the middle term

objects to which it is applicable. In order to

understand this phrase, it is necessary to observe,

that a term is said to be "
distributed," when it is

taken universally, that is, so as to stand for all

its significates ;
and consequently "undistribu-

ted," when it stands for only a portion of its sig-

nificates.* Thus, "all food," or every kind of what dutn-

. , . ,
. ,

, ,. ., button means

food, are expressions which imply the distribu-

tion of the term " food ;"
" some food" would Non-distribu-

tion

imply its non-distribution.

-\o\v, it is plain, that if in each premiss a. part

only of the middle term is employed, that is, if

it be not at all distributed, no conclusion can
How the ex-

be drawn. Hence, if in the example formerly ample might

adduced, it had been merely stated that " some-
Tarie<1 .

* Section 15.
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thing" (not
" whatever" or "

every thing")

" which exhibits marks of design, is the work of

an intelligent author," it would not have fol-

what it
|OWed, from the world's exhibiting marks of de-

would then

haveimpiied. sign, that that is the work of an intelligent author

words mark- 62. It is to be observed also, that the words
ing distribu- . . . . . ..

tion or non-
"

all and "
every, which mark the distribution

distribution / j ,, i_ i i ,

not always
" a term > an" SOme, which marks Its non-

expressed,
distribution, are not always expressed : they are

frequently understood, and left to be supplied by

the context ; as, for example,
" food is neces-

sary ;" viz.
" some food ;"

" man is mortal ;" viz.

"every man." Propositions thus expressed are.
sitions are

called called by logicians
"
indefinite" because it is left

undetermined by the form of the expression

whether the subject be distributed or not. Nev-

ertheless it is plain that in every proposition

the subject either is or is not meant to be dis-

tributed, though it be not declared whether

But every }t is or not
; consequently, every proposition,

proposition

must be whether expressed indefinitely or not, must be

understood as either "universal" or "particu-Universal or

Particular. Jar ;" those being called universal, in which the

predicate is said of the whole of the subject

(or, in other words, where all the significates

are included) ; and those particular, in which
Cxmnplo of

each. only a part of them is included. For example :
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"All men are sinful," is universal: "some men This division

are sinful," particular ;
and this division of prop-

ositions, having reference to the distribution of

the subject, is, in logical language, said to be ac-

cording to their
"
quantity."

63. But the distribution or non-distribution Distribution

of the predi-

of the predicate is entirely independent of the catebasno

,
. reference to

quantity of the proposition ; nor are the signs quan tity .

" all" and " some" ever affixed to the predicate ;

because its distribution depends upon, and is
HasrefereIIC"

to quality.

indicated by, the "
quality'' of the proposition ;

that is, its being affirmative or negative ; it being

a universal rule, that the predicate of a negative

proposition is distributed, and of an affirmative,
^ henitis

distributed

undistributed. The reason of this may easily

be understood, by considering that a term which The reason
J ofthw

stands for a whole class may be applied to (that

is, affirmed of) any thing that is comprehended

under that class, though the term of which it is

thus affirmed may be of much narrower extent

than that other, and may therefore be far from may beaP-
plicable to

coinciding with the whole of it. Thus it may the subject,

. and yet of

be said with truth, that " the Negroes are unciv- much wider

ilized," though the term " uncivilized" be of much

wider extent than "
Negroes," comprehending,

besides them, Patagonians, Esquimaux, &c. ;

so that it would not be allowable to assert, that
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oniya all who are uncivilized are Negroes." It is ev-

ident, therefore, that it is a part only of the

term "uncivilized" that has been affirmed of

"
Negroes ;" and the same reasoning applies to

every affirmative proposition.

But it may It may indeed so happen, that the
"

subject

'tent'with an(^ predicate coincide, that is, are of equal
the subject: extent

. as, for example: "all men are rational

animals ;"
"

all equilateral triangles are equian-

gular ;" (it being equally true, that "
all rational

uiis not im- animals are men," and that "
all equiangular tri-

piied in the M ... ... .

form of the angles are equilateral ; ) yet this is not implied
uon'

by the form of the expression ; since it would

be no less true that "all men are rational ani-

mals," even if there were other rational animals

besides men.

if any part of It is plain, therefore, that if any part of the

islp

P

piicaWe predicate is applicable to the subject, it may be

to the sub-
affirmed, and of course cannot be denied, of that

ject, it may
be affirmed subject ; and consequently, when the predicate
of the sub-

ject, is denied of the subject, this implies that no

part of that predicate is applicable to that sub-

ject ; that is, that the whole of the predicate is

ifa predicate denied of the subject : for to say, for example,
Is denied of a

,
.

that " no beasts of prey ruminate," implies that

beasts of prey are excluded from the whole class

of ruminant animals, and consequently that " no

ruminant animals are beasts of prey.
' And
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hence results the above-mentioned rule, that the Distribution

distribution of the predicate is implied in nega- jjjjj^^

tive propositions, and its non-distribution in af-
ne^lllve

propositions:

firmativeS. non-distribu-

tion in

affirmolives.

64. It is to be remembered, therefore, that Not sufficient

for the mid-

It is not sufficient for the middle term to occur die term to

. . . .-
,

occur in a
in a universal proposition ;

since if that propo- universai

sition be an affirmative, and the middle term be P* ? "11011*

the predicate of it, it will not be distributed.

For example : if in the example formerly given,

it had been merely asserted, that "
all the works

of an intelligent author show marks of design,"

and that " the universe shows marks of design," It must be M

nothing could have been proved ; since, though ^^j^
both these propositions are universal, the middle term8 of tbe

conclusion,

term is made the predicate in each, and both are that those

. terms may be

affirmative ; and accordingly, the rule of Ans- compared to-

totle is not here complied with, since the term

" work of an intelligent author," which is to be

proved applicable to
" the universe," would not

have been affirmed of the middle term (" what

shows marks of design") under which " universe"

is contained ; but the middle term, on the con-

trary, would have been affirmed of it.

If, however, one of the premises be negative, if One Prem

the middle term may then be made the predicate
L
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tive. the mid- of that, and will thus, according to the above

teme thT remark, be distributed. For example :

predicate of

" No ruminant animals are predacious :

be distrib-

uted. The lion is predacious ;

Therefore the lion is not ruminant :"

this is a valid syllogism ;
and the middle term

(predacious) is distributed by being made the

The form of predicate of a negative proposition. The form,

thissyiio-
jn(jee(j Of tne syllogism is not that prescribed

gum will not

be that pre- by the dictum of Aristotle, but it may easily be
scribed by
the dictum, reduced to that form, by stating the first prop-
but may be ... _ T . . .

reduced to it osition thus :

" JMo predacious animals are ru-

minant;" which is manifestly implied (as was

above remarked) in the assertion that "no ru

minant animals are predacious." The syllogism

will thus appear in the form to which the dictum

applies.

AH argu- 65. It is not every argument, indeed, that
menta cannot .

be reduced can be reduced to this form by so short and sim-

* a
pie an alteration as in the case before us. A

longer and more complex process will often be

required, and rules may be laid down to facilitate

this process in certain cases ; but there is no

sound argument but what can be reduced into

But an argu-
this form, without at all departing from the real

'

meaning and drift of it
; and the form will be
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found (though more prolix than is needed for be reduced

... to the pre-

ordmary use) the most perspicuous in which an KTiboA form

argument can be exhibited.

66. All deductive reasoning whatever, then, AII deductive

, i i j j i_ reasoning
rests on the one simple principle laid down by re8tsonthe

A i ii . u dictum.
Aristotle, that

" What is predicated, either affirmatively or

negatively, of a term distributed, may be predi-

cated in like manner (that is, affirmatively or neg-

atively) of any thing contained under that term."

So that, whtn our object is to prove any prop- what ore ih

osition, that is, f.o show that one term may rightly
F

be affirmed or denied of another, the process

which really takes place in our minds is, that we

refer that term (of which the other is to be thus

predicated) to some class (that is, middle term)

of which that other may be affirmed, or denied,

as the case may be. Whatever the subject-mat-
The reason-

ing always

ter of an argument may be, the reasoning itself, the same.

considered by itself, is in every case the same

process; and if the writers against Logic had Mistakes or

. . writers on

kept this m mmd, they would have been cautious Logic,

of expressing their contempt of what they call

"syllogistic reasoning," which embraces all de-

ductive reasoning; and instead of ridiculing Aris-

totle's principle for its obviousness and simplicity, Aristotle*

\vould have perceived that these are, in fact, its
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simple and highest praise: the easiest, shortest, and most

evident theory, provided it answer the purpose

of explanation, being ever the best.

RULES FOR EXAMINING SYLLOGISMS.

Tests of the 67. The following axioms or canons serve

JMtfL! as tests of the validity of that class of syllo-

gisms which we have considered.

1st test.
1 st - If two terms agree with one and the same.

third, they agree with each other.

ad test. 2d. If one term agrees and another disagrees

with one and the same third, these two disagree

with each other.

The first the On the former of these canons rests the va-

affirmative lidity of affirmative conclusions ; on the latter,

f2Td of negative: for, no syllogism can be faulty

of negative. wm'

ch <jOes not violate these canons ; none cor-

rect which does ; hence, on these two canons

are built the following rules or cautions, which

are to be observed with respect to syllogisms,

for the purpose of ascertaining whether those

canons have been strictly observed or not.

Every syiio-
1st. Every syllogism has three and only three

am* ami
terms > VIZ - the middle term and the two terms

<miy three Qf the Conclusion : the terms of the Conclusion
terms.

are sometimes called extremes.

Every gyiio- 2d. Every syllogism his three and only three
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propositions; viz. the major premise ; the minor gismhas
. . three and

premise; and the conclusion.
oniytim-e

3d. If the middle term is ambiguous, there P?031

Middle tt-nn

are in reality two middle terms, in sense, though m ust not iw

7 ambiguoue.
but one in sound.

There are two cases of ambiguity: 1st. Where TWO cases

the middle term is equivocal ; that is, when used
lst ^^

in different senses in the two premises. For

example :

"
Light is contrary to darkness ;

Example.
Feathers are light ; therefore,

Feathers are contrary to darkness."

2d. Where the middle term is not distrib- MCM*

uted ; for as it is then used to stand for a part

only of its significates, it may happen that one

of the extremes is compared with one part of

the whole term, and the other with another part

of it. For example :

" White is a color ;

Black is a color ; therefore,
Examples.

Black is white."

Again :

" Some animals are beasts ;

Some animals are birds ; therefore,

Some birds are beasts."

The middle

3d. The middle term, therefore, must be dis- termmustb*

once distrib-

tributed, once, at least, in the premises; that is, nted:
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and once is by being the subject of a universal,* or predi-

cate of a negative ;f and once is sufficient ;

since if one extreme has been compared with a

part of the middle term, and another to the

whole of it, they must have been compared with

the same.

Notennmust 4th. No term must be distributed in the con-

tedinthe elusion which was not distributed in one of the

premises; for, that would be to employ the
which was f r J

ootdistnbu- whole of a term in the conclusion, when you
ted in a

premise, had employed only a part of it in the premise ;

thus, in reality, to introduce a fourth term.

This is called an illicit process either of the

major or minor term. J For example :

gjanjD]e
" All quadrupeds are animals,

A bird is not a quadruped ; therefore,

It is not an animal." Illicit process of the major.

5th. From negative premises you can infer
premises

prove noth- nothing. For, m them the Middle is pronounced

to disagree with both extremes; therefore they
cannot be compared together : for, the extremes

can only be compared when the middle agrees
with both; or, agrees with one, and disagrees

with the other. For example :

Example. " A fish is not a quadruped ;"
" A bird is not a quadruped," proves nothing.

* Section 62. f Section 63. J Section 40.
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6th. If one premise be negative, the conclu- ir

sion must be negative; for, in that premise the

middle term is pronounced to disagree with one

live, the

conclusion

will be negar

of the extremes, and in the other premise (which
live ;

of course is affirmative by the preceding rule),

to agree with the other extreme ; therefore, the

extremes disagreeing with each other, the con-

clusion is negative. In the same manner it may and recipro.

be shown, that to prove a negative conclusion,

one of the premises must be a negative.

By these six rules all Syllogisms are to be whatfoi-

tried ; and from them it will be evident, 1st, these six

that nothing can be proved from two particular

premises,- (since you will then have either the

middle term undistributed, or an illicit process.

For example :

" Some animals are sagacious ;

Some beasts are not sagacious ;

Some beasts are not animals.")

And, for the same reason, 2dly, that if one of 2d inference

the premises be particular, the conclusion must

be particular. For example :

" All who fight bravely deserve reward ;

Example" Some soldiers fight bravely ;" you can only infer that

" Some soldiers deserve reward :"

for to infer a universal conclusion would be

an illicit process of the minor. But from two
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rwouniver- universal Premises you cannot always infer a

jTnS'S universal Conclusion. For example :

(rive a uni-

>. -i-.il con-
" All gold is precious ;

du6ion-
All gold is a mineral

; therefore,

Some mineral is precious.'

And even when we can infer a universal, we

are always at liberty to infer a particular ; since

what is predicated of all may of course be pre

dicated of some.

OF FALLACIES.

Definition of Q8. By a fallacy is commonly understood
a fallacy. "

any unsound mode of arguing, which appears

to demand our conviction, and to be decisive

of the question in hand, when in fairness it is

Detection of, not." In the practical detection of each indi-
depends on .

Bcuteness. vidual fallacy, much must depend on natural

and acquired acuteness ; nor can any rules be

given, the mere learning of which will enable

us to apply them with mechanical certainty and

Hints and readiness ; but still we may give some hints that

will lead to correct general views of the subject,

and tend to engender such a habit of mind, as

will lead to critical examinations.

same of IA>- Indeed, the case is the same with respect to

Logic in general ; scarcely any one would, in

ordinary practice, state to himself either his
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own or another's reasoning, in syllogisms at full Logic tends

~ -i- -11 i -i to cultivate

length; yet a familiarity with logical principles habits of

tends very much (as all feel, who are really well
de:irreason-

ing.

acquainted with them) to beget a habit of clear

and sound reasoning. The truth is, in this as

in many other things, there are processes going
The habit

fixed, we
on in the mind (when we are practising any naturally foi-

thing quite familiar to us), with such rapidity

as to leave no trace in the memory ; and we

often apply principles which did not, as far as

we are conscious, even occur to us at the time.

69. Let it be remembered, that in every conclusion

c . i-ii follows from

process of reasoning, logically stated, the con-
twoantece_

elusion is inferred from two antecedent propo-
dent Pren -

sitions, called the Premises. Hence, it is man-

ifest, that in every argument, the fault, if there Fallacy, if

any, either in

be any, must be either, the

1st. In the premises; or,

2d. In the conclusion (when it does not follow orconciu-

~ sion, or both.
irom them) ; or,

3d. In both.

In every fallacy, the conclusion either does or

does not followfrom the premises.

When the fault is in the premises; that is, when m the

when they are such as ought not to have been
pre '

assumed, and the conclusion legitimately follows

from them, the fallacy 's called a Material Fal-
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lacy, because it lies in the matter of the argu-

ment.

when in the Where the conclusion does not follow from
lon '

the premises, it is manifest that the fault is in

the reasoning, and in that alone : these, there-

fore, are called Logical Fallacies, as being prop-

erly violations of those rules of reasoning which

it is the province of logic to lay down.

When the fault lies in both the premises and

reasoning, the fallacy is both Material and Logical

when in

Rules for

gument.

tt Rule.

ad Rule.

3d Rule.

serve as

guides,

70. In examining a train of argumentation,

to ascertain if a fallacy have crept into it, the

following points would naturally suggest them-

selves :

1st. What is the proposition to be proved?

On what facts or truths, as premises, is the ar-

gument to rest? and, What are the marks of

truth by which the conclusion may be known ?

2d. Are the premises both true ? If facts, are

they substantiated by sufficient proofs ? If truths,

were they logically inferred, and from correct

premises ?

3d. Is the middle term what it should be, and

the conclusion logically inferred from the prem-

ises?

These general suggestions may serve as guides
. . .m examining arguments for the purpose of de-
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tecting fallacies ; but however perfect general to detect

rules may be, it is quite certain that error, in

its thousand forms, will not always be separated

from truth, even by those who most thoroughly

understand and carefully apply such rules

CONCLUDING REMARKS.

71. The imperfect and irregular sketch which Logic

correspond!
nas here been attempted 01 deductive logic, may witn tne

suffice to point out the general drift and purpose
reaa g" u

of the science, and to show its entire correspond-

ence with the reasonings in Geometry. The

analytical form, which has here been adopted, Analytical

is, generally speaking, better suited for introdu-

cing any science in the plainest and most inter-

esting form ; though the synthetical is the more synthetical

regular, and the more compendious form for sto-

ring it up in the memory.

72 It has been a matter about which wri- induction:

i ff i i i
does it form

ters on logic have differed, whether, and in con- a part of

formity to what principles, Induction forms a
Lo^lc?

part of the science ; Archbishop Whately main- whaujiy'i

. . . . . . ., . opinion

taming that logic is only concerned in inferring

truths from known and admitted premises, and

that all reasoning, whether Inductive or Deduc-

tive, is shown by analysis to have the syllogism
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Mill's views, for its type ;
while Mr. Mill, a writer of perhaps

greater authority, holds that deductive logic is

but the carrying out of what induction begins ;

that all reasoning is founded on principles of in-

ference ulterior to the syllogism, and that the

syllogism is the test of deduction only.

Without presuming at all to decide defini-

tively a question which has been considered and

Reasons for passed upon by two of the most acute minds of
the course

the age, it may perhaps not be out of place to

state the reasons which induced me to adopt

the opinions of Mr. Mill in view of the par-

ticular use which I wished to make of logic

Leading ob- 73. It was, as stated in the general plan,
Jectsof the

plan-
one of my leading objects to point out the cor-

respondence between the science of logic and

the science of mathematics : to show, in fact,

TO show that that mathematical reasoning conforms, in every
mathemati- !_*".. r i j

cai reasoning respect, to the strictest rules oi logic, and is m-
conforms to jee(j ^ut jo~ c appijeci to tne abstract quantities,
logical rules.

Number and Space. In treating of space, about

which the science of Geometry is conversant, we

shall see that the reasoning rests mainly on the

Axioms, how axioms, and that these are established by induc-

tive processes. The processes of reasoning which

relate to numbers, whether the numbers are rep-

resented by figures or letters, consist of two parts.
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1st. To obtain formulas for, that is, to express

in the language of science, the relations between

the quantities, facts, truths or principles, what- T *>*** <*

the reasoning

ever they may be, that form the subject of the process.

reasoning ; and,

2dly. To deduce from these, by processes

purely logical, all the truths which are implied

in them, as premises.

74. Before dismissing the subject, it may AIJ induc-

tion may be

be well to remark, that every induction may thrown into

be thrown into the form of a syllogism, by sup- o*^

plying the major premise. If this be done, we syiiogism,by

shall see that something equivalent to the uni- proper majoi

formity of the course of nature will appear as

the ultimate major premise of all inductions ;

and will, therefore, stand to all inductions in

the relation in which, as has been shown, the

major premise of a syllogism always stands to

the conclusion ; not contributing at all to prove

it, but being a necessary condition of its being

proved. This fact sustains the view taken by

Mr. Mill, as stated above ; for, this ultimate ma- HOW this

, . . f .. . . c major prem
jor premise, or any substitution tor it, is an inter- ^5

ence by Induction, but cannot be arrived at by

means of a syllogism.

7
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BOOK II.

MATHEMATICAL SCIENCE.

CHAPTER I.

VTANTITY AND MATHEMATICAL SCIENCE DEFINED DIFFERENT KIXDg OP QTTAH-

TITT LANGUAGE OF MATHEMATICS EXPLAINED SUBJECTS CLABSD-ISO UNIT

07 MEASURE DEFINED MATHEMATICS A DEDCCTITE SCONCE.

QUANTITY.

75. QUANTITY is any thing which can be Quantity

increased, diminished, and measured.

76. MATHEMATICS is the science of quan- Mthematfc

tity; that is, the science which treats of the

measures of quantities and of their relations to

each other.

77. There are two kinds of quantity ; Num- Kinds of

her and Space.

NUMBEB.

78. A NUMBER is a unit, or a collection Number
defined.

of units.
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Abstract. AN ABSTRACT NUMBER is one whose unit is

not named; as, one, two, three, &c.

Denominate. A DENOMINATE NUMBER is One whose UUlt IS

named; as three feet, three yards, three pounds.

Such numbers are also called CONCRETE NUMBERS.

dow we ob- How do we acquire our first notions of num-

of number, bers ? By first presenting to the mind, through

the eye, a single thing, and calling it ONE.

Then presenting two things, and naming them

TWO
;

then three things, and naming them

THREE; and so on for other numbers. Thus,

it is done by we acquire primarily, in a concrete form, our

oarison
elementary notions of number, by perception,comparison,

and

reflection. comparison, and reflection; for, we must first

perceive how many things are numbered; then

compare what is designated by the word one,

Reasons, with what is designated by the words two,

three, &c., and then reflect on the results of

such comparisons until we clearly apprehend

the difference in the signification of the words.

Having thus acquired, in a concrete form, our

conceptions of numbers, we can consider num-

bers as separated from any particular objects,
TWO axioms and thug fonn conception of them in the ab-
nessary for

the forma- gtract. We require but two axioms for the
tlon of num-

bers, formation of all numbers :

ut axiom. 1st. That one may be added to any number,

and that the number which results will be
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greater by one than the number to which the

one was added.

2d. That one may be divided into any num- sa axiom,

ber of equal parts.

79. Under Number, we have four species, or Four kinds

of number.

subdivisions, each differing from the other three,

in the unit of its base: thus,

1. Abstract Number, when the base is the ab- Abstract,

stract unit one :

2. Number of Currency, when the base is a Currency,

unit of currency, as one dollar :

3. Number of Weight, when the base is a unit weight

of weight, as one pound :

4. Number of Time, when the base is a unit Time,

of time, as one day.

Hence, in number, we have four kinds of Four kinds

of units.

units: Abstract Units
;
Units of Currency; Units

of Weight ;
and Units of Time.

SPACE.

80. SPACE is indefinite extension. We ac- space
defined.

quire our ideas of it by observing that parts

of it are occupied by matter or bodies. This

enables us to attach a definite idea to the word

place. We are then able to sav, intellisriblv,J ' Place :

that a point is that which has place, or posi-
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tion in space, without occupying any part of

it. Having conceived a second point in space,

we can understand the important axiom, "A

Axiom con- straight line is the shortest distance between

traighfiine.
two points;" and this line we call length, or a

dimension of space.

81. If we conceive a second straight line

to be drawn, meeting the first, but lying in a

direction directly from it, we shall have a sec-
Breadth

defined, ond dimension of space, which we call breadth.

If these lines be prolonged, in both directions,

they will include four portions of space, which

make up what is called a plane surface, or plane :

A plane hence, a plane has two dimensions, length and

breadth. If now we draw a line on either side

of this plane, we shall have another dimen-

space has si n f space, called thickness : hence, space has
th^ en"

three dimensions length, breadth, and thick-

ness.

Figure 82. A portion of space limited by bounda-

ries, is called a Figure. If such portion of

Line de- space have but one dimension, it is called a line,

and may be limited by two points, one at each

TWO kinds extremity. There are two kinds of lines, straight

straighTand
anc* curve<l. A straight line, is one which does

curved. no cnange its direction between any two of its
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Plane,

curved.

Difference.

points, and a curved line constantly changes its

direction at every point.

83. A portion of space having two dimen- surface:

sions is called a surface. There are two kinds

of surfaces Plane Surfaces and Curved Sur-

faces. With the former, a straight line, having

two points in common, will always coincide,

however it may be placed, while with the latter
J Boundaries

it will not. The boundaries of surfaces are of a surface,

lines, straight or curved.

84. A limited portion of space, having three volumes,

dimensions, is called a Volume. All volumes Boundaries

are bounded by surfaces, either plane or curved.

Angle?.

85. AN ANGLE is the amount of divergence

of two lines, of two planes, or of several planes,

meeting at a point ;
and is measured, like other

magnitudes, by comparing it with its unit of

measure. Hence, in space, we have four units, measure,

differing in kind:

1. Linear Units, for the measurement of Linear,

lines ;

2. Units of Surface, for the measurement of surface,

surfaces ;

3. Units of Volume, for the measurement of Volume,

volumes
;
and
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Angle. 4. Units of Angles, for the measurement of

angles.

Bight unite. 86. Besides the eight kinds of units, four

of number and four of space, embraced in the

above classification, and in which the units of

each class are connected by known laws, there

are yet isolated denominate numbers, such as

five chairs, six horses, seven things, &c., which

Unite with- do not admit of classification, because they have
out law.

no law of formation. Neither does this classi-

nnite"

1"1

fication include the Infinitesimal Units, which

are specially treated of in Chapter V., Book II.,

and which are the elements of a very important

branch of Mathematical Science.

Language 87. The language of Mathematics is mixed.

mathema- Although composed mainly of symbols, which

are defined with reference to the uses whicli

are made of them, and therefore have a pre-

cise signification; it is also composed, in part,

of words transferred from our common lan-

1)018

guage. The symbols, although arbitrary signs,

are, nevertheless, entirely general, as signs and

instruments of thought ;
and when the sense in

which they are used is once fixed, by definition,

Reuse un- they preserve throughout the entire analvsis
changed.

precisely the same signification. The meaning
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of the words borrowed from our common vocab- words bor-

ulary is often modified, and sometimes entirely common

changed, when the words are transferred to the a

8ense -

language of science. They are then used in a
and n^i '

* technical

particular sense, and are said to have a technical

signification.

88. It is of the first importance that the Language

elements of the language be clearly understood, undent Jid :

that the signification of every word or sym-

bol be distinctly apprehended, and that the con-

nection between the thought and the word or

symbol which expresses it, be so well estab-

lished that the one shall immediately suggest Mathemati

the other. It is not possible to pursue the sub- <*[ reason-

ings require

tie reasonings of Mathematics, and to carry out jt -

the trains of thought to which they give rise,

without entire familiarity with those means

which the mind employs to aid its investiga-

tions. The child cannot read till he has learned
Cannotn80

the alphabet; nor can the scholar feel the deli-
a"y lan -

guage well

cate beauties of Shakspeare, or be moved by the tiu we
J know it.

sublimity of Milton, before studying and learn-

ing the language in which their immortal

thoughts are clothed.

89. All Quantities, whether abstract or con- Quantities

crete, are, in mathematical science?, presented
5*
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sentedby to the mind by arbitrary symbols. They are
symbols ;

S :ui are oper- viewed and operated on through these symbols

these sym- which represent them; and all operations are

indicated by another class of symbols called

signs, signs. These, combined with the symbols

What consti-
which represent the quantities, make up, as

we have stated above, the pure mathematical

language ;
and this, in connection with that

which is borrowed from our common language,

forms the language of mathematical science.

This language is at once comprehensive and

its nature, accurate. It is capable of stating the most gen-

eral propositions, and of presenting to the mind,

in their proper order, all elementary principles

what it ac- connected with their solution. By its gener-

ality it reaches over the whole field of the

pure and mixed sciences, and gathers into con-

densed forms all the conditions and relations

necessary to the development of particular facts

and universal truths. Thus, the skill of the

analyst deduces from the same equation the ve-

Extent and
locity of an apple falling to the ground, and the

Analysis, verification of the law of universal gravitation.

LANGUAGE OF MATHEMATICS.

Language 90. The language of Mathematics embraces,
of

Mathema-
^s^ ^arts of our written and spoken language ;

tlcl<
2d. The language of Figures ,
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3d. The language of Lines straight and curved
;

Lines.

4th. The language of Letters
;
and these forms Letters.

of language determine the classification of the

branches of the Science of Mathematics.

LANGUAGE OF NUMBER ARITHMETIC.

91. The ten characters, called figures, are Language
of

the alphabet of the language of number. The Number,

various ways in which they are combined, form-

ing the exact and copious language of compu-

tation, will be fully explained under the head

of Arithmetic, in a chapter exclusively devoted

to the consideration of numbers, their laws and

their language.

LANGUAGE OF LINES GEOMETRY.

92. Lines, straight and curved, are the ele- Languag*
of

meuts of the pictorial language applicable to Geometry,

space. The definitions and axioms relating to

space, and all the reasonings founded on them,

make up the science of Geometry, which will

be fully treated under its proper head.

LANGUAGE OF LETTERS ANALYSIS.

93. ANALYSIS is a general term embracing Analysis.

all the operations which can be performed on
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quantities when represented by letters. In this

branch of mathematics, all the quantities con-

Qmntities sidered, whether abstract or concrete, are rep-

by letters, resented by letters of the alphabet, and the

operations to be performed on them are indi-

cated by a few arbitrary signs. The letters

symbols, and signs are called Symbols, and by their

combination we form the Algebraic Notation

and Language.

Analysis,
94- Analysis, in its simplest form, takes

AnaTyt^cai
*ne name ^ Algebra. Analytical Geometry, the

Geometry. Differential and Integral Calculus, extended to

Calculus, include the Theory of Variations, are its higher

and most advanced branches.

Term Anaiy- 95. The term Analysis has also another sig-
sia defined.

nification. It denotes the process of separating
its nature, any complex whole into the elements of which

^etaed*
** is comP sed - It; is opposed to Synthesis, a

term which denotes the processes of first con-

sidering the elements separately, then combin-

ing them, and ascertaining the results of the

combination.

Analytical The Analytical method is best adapted to in-

vestigation, and the presentation of subjects in

synthetical their general outlines: the Synthetical method
method.

is best adapted to instruction, because it e-xhib-
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its all the parts of a subject separately, and in Analysis.

their proper order and connection. Analysis

deduces all the parts from a whole: Synthesis synthesis.

forms a whole from the separate parts.

96. Arithmetic, Algebra, and Geometry are Arithmetic,

the Elementary branches of Mathematical Sci- ^^e^.

ence. Every truth which is established by
elementary
branches.

mathematical reasoning, is developed by an

arithmetical, geometrical, or analytical process,

or by a combination of them. The reasoning

in each branch is conducted on principles iden-

tically the same. Every sign, or symbol, or Reasoning

technical word, is accurately defined, so that to

each there is attached a definite and precise

idea. Thus, the language is made so exact and Language
exact.

certain, as to admit of no ambiguity.

INFINITESIMAL CALCULUS.

97. The language of the Infinitesimal Cal-

i

Calculus.

of the

cuhis is very simple. Its chief element is the

letter d, which, when written before a quantity,

denotes that that quantity increases or decreases

according to the law of continuity, and the ex-

pression thus arising is one link in that law.

Thus, dx denotes that the quantity represented What does

by x, changes according to the law of continuity,

and that dx is the unit of that change.
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PURE MATHEMATICS.

Pare Mathe- 98. The Pure Mathematics embraces all the
matics.

principles of the science, and all the processes

by which those principles are developed from

Number and the abstract quantities, Number and Space. All
Space.

the definitions and axioms, and all the truths

deduced from them, are traceable to these two

sources.

Mathema- 99. Mathematics, in its primary significa-
nce, as need

by the an- tion, as used by the ancients, embraced every

acquired science, and was equally applicable to

all branches of knowledge. Subsequently it

was restricted to those branches only which

were acquired by severe study, or discipline, and

Embraced its votaries were called Disciples. Those sub-
all subjects

which were jects, therefore, which required patient investi-

difciplinary . .

in their na- gation, exact reasoning, and the aid ot the ma-

thematical analysis, were called Disciplinal or

Mathematical, because of the greater evidence

in the arguments, the infallible certainty of the

conclusions, and the mental training and de-

velopment which such exercises produced.

Pure Mathc- 100. The Pure Mathematics is based on

definitions and intuitive truths, called axioms,
What are its

foundations, which are inferred from observation and expe-
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rience ;
that is, observation and experience fur- Premises.

nish the information necessary to such intui-

tive inductions.* From these definitions and

axioms, as premises, all the truths of the science Reasoning,

are established by processes of deductive reason-

ing; and there is not, in the whole range of iu tests of

mathematical science any logical test of truth,

but in a conformity of the conclusions to the What they
are.

definitions and axioms, or to such principles or

propositions as have been established from them.

Hence, we see, that the science of Pure Mathe- in what the

unities, which consists merely in inferring, by
^ e

^
e

ui

c01

fixed rules, all the truths which can be deduced

from given premises, is purely a Deductive is purely
Deductive.

Science. The precision and accuracy of the

definitions
;

the certainty which is felt in the

truth of the axioms; the obvious and fixed re- Precision of

its language.
lation between the sign and the thing signified ;

and the certain formulas to which the reason-

ing processes are reduced, have given to mathe-

matics the name of " Exact Science." science.

101. We have remarked that all the rea- AII reason-

soilings of mathematical science, and all the d'eflnitionT

truths which they establish, are based on the
and axiomfl -

definitions and axioms, which correspond to the

* Section 27.
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major premise of the syllogism. If the resem-

blance which the minor premise asserts to the

Relations middle term were obvious to the senses, as it

)U8'

is in the proposition,
" Socrates was a man,"

or were at once ascertainable by direct observa-

tion, or were as evident as the intuitive truth,

" A whole is equal to the sum of all its parts ;"

Deductive there would be no necessity for trains of rea-

necegsary soning, and Deductive Science would not exist.

Trains of Trains of reasoning are necessary only for the

aing '

sake of extending the definitions and axioms to

what they
other cases in which we not only cannot di-

wnpis .

recf.]v observe what is to be proved, but cannot

directly observe even the mark which is to

prove it.

syllogism,
102. Although the syllogism is the ultimate

the final test , , MJJJ- / j j j
of deduc-

test in all deductive reasoning (and indeed in

tion-
all inductive, if we admit the uniformity of the

course of nature), still we do not find it con-

venient or necessary, in mathematics, to throw

every proposition into the form of a syllogism.

Axioms and
^ne definitions and axioms, and the propo-

deflnitions, B{tjons established from them, are our tests of
testa of

truth,
truth; and whenever any new proposition can

be brought to conform to any one of these

Apropos!- tests, it is regarded as proved, and declared to
tlon : when

proved. D6 true.
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103. When general formulas have been When a

framed, determining the limits within which may be re-

the deductions may be drawn (that is, what
^proved*

8

shall be the tests of truth), as often as a new

case can be at once seen to come within one

of the formulas, the principle applies to the new

case, and the business is ended. But new cases Trains of

are continually arising, which do not obviously whynecesl

come within any formula that will settle the

questions we want solved in regard to them,

and it is necessary to reduce them to such for-

mulas. This gives rise to the existence of the They give

. -I i i L
ri^e to the

science ot mathematics, requiring the highest science of

scientific genius in those who contributed to its

creation, and calling for a most continued and

vigorous exertion of intellect, in order to appro-

priate it, when created.

MIXED MATHEMATICS.

104. The Mixed Mathematics embraces the Mixed

applications of the principles and laws of the tice.

Pure Mathematics to all investigations in which

the mathematical language is employed and to

the solution of all questions of a practical na-

ture, whether they relate to abstract or concrete

quantity.
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QUANTITY MEASURED.

Quantity. 105. Quantity has been defined,
"
any thing

which can be increased, diminished, and meas-

increased ured." The terms increased or diminished, are
and

diminished, easily understood, implying merely the property
defined.

of being made larger or smaller. The term

measured is not so easily comprehended, because

it has only a relative meaning.

Measured. The term "measured," applied to a quantity,

implies the existence of some known quantity

what H of the same kind, which is regarded as a stand-

ard. With this standard, the quantity to be meas-

ured is compared with respect to its extent or

standard: magnitude. To such standard, whatever it may

is called be, we give the name of unity, or unit of

measure; and the number of times which any

quantity contains its unit of measure, is the

numerical value of the quantity measured. The

Magnitude: extent or magnitude of a quantity is, therefore,
merely rela-

Uve. merely relative, and hence, we can form no idea

of it, except by the aid of comparison. Space,

space: for example, is entirely indefinite, and we meas-
indefinite.

ure parts of it by means of certain standards,

Measure- called measures
;
and after any measurement is

ment ascer-

tains reia- completed, we have only ascertained the relation
tion:

or proportion which exists between the stand-

ard we adopted and the thing measured. Hence,
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measurement is, after all, but a mere process A process of

comparison.
of comparison.

106. The quantities, Number and Space, are but Number and

vague and indefinite conceptions, until we compare knowiTby

them with their units of measure, and even these compari

units are arrived at only by processes of comparison.

Comparison is the great means of discovering the comparison

relations of things to each other, as well in general ^thod.

logic, as in the science of mathematics, which

develops the processes by which quantities are

compared, and the results of such comparisons.

107. Besides the classification of quantity Quantity,

into Number and Space, we may, if we please,

divide it into Abstract and Concrete. An ab- Abstract,

stract quantity is a mere number, in which the

unit is not named, and has no relation to mat-

ter or to the kind of things numbered. A con- concrete,

crete quantity is a definite object or a collec-

tion of such objects. Concrete quantities are

expressed by numbers and letters, and also by Howrepre-

lines, straight and curved. The number " three"
Example

is entirely abstract, expressing an idea having
ofthe

no connection with things; while the number

"three pounds of tea," or "three apples," pre- Example

sents to the mind an idea of concrete objects.

So, a portion of space, bounded by a surface, all
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the points of which are equally distant from a

sphere certain point within called the centre, is but a

mental conception of form
;
but regarded as a

defined, portion of space, gives rise to the additional idea

of a named and defined thing.

COMPARISON OF QUANTITIES.

Mathematics 108. We have seen that the pure mathe-

a. matics are concerned with the two quantities,

Number and Space. We have also seen, that rea-

Reasoning soning necessarily involves comparison : hence,

comparison,
mathematical reasoning must consist in com-

paring the quantities which come from Number

and Space with each other.

TWO quanti-
19. Any two quantities, compared with

ties can eus- g^jj ofljer must necessarily sustain one of two
tain but two *

relations, relations: they must be equal, or unequal. What

axioms or formulas have we for inferring the

one or the other?

AXIOMS FOR INFERRING EQUALITY.

1. Quantities which contain the same unit an

Formula* equal number of times, are equal.

Equality
^ g Things which being applied to each other

coincide, are equal in all their parts.



CHAP. I.] COMPARISON OP QUANTITIES. 117

3. Things which are equal to the same thing

are equal to one another.

4. A whole is equal to the sum of all its parts

5. If equals be added to equals, the sums are

equal.

6. If equals be taken from equals, the remain-

ders are equal.

AXIOMS FOB INFERRING INEQUALITY.

1. A whole is greater than any of its parts.

2. If equals be added to unequals, the sums Formniat
for

are unequal. inequality.

3. If equals be taken from unequals, the re-

mainders are unequal.

110. "We have thus completed a very brief what fea-

tures hY8
and general analytical view of Mathema- been

tical Science. We have named and defined

the subjects of which it treats and the forms

of the language employed. We have pointed

out the character of the definitions, and the na-

ture of the elementary and intuitive proposi-

tions on which the science rests; also, the kind

of reasoning employed in its creation, and its

divisions resulting from the use of different

symbols and differences of language. We shall

now proceed to treat the brandies separately.
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CHAPTER II.

ARITHMETIC SCIENCE AND ART OF NUMBERS.

SECTION I.

1MTIBKAL UNITS.

FIRST NOTIONS OF NUMBERS.

111. THERE is but a single elementary idea But one ei

mentary idea

in the science of numbers : it is the idea of the in numbers.

UNIT ONE. There is but one way of impressing Howim-

this idea on the mind. It is by presenting to Remind!

the senses a single object; as, one apple, one

peach, one pear, &c.

112. There are three signs by means of Three dgm
for express-

which the idea of one is expressed and commu- ing it.

nicated. They are,

1st. The word ONE. A word

2d. The Roman character 1. Roman

o, m, character-

3d. The figure 1.
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New ideas 113. If one be added to one, the idea thus

b> adding arising is different from the idea of one, and is

one-
complex. This new idea has also three signs ;

viz. TWO, II., and 2. If one be again added,

that is, added to two, the new idea has likewise

three signs; viz. THKEE, III., and 3. These

Collections collections, and similar ones, are called num-
are num-
ber, bers. Hence,

A NTJMBEE is a unit or a collection of units.

IDEAS OF NUMBERS GENERALIZED.

ideas or 114. If we begin with the idea of the num-
numbers

,

generalized.
er one, and then add it to one, making two ;

and then add it to two, making three ; and then

to three, making four ; and then to four, making
HOW formed, five, and so on

; it is plain that we shall form a

series of numbers, each of which will be greater

unity the by one than that which precedes it. Now, one

or unity, is the basis of this series of numbers,
Three ways

xpressing and each number may be expressed in three
them.

ways :

1st way. 1st. By the words ONE, TWO, THREE, &c., of our

common language ;

wway. 2d. By the Roman characters; and,

ad way. 3d. By figures.
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115. Since all numbers, whether integral or

fractional, must come from, and hence be con- ""^e"
1

nected with, the unit one, it follows that there

is but one purely elementary idea in the science

of numbers. Hence, the idea of every number, Hence but

regarded as made up of units (and all numbers u purely eu>-

except one must be so regarded when we ana-

lyze them), is necessarily complex. For, since AU other

the number arises from the addition of ones, the
nollonsare

complex.

apprehension of it is incomplete until we under-

stand how those additions were made ; and there-

fore, a full idea of the number is necessarily

complex.

116. But if we regard a number as an en-

tirety, that is, as an entire or whole thing, as an

entire two, or three, or four, without pausing to when a

f t- i . . number may
analyze the units of which it is made up, it may ^ regarded

then be regarded as a simple or incomplex idea ;

MincomPlex-

though, as we have seen, such idea may always

be traced to that of the unit one, which forms

the basis of the number.

UNITY AND A UNIT DEFINED.

117. When we name a number, as twenty

feet, two things are necessary to its clear appre-
ceasary tothe

apprehenskm

of a numbci
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First. 1st. A distinct apprehension of the single-

thing which forms the base of the number ; and,

second. gd. A distinct apprehension of the number of

times which that thing is taken.

The basis of The single thing, which forms the base of the
the number i 11 j T^ 11 i

M i-MTv. number, is called UNITY, or a UNIT. It is called

when u is unity, when it is regarded as the primary base

called UNITY, Of tne number ; that is, when it is the final stand-

ard to which all the numbers that come from it

andwhena are referred. It is called a unit when it is re-

NIT'

garded as one of the collection of several equal

things which form a number. Thus, in the ex-

ample, one foot, regarded as a standard and the

base of the number, is called UNITY ; but, con-

sidered as one of the twenty equal feet which

make up the number, it is called a UNIT.

OF SIMPLE AND DENOMINATE NUMBERS.

Abstract 118. A simple or abstract unit, is ONE, with-
""'

out regard to the kind of thing to which the term

one may be applied.

Denominate -A- denominate or concrete unit, is one thing
miu

named or denominated
; as, one apple, one peach,

one pear, one horse, &c.

Number has 119, Number, as such, has no reference
no reference . ,

to the particular things numbered. But to dis-
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tinguish numbers which are applied to particular to the thmgt
.,

i i 11 numbered.
units from those which are purely aostiact, we

call the latter Abstract or Simple Numbers,
and

and the former Concrete or Denominate Num- Denominate,

bers. Thus, fifteen is an abstract or simple

number, because the unit is one; and fifteen Examples,

pounds is a concrete or denominate number,

because its unit, one pound, is denominated or

named.

ALPHABET WORDS GR AM MAR.

120. The term alphabet, in its most general Alphabet,

sense, denotes a set of characters which form

the elements of a written language.

When any one of these characters, or any

combination of them, is used as the sign of a

distinct notion or idea, it is called a word ; and

the naming of the characters of which the word

is composed, is called its spelling.

Grammar, as a science, treats of the estab-

lished connection and relation of words, as the

signs of ideas.

ARITHMETICAL ALPHABET.

121. The arithmetical alphabet consists of
Alphabet

ten characters, called figures. They are,

Naught, One, Two, Three, Four, Five, Six, Seven, Eight, Nine,0123466789
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and each may be regarded as a word, since it

stands for a distinct idea.

WORDS SPELLING AND READING IN ADDITION.

ono cannot 122. The idea of one, being elementary, the

character 1 which represents it, is also element-

ary, and hence, cannot be spelled by the other

characters of the Arithmetical Alphabet (121).

But the idea which is expressed by 2 comes from

spelling by the addition of 1 and 1 : hence, the word repre-

sented by the character 2, may be spelled by

ical spelling of the word two.

Three is spelled thus : 1 and 2 are 3
; and

also, 2 and 1 are 3.

Four is spelled, 1 and 3 are 4 ; 3 and 1 are 4 ;

2 and 2 are 4.

Five is spelled, 1 and 4 are 5
; 4 and 1 are 5

;

2 and 3 are 5 ; 3 and 2 are 5.

Six is spelled, 1 and 5 are 6 ; 5 and 1 are 6 ;

2 and 4 are 6 ; 4 and 2 are 6 ; 3 and 3 are 6.

AH numbers 123. In a similar manner, any number in

spelled in a arithmetic may be spelled; and hence we see

* that the process of spelling in addition consists

simply, in naming any two elements which will

make up the number. All the numbers in ad-
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Ten, eleven,

&C.

Eleven,

twelve, &c.

Example for

reading in

Addition.
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ideas which it is to apprehend and combine.

Therefore, all unnecessary words load it and

impede its operations. Hence, to spell when

we can read, is to fill the mind with words

and sounds, instead of ideas.

3d. All the operations of arithmetic, beyond M.taiu

the elementary combinations, are performed on

paper ; and if rapidly and accurately done, must

be done through the eye and by reading. Hence

the great importance of beginning early with a

method which must be acquired before any con-

siderable skill can be attained in the use of

figures.

126. It must not be supposed that the read- Reading

comes alter

ing can be accomplished until the spelling has
spelling,

first been learned.

In our common language, we first learn the same asm
our common

alphabet, then we pronounce each letter m a language,

word, and finally, we pronounce the word. We
should do the same in the arithmetical reading.

WORDS SPELLING AND READING IN SUBTRACTION.

127- The processes of spelling and reading same

which we have explained in the addition of
jn subtree-

numbers, may, with slight modifications, be ap-

plied in subtraction. Thus, if we are to subtract
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2 from 5, we say, ordinarily, 2 from 5 leaves 3 ;

or 2 from 5 three remains. Now, the word,

three, is suggested by the relation in which 2

and 5 stand to each other, and this word may be.

Readings in read at once. Hence, the reading, in subtrac-

Subtraction . i ji j 7. t

explained.
tlon '

ls simply naming the word, which expresses

the difference between the subtrahend and min-

uend. Thus, we may read each word of the

following one hundred combinations.

READINGS.

One from
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8 9 10 11 12 13 14 15 16 17 Eight from888888888S
9

9
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times 7 are 14 ; two times 8 are 16 ; two times

fa reading. 9 are 18; two times 10 are 20. Whereas, we

should merely read, and say, 2, 4, 6, 8, 10, 12,

14, 16, 18, 20.

In a similar manner we read the entire mul-

tiplication table.

READINGS.

ODceoneia 12 11 10 987654321

12 11 10 9876 -5 4321
area, tc. Q

Threetimesl 12 11 10 987654321
are 3, Ace. g

Four times i 12 11 10 987654321
are 4, &c.

six times i 12 11 10 9 8 7 6 5 4 3 2 1

are six, Ate.

Eightumesi 12 11 10 987654321
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12 11 10 9 8 7 6 5 4 3 2 1 Nine time* i

are 9, &c.

12 11 10 987654321 Ten times I

10 awlOjtc.

12 11 10 987654321 Eleven times

|| 1 are 11, ic.

12 11 10 987654321 Twelve times

Iarel2,fcc.

SPELLING AND READING IN DIVISION.

130. In all the cases of short division, the in short um-
.

,
sion, we may

quotient may be read immediately without nam- read;

ing the process by which it is obtained. Thus,

in dividing the following numbers by 2, we

merely read the words below.

2)4 6 8 10 12 16 18 22
two three four five six eight nine eleven.

In a similar manner, all the words, expressing inaiicmsea.

the results in short division, may be read.

READINGS.

2)2 4 6 8 10 12 14 16 18 20 22 24 TWO in 2,

once, SLC.

3)3 6 9 12 15 18 21 24 27 30 33 36 Three i. 3,

once, fee.

4)4 8 12 16 20 24 28 32 36 40 44 48 Four in 4,

once, lie.
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Five in 5, 5)5 10 15 20 25 30 35 40 45 50 55 60
once, &c.

sixine, 6)6 12 18 24 30 36 42 48 54 60 66 72
once, &c.

?eyenin7, 7)7 14 21 28 35 42 49 56 03 70 77 84
once, &.c.

Eight in 8, 8)8 16 24 32 40 48 56 64 72 80 88 96
once, &c.

Nine in a, 9) 9 18 27 36 45 54 63 72 81 90 99 108
once, fee.

Ten in lo, 10)10 20 30 40 50 60 70 80 90 100 110 120
once, &c.

Eleven in ii, 11)11 22 33 44 55 66 77 88 99 110 121 132
once, &.c.

Twelve in 12, 12)12 24 36 48 60 72 84 96 108 120 132 144
once, &c.

UNITS INCREASING BY THE SCALE OF TENS.

The idea of a 131. The idea of a particular number is ne-

particular

number is cessarily complex ; for, the mind naturally asks :

1st. What is the unit or basis of the number ?

and,

2d. How many times is the unit or basis

taken ?

what a fljr- 132. A figure indicates how many times a
we indicates. ... _-.

unit is taken. Each of the ten figures, however

written, or however placed, always expresses as

many units as its name imports, and no more
;

nor does the^ttre itself at all indicate the kind
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of unit. Still, every number expressed by one or Number has

more figures, has for its base either the abstract taws.

unit one, or a denominate unit.* If a denomi-

nate unit, its value or kind is pointed out either

by our common language, or as we shall present-

ly see, by the place where the figure is written.

The number of units wrhich may be expressed

by either of the ten figures, is indicated by the Number ex-

name of the figure. If the figure stands alone, ^le figure?

and the unit is not denominated, the basis of the

number is the abstract unit 1.

133. If we write on the right of j

10, How ten !

1, We have ) written.

which is read ONE ten. Here 1 still expresses

ONE, but it is ONE ten ; that is, a unit ten times

as great as the unit 1 ; and this is called a unit unit of the

Of the Second Order.
second order.

Again ; if we write two O's on the .
i /*/* HOW to write
100,

right Of 1, We have ) one hundred.

which is read ONE hundred. Here again, 1 still

expresses ONE, but it is ONE hundred ; that is, a

unit ten times as great as the unit ONE ten, and A unit of th

a hundred times as great as the unit 1.

134. If three 1's are written by )
uw-wheo

I Til flmir*.* ana

the side of each other, thus - -

Laws wher

1 J J figures are

)
written by
the side of

each other.

Section 118.
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Fin*.

Second.

Third.

the ideas, expressed in our common anguage,

are these :

1st. That the 1 on the right, will either express

a single thing denominated, or the abstract unit

one.

2d. That the 1 next to the left expresses 1 ten

that is, a unit ten times- as great as thejirst.

3d. That the 1 stillfurther to the
left expresses

1 hundred ; that is, a unit ten times as great as

the second, and one hundred times as great as the

Jirst ; and similarly if there were other places.

When figures are thus written by the side of

each other, the arithmetical language establishes

when figures a re}ation between the units of their places : that
arfi an writ.

is, the unit of each place, as we pass from the

right hand towards the left, increases according

to the scale of tens. Therefore, by a law of the

arithmetical language, the place of a figure fixes

its unit.

If, then, we write a row of 1's as a scale,

thus:

What the

are so wrrt-

Scale for

Numeration.

Theunitaof HI, 111, 111, III
place deter-

mined, the unit of each place is determined, as well
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as the law of change in passing from one place

to another. If then, it were required to express HOW any

number of

a given number of units, of any order, we first units may ta

select from the arithmetical alphabet the char-

acter which designates the number, and then

write it in the place corresponding to the order.

Thus, to express three millions, we write

3000000 ;

and similarly for all numbers.

135. It should be observed, that a figure A figure hu
. . no value in

being a character which represents value, can iteeU-.

have no value in and of itself. The number of

things, which any figure expresses, is determined

by its name, as given in the arithmetical alpha-

bet. The kind of thing, or unit of the figure, is HOW the unit

fixed either by naming it, as in the case of a de-
'

mmed?

nominate number, or by the place which the

figure occupies, when written by the side of or

over other figures.

The phrase "local value of a figure," so Figure, has

i
no local

long in use, is, therefore, without signification value.

when applied to a figure : the term " local

value,'

place,

place.

value," being applicable to the unit of the Termap-
,, a. 1-1 -it. Plicableto

place, and not to the figure which occupies the unu ofplace.

Federal
136. United States Currency affords an ex- Money:
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its rtenom- ample of a series of denominate units, increasing

according to the scale of tens : thus,

11111
HOW read, may be read 11 thousand 1 hundred and 11

mills; or, 1111 cents and 1 mill; or, 111 dimes

] cent and 1 mill; or, 11 dollars 1 dime 1 cent

and 1 mill ; or, 1 eagle 1 dollar 1 dime 1 cent

and 1 mill. Thus, we may read the number

with either of its units as a basis, or we may
name them all : thus, 1 eagle, 1 dollar, 1 dime,

1 cent, 1 mill. Generally, in Federal Money,

we read in the denominations of dollars, cents,

and mills; and should say, 11 dollars 11 cents

and 1 mill.

Examples in 137. Examples in reading figures :

Reading.

it Example. If we have the figures
.... 89

we may read them by their smallest

unit, and say eighty-nine ; or, we may say 8

tens and 9 units.

w. Example. Again, the figures
...... 567

may be read by the smallest unit;

viz. five hundred and sixty-seven ; or we may

say, 56 tens and 7 units ; or, 5 hundreds 6 tens

and 7 units.

3d. example. Again, the number expressed by - 74896
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may be read, seventy-four thousand eight hun- various read-

dred and ninety-six. Or, it may be read, 7489 number,

tens and 6 units ; or, 748 hundreds 9 tens and

6 units ; or, 74 thousands 8 hundreds 9 tens

and 6 units ; or, 7 ten thousands 4 thousands 8

hundreds 9 tens and 6 units ; and we may read

in a similar way all other numbers.

Although we should teach all the correct read- The beet

ings of a number, we should not fail to remark
reading"

that it is generally most convenient in practice

to read by the lowest unit of a number. Thus,

in the numeration table, we read each period by Each period

the lowest unit of that period. For example, in ^1 lOWtrSi Ulllk,

the number

874,967,847,047, Example.

we read 874 billions 967 millions 847 thousands

and 47.

UNITS INCREASING ACCORDING TO VARYING SCALES.

138. If we write the well-known signs of Methods of

the English money, and place 1 under each de-

nomination, we shall have
denominate

units.

.9. d. f.1111
Now, the signs . s. d. and/, fix the value of HOW the

. A .
. Yalue ol eacfc

the unit 1 in each denomination ; and they also ^t u flxed .
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what the determine the relations which subsist between

express^,
the different units. For example, this simple

language expresses these ideas :

The units of 1st. That the unit of the right-hand place is

1 farthing of the place next to the left, 1 penny

of the next place, 1 shilling of the next place,

1 pound ;
and

HOW the 2d. That 4 units of the lowest denomination

incase, make one unit of the next higher; 12 of the

second, one of the third ; and 20 of the third,

one of the fourth.

The units in If we take the denominate numbers of the

Avoirdupois . . , . . ,

weight Avoirdupois weight, we have

Ton. cwt. qr. Ib. oz. dr.

111111;
changes in in which the units increase in the following
the value of ,i i .. , r
the units.

manner '

viz. the second unit, counting from

the right, is sixteen times as great as the first
;

the third, sixteen times as great as the second ;

the fourth, twenty-five times as great as the

third ; the fifth, four times as great as the fourth ;

and the sixth, twenty times as great as the fifth.

HOW the scale The scale, therefore, for this class of denominate

numbers varies according to the above laws.

A different If we take any other class of denominate
K*ile for each m

numbers, as the Troy weight, or any of the

systems of measures, we shall have different

scales for the formation of the different units.
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But in all the formations, we shall recognise The method

... ,. , i i
f forming

the application of the same general principles. lhe ^^ lht

There are, therefore, two general methods of
'

numbers.

forming the different systems of integral num-

bers from the unit one. The first consists in of forming

preserving a constant law of relation between
n

tJ^
1" 1

the different unities ; viz. that their values shall
First system.

change according to the scale of tens. This

gives the system of common numbers.

The second method consists in the application second sys-

of known, though varying laws of change in the

unities. These changes in the unities produce change in the

the entire system of denominate numbers, each formingthe

class of which has its appropriate scale, and the
mutie8-

changes among the units of the same class are

indicated by the different steps of its scale.

INTEGRAL UNITS OF ARITHMETIC.

139. There are eight classes of units four Eight class,

of number, and four of space, viz.

1. Abstract Units ; 5. Units of Lines ; Abstract,

2. Units of Currency; 6. Units of Surface; Currency,

3. Units of Weight ; 7. Units of Volumes
; Weight,

4. Units of Time
;

8. Units of Angles. Time.

First among the Units of Arithmetic stands

the simple or abstract unit 1. This is the base Abstract

unit one, the

of all abstract numbers, and becomes the base, b**e.
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The basis of also, of all denominate numbers, by merely na-
denorainate . . . ,

. ,
,

.

numbers; ming, in succession, the particular things to

which it is applied.

Also, the ba- It is also the basis of all fractions. Merely as
siaofallfrac-

uons, the unit 1, it is a whole which may be divided
whether sim- ,

.
i r A. c

pieordenom- according to any law, forming every variety of

inate '

fraction ; and if we apply it to a particular thing,

the fraction becomes denominate, and we have

expressions for all conceivable parts of that thing.

140. It has been remarked* that we can

Mustappre- form no distinct apprehension of a number, un-
bend the

rant til we have a clear notion of its unit, and the

number of times the unit is taken. The unit is

the great basis. The utmost care, therefore.

Let its nature should be taken to impress on the minds of

ruiiy explain- learners, a clear and distinct idea .of the actual

value of the unit of every number with which

they have to do. If it be a number expressing

L currencv > one or niore of the coins should be

exhibited, and the value dwelt upon: after which
rency.

distinct notions of the other units of currency

can be acquired by comparison.

~ v,v. .u.
If the number be one of weight, some unit

Exhibit the

unit if it be should be exhibited, as one pound, or one ounce,
uf weight ;

and an idea of its weight acquired by actually

Section 110.
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lifting it. This is the only way iu which we

can learn the true signification of the terms.

If the number be one of measure, either And al80
'
w

it be one of

linear, superficial, of volumes or of angles, its measure

imit should also be exhibited, and the significa-

tion of the term expressing it, learned in the only

way in which it can be learned, through the

senses, and by the aid of a sensible object.

UNITED STATES CURRENCY.

141. The currency of the United States is currency of

the United
called United States Currency. Its units are all states.

denominate, being 1 mill, 1 cent, 1 dime, 1 dollar,

1 eagle. The law of change, in passing from one Law of

change in thn

unit to another, is according to the scale ot tens, unities.

Hence, this system of numbers may be treated,J J How these

in all respects, as simple numbers; and indeed numberemaJ

be treated.

they are such, with the single exception that

their units have different names.

They are generally read in the units of dollars, HOW gen-

cents, and mills a period being placed after

the figure denoting dollars. Thus,

$ 864.849 Example.

is reaa eight hundred and sixty-four dollars,

eighty-feu cents, and nine mills ; and if there

were a figure after the 9, it would be read in ffiguT
after null*

decimals of the mill. The number may, how-
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The number ever, be read in any other unit ; as, 864849

various ^ays. mills ; or, 86484 cents and 9 mills : or, 8648

dimes, 4 cents, and 9 mills ; or, 86 eagles, 4 dol-

lars, 84 cents, and 9 mills; and there are yet

several other readings.

ENGLISH MONEY.

sterling MO- 142. The units of English, or Sterling Mo-

ney, are 1 farthing, 1 penny, 1 shilling, and 1

pound.

scale ofthe The scale of this class of numbers is a varying

scale. Its steps, in passing from the unit of the

lowest denomination to the highest, are four,

HOW it twelve, and twenty. For, four farthings make

one penny, twelve pence one shilling, and twenty

shillings one pound.

AVOIRDUPOIS WEIGHT.

Unite JD 143. The units of the Avoirdupois Weight
Avoirdupois.

are 1 dram, 1 ounce, 1 pound, 1 quarter, 1 hun-

dred-weight, and 1 ton.

scale. The scale of this class of numbers is a vary-

ing scale. Its steps, in passing from the unit

of the lowest denomination to the highest, are

sixteen, sixteen, twenty-five, four, and twenty

Variation in
^or

' sixteen drams make one ounce, sixteen

tu degree*, ounces one pound, twenty-five pounds one quar-
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ter, four quarters one hundred, and twenty hun-

dreds one ton.

TROY WEIGHT.

144. The units of the Troy Weight are, 1 Unite in

Troy

grain, 1 pennyweight, 1 ounce, and 1 pound. Weight

The scale is a varying scale, and its steps, in Scale:

passing from the unit of the lowest denomina- its degrees

tion to the highest, are twenty-four, twenty, and

twelve.

APOTHECARIES' WEIGHT.

145. The units of this weight are, 1 grain, 1 Units in

Apotheca-

scruple, 1 dram, 1 ounce, and 1 pound. ries* weight.

The scale is a varying scale. Its steps, in scale:

passing from the unit of the lowest denomina- its degrees,

tion to the highest, are twenty, three, eight, and

twelve.

UNITS OF MEASURE OF SPACE.

146. There are four units of measure of Foumniu
of measure.

Space, each differing in kind from the other three.

They are, Units of Length, Units of Surface, Units

of Volume, and Units of Angular Measure.

UNITS OF LENGTH.

147. The unit of length is used for measur- Units of

length.

ing lines, either straight or curved. It is a
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The stand-
straight line of a given length, and is often called

ard.

the standard of the measurement.

What units

are token.

Idea of

length.

The units of length, generally used as stand-

ards, are 1 inch, 1 foot, 1 yard, 1 rod, 1 furlong,

and 1 mile. The number of times which the

unit, used as a standard, is taken, considered in

connection with its value, gives the idea of the

length of the line measured.

Units of

urface.

What the

unit of

urface is.

Examples.

Its connection

with the unit

f length.

Square feet

in a

auare yard.

1 square foot.

UNITS OF SURFACE.

148. Units of surface are used for the meas-

urement of the area or contents of whatever has

the two dimensions of length and breadth. The

unit of surface is a square de-

scribed on the unit of lengthO

as a side. Thus, if the unit

of length be 1 foot, the corre-

sponding unit of surface will

be 1 square foot ; that is, a square constructed on

1 foot of length as a side.

If the linear unit be 1 yard,

the corresponding unit of sur-

face will be 1 square yard. It

will be seen from the figure,

that, although the linear yard

contains the linear foot but

three times, the square yard

1 yard
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contains the square foot nine times. The square square rod

&DCL

rod or square mile may also be used as the unit square mii.

of surface.

The number of times which a surface contains Area or

~ ... ,
contentsofa

its unit of measure, is its area or contents ; and
auf{ace,

this number, taken in connection with the value

of the unit, gives the idea of its extent.

Besides the units already considered, there is a

special class, called

DUODECIMAL UNITS.

149. The duodecimal units are generally used Duodecimal

ill board and timber measure, though they may be

used in all measurements of surface and volume.

They are simply the units 1 foot, 1 square foot, what they

and 1 cubic foot, divided according to the scale

of 12.

150. It is proved in Geometry, that if the w^t princi .

number of linear units in the base of a rectan-

gle be multiplied by the number of linear units

in the breadth, the numerical value of the pro-

duct will be equal to the number of superficial

units in the figure.

Knowing this fact, we often express it by say-

ing, that "feet mulliplied by feet give square
pres

feet," and "yards multiplied by yards give square
10



140 MATHEMATICAL SCIENCE. [BOOK II.

Thisaconcise yards." But as feet cannot be taken feet limes,

nor yards, yard times, this language, rightly un-

derstood, is but a concise form of expression for

the principle stated above.

conclusion. With this understanding of the language, we

say, that 1 foot in length multiplied by 1 foot in

breadth, gives a square foot
;
and 4 feet in length

multiplied by 3 feet in breadth, gives 12 square

feet.

Examples in 151. If nOW, 1 foot in

the multipli-

cation of feet length be multiplied by 1 inch

=ij
* of a foot in breadth, the

product will be one-twelfth

of a square foot
;
that is, one-

twelfth of the second unit : if it

be multiplied by 3 inches, the product will be

three-twelfths of a square foot; and similarly

for a multiplier of any number of inches,

inches by If, now, we multiply 1 inch by 1 inch, the
inches.

,

product may be represented by 1 square inch:

HOW the that is, by one-twelfth of one-twelfth of a square
units

change, and foot. Hence, the units of this measure decrease

are. according to the scale of 12. The units are,

FIL 1st. Square feet arising from multiplying feet

by feet.

second. 2d. Twelfths of square feet arising from mul-

tiplying feet by inches
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3d. Twelfths of twelfths arising from multi-

plying inches by inches.

When we introduce the third dimension, height,

we have, 1 foot being the unit, 1X1X1=1
Cllbic foot

;
1 X 1 X iV T

1
? CUblC foot

;
1 X -fa X

jV = iir cubic foot ; and -fa X -fa X -& = TiVsr

cubic foot. Hence, the units change by the scale

of 13.

Third.

UNITS OF VOLUME.

152. It has already been stated, that if Units of

volume.

length be multiplied by breadth, the product

may be represented by units of surface. It is what is

proved ID

also proved, in Geometry, that if the length, Geometry in

breadth, and height of any regular figure, of a tnem .

square form, be multiplied together, the pro-

duct may be represented by units of volume units of

whose number is equal to this product. Each

unit is a cube constructed on the linear unit as

an edge. Thus, if the linear unit be 1 foot, the Example*

unit of volume will be 1 cubic foot; that is,

a cube constructed on 1 foot as an edge; and

if it be 1 yard, the unit will be 1 cubic yard.

The three units, viz. the unit of length, the The three

units essen-

unit of surface, and the unit of volume, are es-
tiaiiy ditfer-

sentially different in kind. The first is a line

of a known length; the second, a square of a what they

known side; and the third, a figure, called a
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Generally cube, of a known base and height. These are

the units used in all kinds of measurement

excepting only angles, and the duodecimal sys-
system.

tern, which has already been explained.

LIQUID MEASURE.

153. The units of Liquid Measure are, 1

quid Meas-

ure, gill,
1 pint, 1 quart, 1 gallon, 1 barrel, 1 hogs-

head, 1 pipe, 1 tun. The scale is a varying
fScale.

scale. Its steps, in passing from the unit of

Howitva- the lowest denomination, are, four, two, four,
rte*.

thirty-one and a half, sixty-three, two, and two.

DRY MEASURE.

154. The units of this measure are, 1 pint,
Measure.

1 quart, 1 peck, 1 bushel, and 1 chaldron. The

Degrees of steps of the scale, in passing from units of the
th* scale.

lowest denomination, are two, eight, four, and

thirty-six.

TIME.

Units or 155. The units of Time are, 1 second, 1

minute, 1 hour, 1 day, 1 week, 1 month, 1 year,

of and 1 century. The steps of the scale, in
the settle.

passing from units of the lowest denomination to

the highest, are sixty, sixty, twenty-four, seven.

four, twelve, and one hundred.
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ANGULAR, OK CIRCULAR 51 ! ASURK.

156. The units of this measure are, 1 sec-
cular Meas-

ond, 1 minute, 1 degree, 1 sign, 1 circle. The ure.

steps of the scale, in passing from units of the Degrees oi

the Scale.

lowest denomination to those of the higher, are

sixty, sixty, thirty, and twelve.

ADVANTAGES OF THE SYSTEM OF UNITIES.

157. It may well be asked, if the method Advantages
of the system

here adopted, of presenting the elementary prin-

ciples of arithmetic, has any advantages over

those now in general use. It is supposed to pos-

sess the following :

1st. The system of unities teaches an exact 1st.

analysis of all numbers, and unfolds to the mind Of

the different ways in which they are formed from

the unit one, as a basis.

2d. Such an analysis enables the mind to form ad. Pointeout

a definite and distinct idea of every number, by relation:

pointing out the relation between it and the unit

from which it was derived.

3d. By presenting constantly to the mind the 3d. constant

idea of the unit one, as the basis of all numbers, J^ijeTof

the mind is insensibly led to compare this unit untty>

with all the numbers which flow from it, and
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then it can the more easily compare those num-

bers with each other.

4th. EX- 4th. It affords a more satisfactory analysis,
P

iiy the" au(l a better understanding of the four ground

ru^es
J
and indeed of all the operations of arith-

metic, than any other method of presenting the

subject.

Primary
base of

ystem.

Bode.

METRIC, OR FRENCH SYSTEM OF WEIGHTS

AND MEASURES.

158. The primary base, in this system, for all

denominations of weights and measures, is the

one-ten-millionth part of the distance from the

equator to the pole, measured on the earth's

surface. It is called a METRE, and is equal to

39.37 inches, very nearly.

The change from the base, in all the denom-

inations, is according to the decimal scale of

tens: that is, the units increase ten times, at

each step, in the ascending scale, and decrease

ten times, at each step, in the descending scale.

MEASURES OF LENGTH.

Base, 1 metre = 39.37 inches, nearly.
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TABLE.
Ascending Scale. Descending Scale.
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The unit for the measure of volume is the

cube whose edge is one-tenth of the metre

that is, a cube whose edge is 3.937 inches. This

cube is called a LITHE, and is one-thousandth

part of the cube constructed on the metre, aa

an edge.

FOUR GROUND RULES.

System 159. Let us take the two following examples
applied in

addition, in Addition, the one in simple and the other in

denominate numbers, and then analyze the pro-

cess of finding the sum in each.

SIMPLE NUMBERS. DENOMINATE NUMBERS.

874198 cwt. qr. tt>. oz. dr.

36984 3 3 24 15 14
Examples. 3641 6 3 23 14 8

914823 10 3 23 14 6

Process of In both examples we begin by adding the units

P
addidon.

S
f ^ne lowest denomination, and then, we divide

their sum ~by so many as make one of the denomi-

nation next higher. We then set down the

remainder, and add the quotient to the units

of that denomination. Having done this, we

apply a similar process to all the other denomina-

tions the principle being precisely the same in

principle, faffr examples. We see, in these examples, an
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illustration of a general principle of addition, rmts of the

viz. that units of the same kind are always added ^^
together.

160. Let us take two similar examples in system

applied in

.Subtraction. subtraction.

SIMPLE KTXBERa. DENOMINATE NUMBERS.

8403 d- far-

3098 6972 Examples.

3 10 8 4
5105

2 18 10 2

In both examples we begin with the units of The method

the lowest denomination, and as the number in in^he"

the subtrahend is greater than in the place di-
amPles-

rectly above, we suppose so many to be added

in the minuend as make one unit of the next

higher denomination. We then make the sub-

traction, and add 1 to the units of the subtrahend

next higher, and proceed in a similar manner,

through all the denominations. It is plain that

the principle employed is the same in both exam- Principle the

pies. Also, that units of any denomination in

the subtrahend are taken from those of the same

denomination in the minuend.

161. Let us now take similar examples in

Multiplication.
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Examples.
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SECTION II.

FRACTIONAL UNITS.

FRACTIONAL UNITS. SCALE OF TENS.

163. IF the unit 1 be divided into ten equal Fraction one-

parts, each part is called one tenth. If one of J^.
these tenths be divided into ten equal parts,

each part is called one hundredth. If one of the hundredth;

hundredths be divided into ten equal parts, each One

part is called one thousandth ; and corresponding
thousandth -

names are given to similar parts, how far soever Generaiia*-

the divisions may be carried.

Now, although the tenths which arise from Fractions are

dividing the unit 1, are but equal parts of 1,

they are, nevertheless, WHOLE tenths, and in this

light may be regarded as units.

To avoid confusion, in the use of terms, we Fractional

shall call every equal part of 1 a fractional unit.

Hence, tenths, hundredths, thousandths, tenths

of thousandths, &c., are fractional units, each

having afixed relation to the unit 1, from which

it was derived.
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Fractional 164. Adopting a similar language to that
unit* of the

first order; used m integral numbers, we call the tenths, frac-

tional units of the first order ; the hundredths,

fractional units of the second order; the thou-

sandths, fractional units of the third order ; and

so on for the subsequent divisions.

Language for
Is there anv arithmetical language by which

fractional
tnese fractional units may be expressed ? The

UllltS.

decimal point, which is merely a dot, or period,

Whatitfixes. indicates the division of the unit 1, according to

the scale of tens. By the arithmetical language,

Kames of the the unit of the place next the point, on the right,
places.

is 1 tenth ; that of the second place, 1 hun-

dredth
; that of the third, 1 thousandth ; that of

the fourth, 1 ten thousandth; and so on for

places still to the right.

*> The scale for decimals, therefore, is

.111111111, &c.j

in which the value of the unit of each place is

known as soon as we have learned the significa-

tion of the language.

If, therefore, we wish to express any of the

parts into which the unit 1 may be divided, ac-

cording to the scale of tens, we have simply to
Any decimal r

number may selec t from the alphabet, the figure that will
l>e expressed

e. express the number of parts, and then write it in
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the place corresponding to the order of the unit, where any

figure is

Thus, to express four tenths, three thousandths, written,

eight ten-thousandths, and six millionths, we

write

.403806 J
Example.

and similarly, for any decimal which can be

named.

165. It should be observed that while the

units of place decrease, according to the scale of

tens, from left to right, they increase according The units in

cicas6 from
to the same scale, from right to left. This is the

right to left

same law of increase as that which connects the

units ofplace in simple numbers. Hence, simple consequence

numbers and decimals being formed according to

the same law, may be written by the side of each

other and treated as a single number, by merely

preserving the separating or decimal point.

Thus, 8974 and .67046 may be written

8974.67046 ;

since ten units, in the place of tenths, make the

uni* one in the place next to the left.

FRACTIONAL UNITS IN GENERAL.

166. If the unit 1 be divided into two equal

parts, each part is called a half. If it be divided
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A third, into three equal parts, each part is called a third :

if it be divided into four equal parts, each part is

A fourth, called a fourth: if into five equal parts, each

A fifth, part is called a fifth ;
and if into any number of

equal parts, a name is given corresponding to the

number of parts.

Now, although these halves, thirds, fourths,

fifths, &c., are each but parts of the unit 1, they

are, nevertheless, in themselves, whole things.

That is, a half is a whole half; a third, a whole

third ; a fourth, a whole fourth
;
and the same

for any other equal part of 1. In this sense,

therefore, they are units, and we call them frac-

Hare a rei- tional units. Each is an exact part of the unit
lion to unity.

1, and has a fixed relation to it.

Generally.

These units

are whole

things.

Examples.

Language for

fractions.

To express

the number

of equal

pert*.

167. Is there any arithmetical language by
which these fractional units can be expressed ?

The bar, written at the right, is the

sign which denotes the division of the

u^it 1 into any number of equal parts.

If we wish to express the number of equal

parts into which it is divided, as 9. for
j

example, we simply write the 9 under
|

the bar, and then the phrase means, that some

thing regarded as a whole, has been divided into

9 equal parts.
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If, nj\v, we wish to express any

numbei of these fractional units, as 7,

foi example, we place the 7 above the

line, and read, seven ninths.

To show how

7 many are

9
taken.

168. It was observed,* that two things are TWO things

. necessary to

necessary to the clear apprehension of an mte- apprehend a

number.

gral number.

1st. A distinct apprehension of the unit which First.

forms the basis of the number ; and,

2dly. A distinct apprehension of the number second

of times which that unit is taken.

Three things are necessary to the distinct ap- Three

. necessary to

prehension of the value of any fraction, either apprehend*
- i i fraction.

decimal or vulgar.

1st. We must know the unit, or whole thing,

from which the fraction was derived ;

2d. We must know into how many equal parts second.

that unit is divided ; and,

3dly. We must know how many such parts Third.

are taken in the expression.

The unit from which the fraction is derived, cmt or tno

. Traction l

is called the unit of the fraction ; and one of u,e expre*

sion.

the equal parts is called, the fractional unit.

For example, to apprehend the value of the

* Section 117.
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what we fraction f of a pound avoirdupois, or f Ib. ; we
must know.

must know,

First. 1st. What is meant by a pound ;

second. 2d. That it has been divided into seven equaj

parts ; and,

Third. 3d. That three of those parts are taken.

In the above fraction, 1 pound is the unit ot

the fraction
;

one-seventh of a pound, the frac-

tional unit; and 3 denotes that three fractional

units are taken.

umt when If the unit of a fraction be not named, it is

taken to be the abstract unit 1.

ADVANTAGES OF FRACTIONAL UNITS.

Every equal 169. By considering every equal part of uni-
partofone,a ... ,., ,

unit ty as a unit m itself, having a certain relation to

the unit 1, the mind is led to analyze a frac-

tion, and thus to apprehend its precise significa-

tion.

Advantages
Under this searching analysis, the mind at

of the once seizes on the unit of the fraction as the
analysis.

> J

principal base. It then looks at the value of

each part. It then inquires how many such

parts are taken.

Equal unit*, It having been shown that equal integral units
whether In-

tegral or frao can alone be added, it is readily seen that the
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same principle is equally applicable to frac- tionai,can

tional units ; and then the inquiry is made : ad^i.

What is necessary in order to make such units

equal ?

It is seen at once, that two things are neces- Two lhi"8

necessary for

addition.

1st. That they be parts of the same unit ; and, Fil>t -

2d. That they be like parts; in other words, second.

they must be of the same denomination, and

have a common denominator.

In regard to Decimal Fractions, all that is Decimal

Fractions.

necessary, is to observe that units of the same

value are added to each other, and when the

figures expressing them are written down, they

should always be placed in the same column.

8 170. The great difficulty in the management
the manage-

of fractions, consists in comparing them with ment or free

lions

each other, instead of constantly comparing them

with the unit from which they are derived.

By considering them as entire things, having a

fixed relation to the unit which is their base, obviated,

they can be compared as readily as integral num-

bers; for, the mind is never at a loss when it

apprehends the unit, the parts into which it is
Reasons fot

divided, and the number of parts which are greater *in>

plicity in

taken. The only reasons why we apprehend and integers.

11
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handle integral numbers more readily than frac-

tions, are,

First lgk Because the unit forming the base is

always kept in view ; and,

Second. 2d. Because, in integral numbers, we have

been taught to trace constantly the connection

between the unit and the numbers which come

from it ; while in the methods of treating frac-

tions, these important considerations have been

neglected.

SECTION III.

PROPORTION AND RATIO.

proportion i7i. PROPORTION expresses the relation which
defined.

one number bears to another, with respect to its

being greater or less.

TWO ways of Two numbers may be compared, the one with
comparing.

the other, in two ways :

1st method. 1st. With respect to their difference, called

Arithmetical Proportion ; and,

w method. 2d. With respect to their quotient, called

Geometrical Proportion.
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Thus, if we compare the numbers 1 and 8, Example or

by their difference, \ve find that the second ex- ^p^io^
ceeds the first by 7 : hence, their difference 7,

is the measure of their arithmetical proportion,J
Arithmetical

and is called, in the old books, their arithmetical Ratio.

ratio.

If we compare the same numbers by their E^p^of

quotient, we find that the second contains the
Geometrical

Proportion.

first 8 times : hence, 8 is the measure of their

geometrical proportion, and is called their geo-

metrical ratio.*

8 172. The two numbers which are thus corn-
Terms.

pared, are called terms. The first is called the Antecedent.

antecedent, and the second the consequent. consequent.

In comparing numbers with respect to their comparison

difference, the question is, how much is one
:

greater than the other ? Their difference affords

the true answer, and is the measure of their pro-

portion.

In comparing numbers with respect to their comparison

, by quotient.

quotient, the question is, how many times is one

greater or less than the other ? Their quotient

or ratio, is the true answer, and is the measure

* The term ratio, as now generally used, means the quo-

dent arising from dividing one number by another. We
shall use it only in this sense.
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Example by of their proportion. Ten, for example, is 9
difference. .

,

greater than 1, it we compare the numbers one

and ten by their difference. But if we compare

By quotient, them by their quotient, ten is said to be ten

"Ten times." times as great the language "ten times" having

reference to the quotient, which is always taken

as the measure of the relative value of two

Examples of numbers so compared. Thus, when we say,
thisuseofthe

tkat ^ unj ts of our common system of numbers
term.

increase in a tenfold ratio, we mean that they so

increase that each succeeding unit shall contain

the preceding one ten times. This is a conven-

convenient ient language to express a particular relation of

language. two numDers> an(j [s perfectly correct, when

used in conformity to an accurate definition.

in what 173. All authors agree, that the measure of

agreeT"
tne geometrical proportion, between two num-

bers, is their ratio ; but they are by no means

in what disa- unanimous, nor does each always agree with

gree>
himself, in the manner of determining this ratio.

Some determine it, by dividing the first term by

me- the second ; others, by dividing the second term

by the first.* All agree, that the standard, what-
SUuklard the

ever it may be, should be made the divisor.

* The Encyclopedia Metropolitans, a work distinguished

by the excellence of its scientific articles, adopts the latter

method.
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This leads us to inquire, whether the mind what is the

f. ,., ~ best form.

axes most readily on the first or second number

as a standard ; that is, whether its tendency is

to regard the second number as arising from the

first, or the first as arising from the second.

174. All our ideas of numbers begin at origin of

numbers.

one.* This is the starting-point. We con-

ceive of a number only by measuring it with How we coo

one, as a standard. One is primarily in the ^^er*
mind before we acquire an idea of any other

number. Hence, then, the comparison begins ^-here the

at one, which is the standard or unit, and all
c

^^'
other numbers are measured by it. When, there-

fore, we inquire what is the relation of one to

any other number, as eight, the idea presented The idea

is, how many times does eight contain the stand- Preaented-

ard?

We measure by this standard, and the ratio is standard.

Ratio.

the result of the measurement. In this view of

the case, the standard should be the first number What **
should be.

named, and the ratio, the quotient of the second

number divided by the first. Thus, the ratio of

2 to 6 would be expressed by 3, three being the

number of times which 6 contains 2.

* Section 111.

11
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other reasons 175. The reason for adopting this method
for this me- .

ihodofcom- ol comparison will appear still stronger, it we

take fractional numbers. Thus, if we seek the

relation between one and one-half, the mind im-

mediately looks to the part which one-half is of

Comparison one> an(j this is determined by dividing one-half
of unity with

fractions, by 1 ; that is, by dividing the second by the

first : whereas, if we adopt the other method,

we divide our standard, and find a quotient 2.

Geometrical g 176. It may be proper here to observe, tnat

proportion.

while the term "geometrical proportion is used

to express the relation of two numbers, com-

Ageometri- pared by their ratio, the term, "A geometrical
Cftl proper-

tion defined, proportion," is applied to four numbers, in which

the ratio of the first to the second is the same as

that of the third to the fourth. Thus,

Example. 2 : 4 :: 6 : 12,

is a geometrical proportion, of which the ratio

is 2.

Further ad- 177. We will now state some further ad-

vantages which result from regarding the ratio

as the quotient of the second term divided by

the first.

Questions in Every question in the Rule of Three is a
the Rule of

Three- geometrical proportion, excepting only, that the
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last term is wanting. When that term is found, Their mture.

the geometrical proportion becomes complete.

In all such proportions, the first term is used as

the divisor. Further, for every question in the

Rule of Three, we have this clear and simple

solution : viz. that, the unknown term or an- HOW solved.

swer, is equal to the third term multiplied by

the ratio of the first two. This simple rule, for

finding the fourth term, cannot be given, unless Thisrule<le-

pends on the

we define ratio to be the quotient of the second definition oi

Ratio.

term divided by the first. Convenience, there-

fore, as well as general analogy, indicates this as

the proper definition of the term ratio.

178. Again, all authors, so far as I have

consulted them, are uniform in their definition
'

of the ratio of a geometrical progression : .viz.

that it is the quotient which arises from divid-

ing the second term by the first, or any other

term by the preceding one. For example, in

the progression

2 : 4 : 8 : 16 : 32 : 64, &c., E^^
all concur that the ratio is 2 ; that is, that it is in which

the quotient which arises from dividing the sec- \^ec.

ond term by the first : or any other term by the

preceding term. But a geometrical progression

differs from a geometrical proportion only in
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The same this : in the former, the ratio of any two term?
should lake

place in every is the same ; while in the latter, the ratio ot tne

a^ first and second is different from that of the sec-

mi the tame. ond and tnird There is, therefore, no essential

difference in the two proportions.

Why, then, should we say that in the propor-

tion

2 : 4 :: 6 : 12,

Examples.

Wherein

the ratio is the quotient of the first term divided

by the second ;
while in the progression

2 : 4 : 8 : 16 : 32 : 64, &c.,

the ratio is defined to be the quotient of the sec-

ond term divided by the first, or of any term di-

vided by the preceding term ?

As far as I have examined, all the authors

wno have defined the ratio of two numbers to

ed from their be the quotient of the first divided by the sec-
deflnitions :

J

ond, have departed from that definition in the

case of a geometrical progression. They have

HOW used there used the word ratio, to express the quo-

tient of the second term divided by the first,

and this without any explanation of a change

in the definition.

Most of them have also departed from then

definition, in informing us that " numbers in-

crease from rjght to left in a tenfold ratio," in

other in-
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which the term ratio is used to denote the quo- Ratio a not

tient of the second number divided by the first.

The definition of ratio is thus departed from,

and the idea of it becomes confused. Such consequen-

discrepancies cannot but introduce confusion

into the minds of learners. The same term

should always be used in the same sense, and

have but a single signification. Science does what science

demands.

not permit the slightest departure from this rule.

I have, therefore, adopted but a single significa-

tion of ratio, and have chosen that one to which Thedeflm-... tion adopted.
all authors, so tar as 1 know, have given their

sanction ; although some, it is true, have also

used it in a different sense.

179. One important remark on the subject importam

,. . . T i
Remark.

of proportion is yet to be made. It is this :

Any two numbers which are compared togeth- Number)

T/T comparrd
er, either by their difference or quotient, must must be of

be of the same kind: that is, they must either kind

'

have the same unit, as a base, or be susceptible

of reduction to the same unit.

For example, we can compare 2 pounds with Example*

6 pounds : their difference is 4 pounds, and their Arithmetics

ratio is, the abstract number 3. We can also

compare 2 feet with 8 yards : for, although the
Uon'

unit 1 foot is different from the unit 1 yard, still

6 yards are equal to 24 feet. Hence, the differ-
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ence of the numbers is 22 feet, and their ratio

the abstract number 12.

Qn the other hand, we cannot compare 2 dol-
with (liffwut

units cannot lurs with 2 yards of cloth, for they are quantities
be compared. , . , ,

ot dinerent kinds, not being susceptible of reduc-

tion to a common unit.

Abstract Abstract numbers may always be compared,
numbers may
be compared, since they have a common unit 1.

SECTION IT.

APPLICATIONS OF THE SCIENCE OF ARITHMETIC.

180. ARITHMETIC is both a science and an

Arithmetic: art. It is a science in all that relates to the
In what a

science, properties, laws, and proportions of numbers.

The science is a collection of those connected

science de-
processes which develop and make known the

fined*

laws that regulate and govern all the operations

performed on numbers.

181. Arithmetic is an art, in this : the sci-

ence lays open the properties and laws of num-

bers, and furnishes certain principles from which
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practical and useful rules arc formed, a|>|>lira.U-

in the iiii-cliaiiic. arts and in business transac-

tions. The art of Arithmetic consists in the it.

judicious and ski.ful application oi the princi-

ples of the science ;
and the rules contain the

directions for such application.

182. In explaining the science of Arithmetic, in explaining

great care should be taken that the analysis of what ..*

every question, and the reasoning by which the

principles are proved, be made according to the

strictest rules of mathematical logic.

Every principle should be laid down and ex- HOW each

plained, not only with reference to its subsequent ^ "kn*,

use and application in arithmetic, but also, with
stated

reference to its connection with the entire mathe-

matical science of which, arithmetic is the ele-

mentary branch.

183. That analysis of questions, therefore, what

where cost is compared with quantity, or quan- ^^"y.

tity with cost, and which leads the mind of the

learner to suppose that a ratio exists between

quantities that have not a common unit, is, with-

out explanation, certainly faulty as a process of

science.

For example : if two yards of cloth cost 4 dol-
Example.

lars, what will 6 yards cost at the ;ame rate ?

"
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Analysis: Analysis. Two yards of cloth will cost twice

as much as 1 yard : therefore, if two yards of

cloth cost 4 dollars, 1 yard will cost 2 dollars.

Again : if 1 yard of cloth cost 2 dollars, 6 yards,

being six times as much, will cost six times two

dollars, or 12 dollars,

satisfactory Now, this analysis is perfectly satisfactory to
to a child. . ., , .. . , . ,

a child. He perceives a certain relation between

2 yards and 4 dollars, and between 6 yards and

12 dollars : indeed, in his mind, he compares

these numbers together, and is perfectly satisfied

with the result of the comparison.

Advancing in his mathematical course, how-

ever, he soon comes to the subject of propor-

tions, treated as a science. He there finds,

Reason why greatly to his surprise, that he cannot compare
k is defective.

together numbers which have different units
;

and that his antecedent and consequent must be

of the same kind. He thus learns that the whole

system of analysis, based on the above method of

comparison, is not in accordance with the prin-

ciples of science.

True What, then, is the true analysis ? It is this :

analysis :
i / i i i

6 yards of cloth being 3 times as great as 2

yards, will cost three times as much : but 2 yards

cost 4 dollars ; hence, 6 yards will cost 3 times

4, or 12 dollars. If this last analysis be not
More scien-

tiflc- as simple as the first, it is certainly mote strictly
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scientific ;
and when once learned, can be ap- iu

plied through the whole range of mathematical

science.

184. There is yet another view of this ques- Reasons in.... ,
.- favor of the

tion which removes, to a great degree, if not

entirely, the objections to the first analysis. It is

this:

The proportion between 1 yard of cloth and

its cost, two dollars, cannot, it is true, as the

units are now expressed, be measured by a ratio,

according to the mathematical definition of a

ratio. Still, however, between 1 and 2, regard-

ed as abstract numbers, there is the same relation NUmber8

existing as between the numbers 6 and 12, also
mustbere-

garded as ah-

regarded as abstract. Now, by leaving out of 8tract:

view, for a moment, the units of the numbers,

and finding 12 as an abstract number, and then the analyst*

assigning to it its proper unit, we have a correct

analysis, as well as a correct result.

185. It should be borne in mind, that practi-
HOW the

. .
rules of arith

cal arithmetic, or arithmetic as an art, selects meticare

from all the principles of the science, the mate-

rials for the construction of its rules and the

proofs of its methods. As a mere branch of What

practical knowledge, it cares nothing about the P"**' *1

knowledge

forms or methods of investigation it demands
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the fruits of them all, in the most concentrated

Be* raie cf and practical form. Hence, the best rule of art,

"L
which is the one most easily applied, and which

reaches the result by the shortest process, is not

always constructed after those methods which

science employs in the development of its prin-

ciples.

MbMkBcr For example, the definition of multiplication is,

that h is the process of taking one number, called

the multiplicand, as many times as there are

units in another called the multiplier. This defi-

nition, as one of science, requires two things.

1st. That the multiplier be an abstract num-

ber; and,

2dly. That the product be a quantity of the

same kind as the multiplicand.

These two principles are certainly correct,

and relating to arithmetic as a science, are uni-

*
versa% true- ^ut are they universally true, in

jn which thev would be understood by
mleofML

learners, when applied to arithmetic as a mixed

object, that is, a science and an art ? Such an

applicaticwi would certainly exclude a large class

of practical rules, which are used in the appli-

cations of arithmetic, without reference to par-

ticular units.

For example, if we have feet in length to be

multiplied by feet in height, we must exclude the
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question as one to which arithmetic is not appli-

cable ; or else we must multiply, as indeed we

do, without reference to the unit, and then assign

a proper unit to the product.

If we have a product arising from the three VVhen ^e
three factors

factors of length, breadth, and thickness, the areimes.

unit of the first product and the unit of the final

product, will not only be different from each

other, but both of them will be different from

the unit of the given numbers. The unit of the The different

given numbers will be a unit of length, the unit

of the first product will be a square, and that of

the final product, a cube.

186. Again, if we wish to find, by the best other

examples.

practical rule, the cost of 467 feet of boards at

30 cents per foot, we should multiply 467 by

30, and declare the cost to be 14010 cents, or

$140.10.

Now, as a question of science, if you ask, can considered

we multiply feet by cents ? we answer, certainly

not. If you again ask, is the result obtained

right ? we answer, yes. If you ask for the analy-

sys, we give you the following :

1 foot of boards : 467 feet : : 30 cents : Answer.

Now, the ratio of 1 foot to 467 feet, is the ab

stract number 467 ; and 30 cents being multi-
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plied by this number, gives for the product 14010

cents. But as the product of two numbers is
Product of

two
numerically the same, whichever number be used

numbers.

as the multiplier, we know that 467 multiplied by

30. gives the same number of units as 30 multi-

The first rule
piied by 467 : hence, the first rule for finding the

correct

amount is correct.

scientific in- 187. I have given these illustrations to point

out the difference between a process of scientific

investigation and a practical rule.

The first should always present the ideas of

Their differ- the subject in their natural order and connection,

what it con- while the other should point out the best way of

obtaining a desired result. In the latter, the

steps of the process may not conform to the or-

der necessary for the investigation of principles ;

but the correctness of the result must be suscepti-

ble of rigorous proof. Much needless and un-

profitable discussion has arisen on many of the

error.
processes of arithmetic, from confounding a princi-

ple of science with a rule of mere application.

rule:
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SECTION V

METHODS OF TEACHING ARITHMETIC CONSIDERED.

ORDER OF THE SUBJECTS.

188. IT has been well remarked by Cousin, cousin.

the great French philosopher, that " As is the
Method

method of a philosopher, so will be his system ;

decide9

Philosophy

and the adoption of a method decides the destiny

of a philosophy."

What is said here of philosophy in general, is True m

eminently true of the philosophy of mathematical

science ; and there is no branch of it to which

the remark applies, with greater force, than to

that of arithmetic. It is here, that the first no-

tions of mathematical science are acquired. It
Anthmetic-

is here, that the mind wakes up, as it were, to

the consciousness of its reasoning powers Here,

it acquires the first knowledge of the abstract

separates, for the first time, the pure ideal from

the actual, and begins to reflect and reason on ^^
pure mental conceptions. It is. therefore, of the uisrbt

should be

highest importance that these first thoughts be nghiiy

impressed on the mind in their natural and proper

1-2
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Faculties to order, so as to strengthen and cultivate, at the
be cultivated.

same time, the faculties of apprehension, discrim-

ination, and comparison, and also improve the

yet higher faculty of logical deduction.

First point: 189. The first point, then, in framing a

course of arithmetical instruction, is to deter-

methodof mine the method of presenting the subject. Is

presenting . .... .

the subject
there any thing in the nature 01 the subject it-

self, or the connection of its parts, that points

out the order in which these parts should be

Laws of studied ? Do the laws of science demand a
science : . .

what do particular order ; or are the parts so loosely
5?

connected, as to render it a matter of indiffer-

ence where we begin and where we end ? A

review of the analysis of the subject will aid us

in this inquiry.

Eiaaisofthe 190. We have seen* that the science of

numbers, numbers is based on the unit 1. Indeed, the

in what the whole science consists in developing, explain-
science .

consists, ing, and illustrating the laws by which, and

through which, we operate on this unit. There
Four classes are four classes of operations performed on the
of opera-

tions, unit one.

1st. TO in- ist. To increase it according to the scalern-nap thcrease the

unit.

* Section 104.
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of tens forming the system of common num-

bers.

2d. To divide it, in any way we please, form- M To di_

ing the decimal and vulgar fractions.

3d. To increase it according to the vary- aa. Toin-

ing scales, forming all the denominate num-

bers.

4th. To compare it with all the numbers which 4th. TO com-

come from it; and then those numbers with each

other. This embraces proportions, of which the

Rule of Three is the principal brunch.

There is yet a fourth branch of arithmetic; Fourth

viz. the application of the principles and of the

rules drawn from them, in the mechanic arts Practical ap.

and in the ordinary transactions of business.
p

This is called the Art, or practical part, of these the

Arithmetic. (See Arithmetical Diagram facing

page 119.)

INTEGRAL UNITS.

191. We begin first with the unit 1, and Unit one

increased
increase it according to the ecale of tens, form- according to

. v / , i TIT the scale of

nig the common system of integral numbers. We ^6.

then perform on these numbers the operations

of the five ground rules; viz. numerate them, operations

add them, subtract them, multiply and divide
P

them.
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FRACTIONAL UNITS.

192. We next pass to the second class ol

of operations on the unit 1
;

viz. the divisions of it
the unit.

General Here we pursue the most general method, and
I0d"

first divide it arbitrarily ;
that is, into any num-

ber of equal parts. We then observe that the

Method ac- division of it, according to the scale of tens, is

but a particular case of the general law of divi-

sion. We then perform on all the fractional

units which thus arise, every operation of the

five ground rules.

DENOMINATE UNITS.

193. Having operated on the abstract unit 1,

by the processes of augmentation and division,

Next in- we next increase it according to the varying

cording to scales of the denominate number?, and thus pro-

^uce the system, called Denominate or Concrete

Numbers; after which, we perform on this class of

numbers all the operations of the live ground rules.

Reasons for By placing the subject of fractions directly

a^ter tne ^ve grouud rules, the two opposite oper-

ations of aggregation and division are brought

into direct contrast with each other. It is thus

seen, that the laws of change, in the two systems

of operation on the unit 1, are the same with

very slight modifications.



CHAP. II.] ARITHMETIC RATIO. 181

This system of classification, has, after expe-

rience, been found to be the best for instruction.

R A T I O, O R RULE OF THREE.

3 194. Having considered the two subjects of subjects

considered.

integral and fractional units, we come next to

the comparison of numbers with each other.

This branch of arithmetic develops all the whatthw
- branch do

relative properties of numbers, resulting irom veiops .

their inequality.

The method of arrangement, indicated above, what the m
rangement

presents all the operations of arithmetic in con- doea.

nection with the unit 1, which certainly forms

the basis of the arithmetical science.

Besides, this arrangement draws a broad line whatitdoe-

r . i
. ,

. further.

between the science of arithmetic and its ap-

plications ; a distinction which it is very im-

portant to make. The separation of the prin- Theory and

ciples of a science from their applications, so 8h0uidba

that the learner shall clearly perceive what is
Bepa"

theory and what practice, is of the highest im-

portance. Teaching things separately, teaching GoWenmies... , . .for teacliing.

them well, and pointing out their connections,

are the golden rules of all successful instruc-

tion.

195. I had supposed, that the place of the
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Rule of Three, among the branches of arith-

metic, had been fixed long since. But several

Differences in authors of late, have placed most of the practi-
arrangement; .

cal subjects before this rule giving precedence,

for example, to the subjects of Percentage, In-

in what they terest, Discount, Insurance, &c. It is not easy
consist.

to discover the motive of this change. It is

Ratio pwt of certain that the proportion and ratio of num-
the science.

bers are parts of the science of arithmetic ;
and

should pre- the properties of numbers which they unfold,
cede applica-

tions, are indispensably necessary to a clear apprehen-

sion of the principles from which the practical

rules are constructed.

We may, it is true, explain each example in

Percentage, Interest, Discount, Insurance, &c.,

cannot well by a separate analysis. But this is a matter
change the

order. of much labor
;
and besides, does not conduct

the mind to any general principle, on which

all the operations depend. Whereas, if the Rule

of Three be explained, before entering on the

Advantages practical subjects, it is a great aid and a pow-

erful auxiliary in explaining and establishing

all the practical rules. If the Rule of Three

is to be learned at all, should it not rather

precede than follow its applications? It is a

great point, in instruction, to lay down a gen-
The great era| prjnc jpie as early as possible, and then con-
(irinciple at

(nsu-uction. uec t with it all subordinate operations.
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ARITHMETICAL LANGUAGE.

196. We have seen that the arithmetical al- Arithmetical

alphabet.

phabet contains ten characters.* rrom these

elements the entire language is formed ; and we

now propose to show in how simple a manner.

The names of the ten characters are the first Names or the

characters.

ten words of the language. If the unit 1 be

added to each of the numbers from to 9 in- First ten

. ,, - . . combiiia-

clusive, we find the first ten combinations in tions.

arithmetic.! If 2 be added, in like manner,

we have the second ten combinations ; adding
second ten,

and 90 on for

3, gives us the third ten combinations ; and so others,

on, until we have reached one hundred com-

binations (page 123).

Now, as we progressed, each set of combina- Each set giv-

ing one addi-

tions introduced one additional word, and the uonaiword.

results of all the combinations are expressed by

the words from two to twenty inclusive.

197. These one hundred elementary com- AU that need

be cuinmit-

bmations, are all that need be committed to ted tome-

memory ; for, every other is deduced from them.

They are, in fact, but different spellings of the

first nineteen words which follow one. If we ex-

tend the words to one hundred, and recollect that

* Section 114. f Section 116.
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at one hundred, we begin to repeat the numbers,

words tobe we see that we have but one hundred words to

for addition, be remembered for addition ; and of these, all

only ten above ten are derivative. To this number,
words primi-

tive, must of course be added the few words which

express the sums of the hundreds, thousands, &c.

subtraction: 198. In Subtraction, we also find one hun-

dred elementary combinations ; the results of

which are to be read.* These results, and all

>7umberof the numbers employed in obtaining them, a/e
words.

expressed by twenty words.

Multiplies- 199. In Multiplication (the table being cai-

ried to twelve), we have one hundred and forty-

four elementary combinations,! and
fifty- nine

Number of separate words (already known) to express the
words. ft

results of these combinations.

Division: 200. In Division, also, we have one hundred

, and forty-four elementarv combinations,! but
Number of J

words. use on]v twelve words to express their results.

Four nun-

igCit 2 L Thus ' we have f ur hundred and ejgh -

eiementary ty-eight elementary combinations. The results
combina-

tions, of these combinations are expressed by one hun-

vvordsused: j^ wor(js
. vjz nineteen in addition, ten in sub-

19 in addi-

tion, traction, fifty-nine in multiplication, and twelve
10 in subtrac

linll.

59 in mu'ti-

plication,

* Section 127 - t Section 129. $ Section 130.
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in division. Of the nineteen words which are i2in division

employed to express the results of the combina-

tions in addition, eight are again used to express

similar results in subtraction. Of the fifty-nine

which express the results of the combinations

in multiplication, sixteen had been used to ex-

press similar results m addition, and one in

subtraction ; and the entire twelve, which ex-

press the results of the combinations in division,

had been used to express results of previous

combinations. Hence, the results of all the ele-

mentary combinations, in the four ground rules,

are expressed by sixty-three different words ; and sixty-three

different

they are the only words employed to translate -ordsinau.

these results from the arithmetical into our com-

mon language.

The language for fractional units is similar Language
the same for

in every particular. By means ot a language fractions,

thus formed we deduce every principle in the

science of numbers.

202. Expressing these ideas and their com-

binations by figures, gives rise to the language Language of

.... . arithmetic:

ol arithmetic. By the aid of this language we

not only unfold the principles of the science, its value and

but are enabled to apply these principles to

every question of a practical nature, involving

the use of figures.
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203. There is bat one further idea to be

presented: it is this. that there are ver

combinations made among the figures. which

****"
change, at all their signification

Selecting any two of die figures, as 3 and 5,

T||
for example, ire see at once that there are but

three ways of writing them, mat will at afi

change their signification.

rss : First, write them by the side of each i 3 5.i 3

) 5other .......... 53.

Second, write them, die one over i |.

the other ......... i y

AM. Third., pbce a decimal point before i .8,

each......... - - I A
Now, each manner of writing gives a differ-

ent signification to bom me figures. Use. bow-

ijMMMfee eTer, has estabbsned that suEnincation. ***** we
r know it as soon as we have learned die lan>

We hare thus rrphJatad what we mean by

die arithmetical hnyia^i..

braces the names of its

, the formation and number of its

words, and the laws by which figures are con-

ieel that there is imylkilj and beauty in this

hope it
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NECESSITY OF EXACT DEFINITIONS AND TERMS.

204. The principles of every science are Principles o!

a collection of mental processes, having estab-

lished connections with each other. In every

branch of mathematics, the Definitions and Definition

and terms :

Terms give form to, and are the signs of, cer-

tain elementary ideas, which are the basis of

the science. Between any term and the idea

which it is employed to express, the connection

should be so intimate, that the one will always

suggest the other.

These definitions and terms, when their sig- when once

fixed must

nifications are once fixed, must always be used always be

in the same sense. The necessity of this is most

urgent. For, "in the whole range of arithmetical

science there is no logical test of truth, but in Reason.

a conformity of the reasoning to the definitions

.nd terms, or to such principles as have been

establishedfrom them."

205. With these principles, as guides, we Definitions

. and terms

propose to examine some 01 the definitions and examined.

terms which have, heretofore, formed the basis

of the arithmetical science. We shall not con-

fine our quotations to a single author, and shall

make only those which fairly exhibit the gen-

eral use of the terms
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It is said,

Number de
" Number signifies a unit, or a collection of

fined. .

units.

HOW " The common method of expressing numbers

is by the Arabic Notation. The Arabic method

employs the following ten characters, orfigures"

&c.

Names of the "The first nine are called significant figures,

because each one always has a value, or denotes

some number."

And a little further on we have,

Figures have " The different values which figures have, are
values.

called simple and local values."

The definition of Number is clear and cor-

Number rect. It is a general term, comprehending al.

rightly de-
,

.
,

flned- the phrases which are used, to express, either

separately or in connection, one or more things

AUo figures, of the same kind. So, likewise, the definition

of figures, that they are characters, is also right.

Definition de- But mark how soon these definitions are de-

parted from. The reason given why nine of the

figures are called significant is, because "each

one always has a value, or denotes some num-

ber." This brings us directly to the question,

Haa a figure whether a figure has a value ; or, whether it is

a mere representative of value. Is it a number

or a character to represent number? Is it a
It is merely .

a character: quantity or symbol ? It is denned to be a char-
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acter which stands for, or expresses a number.

Has it any other signification ? How then can

we say that it has a value and how is it possi- Has novaiun

ble that it can have a simple and a local value ?

The things which the figures stand for, may

change their value, but not the figures them-

selves. Indeed, it is very difficult for John to

perceive how the figure 2, standing in the sec- but stands

for value.

ond place, is ten times as great as the same fig-

ure 2 standing in the first place on the right!

although he will readily understand, when the

arithmetical language is explained to him, that

the UNIT of one of these places is ten times as unit orpine*

great as that of the other.

206. Let us now examine the leading defi- Leading dea

nition or principle which forms the basis of the

arithmetical language. It is in these words :

" Numbers increase from right to left
in a or number.

tenfold ratio ; that is, each removal of a figure,

one place towards the left, increases its value

ten times."

Now, it must be remembered, that number DOW not

has been defined as signifying
" a unit, or a thTde'eni-

collection of units." How, then, can it have a Uon ber "

given.

right hand, or a
left

? and how can it increase

from right to
left

in a tenfold ratio?" The

explanation given is, that "each removal of a
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Explanation.

Increase of

numbers baa

no connection

with figures.

Ratio.

"Tenfold

ratio:"

Four leading

notions of

numbers.

First.

Second.

Third.

Fourth,

figure one place towards the
left,

increases its

value ten times."

Number, signifying a collection of units, must

necessarily increase according to the law by

which these units are combined ; and that law

of increase, whatever it may be, has not the

slightest connection with the figures which are

used to express the numbers.

Besides, is the term ratio (yet undefined),

one which expresses an elementary idea? And

is the term, a "
tenfold ratio," one of sufficient

simplicity for the basis of a system ?

Does, then, this definition, which in substance

is used by most authors, involve and carry to

the mind of the young learner, the four leading

ideas which form the basis of the arithmetical

notation ? viz. :

1st. That numbers are expressions for one or

more things of the same kind.

2d. That numbers are expressed by certain

characters called figures ; and of which there

are ten.

3d. That each figure always expresses as

many units as its name imports, and no more.

4th. That the kind of thing which a figure

expresses depends on the place which the figure

occupies, or on the value of the units, indicated

in some other wnv
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PLACE is merely one of the forms of language

by which we designate the unit of a number,

expressed by a figure. The definition attributes

this property of place both to number and fig-

ures, while it belongs to neither.

207. Having considered the definitions and

terms in the first division of Arithmetic, viz. in

notation and numeration, we will now pass to Definition* in

,. . Addition:

the second, viz. Addition.

The following are the definitions of Addition,

taken from three standard works before me :

" The putting together of two or more num- First,

bers (as in the foregoing examples), so as to

make one whole number, is called Addition, and

the whole number is called the sum, or amount."

" ADDITION is the collecting of numbers to- second,

gether to find their sum."

" The process of uniting two or more num- Thud.

kfs together, so as to form one single number,

is called ADDITION."

" The answer, or the number thus found, is

called the sum, or amount."

Now, is there in either of these definitions Defect

any test, or means of determining when the

pupil gets the thing he seeks for, viz.
"
the sum

of two or more numbers?" No previous defi- Reason

nition has been given, in either work, of the
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term SUM. How is the learner to know whal

he is seeking for, unless that thing be defined ?

Noprin- Suppose that John be required to find the sum.
ciple as a

standard. Oi the numbers 3 and 5, and pronounces it to

be 10. How will you correct him, by showing

that he has not conformed to the definitions and

rules ? You certainly cannot, because you have

established no test of a correct process.

But, if you have previously defined SUM to be

a number which contains as many units as there

are in all the numbers added : or, if you say,

uorrectdefl- "Addition is the process of uniting two or

more numbers, in such a way, that all the units

which they contain may be expressed by a sin-

gle number, called the sum, or sum total ;" you

will then have a test for the correctness of the

<;iveatest. process of Addition; viz. Does the number,

which you call the sum, contain as many units

as there are in all the numbers added ? The

answer to this question will show that John is

wrong.

Definitions rf 208. I will now quote the definitions of

Fractions from the same authors, and in the

same order of reference.

First
" We have seen, that numbers expressing whole

things, are called integers, or whole numbers
;

but that, in division, it is often necessary to
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divide or break a whole thing into parts, and

that these parts are called fractions, or broken

numbers."

" Fractions are parts of an integer." second.

" When a number or thing is divided into Third.

equal parts, these parts are called FRACTIONS."

Now, will either of these definitions convey

to the mind of a learner, a distinct and exact

idea of a fraction ?

The term "fraction," as used in Arithmetic, Term fraction

., . . defined.

means one or more equal parts ot something

regarded as a whole : the parts to be expressed

in terms of the thing divided CONSIDERED AS A

UNIT. There are three prominent ideas which ideas

expressed
the mind must embrace :

1st. That the thing divided be regarded as a First,

standard, or unity ;

2d. That it be divided into equal parts ; second.

3d. That the parts be expressed in terms of Third,

the thing divided, regarded as a unit.

These ideas are referred to in the latter part Thededni

of the first definition. Indeed, the definition ^^f"
would suggest them to any one acquainted with

the subject, but not, we think, to a learner.

In the second definition, neither of them is isafrac-

hinted at. Take, for example, the integer num-

ber 12, and no one would say that any one part

of this number, as 2, 4, or 6, is a fraction.

13
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Third The third definition would be perfectly accu-
definition ; , ,, .

rate, hy inserting alter the word "
thing, the

words,
"
regarded as a whole." It very clearly

expresses the idea of equal parts, but does not

in what de- present the idea strongly enough, that the thing

divided must be regarded as unity, and that the

parts must be expressed in terms of this unity.

209. I have thus given a few examples, illus-

Necessityof trating the necessity of accurate definitions and

terms. Nothing further need be added, except

the remark, that terms should always be used in

the same sense, precisely, in which they are de-

fined,

objection To some, perhaps, these distinctions may ap-
to exactness . j c i-,.i

of thought Pear over-nice, and matters or little moment.
agc'

It may be supposed that a general impression,

imparted by a language reasonably accurate,

will suffice very well ;
and that it is hardly

worth while to pause ana weigh words on a

nicely-adjusted balance.

Any such notions, permit me to say, will lead

to fatal errors in education.

Definitions in It is in mathematical science alone that words
*

are the signs of exact and clearly-defined ideas.

It is here only that we can see, as it were, the

very thoughts through the transparent words by

which they are expressed. If the words of the
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definitions are not such as convey to the mind Must be

exact to

of the learner, the fundamental Ideas of the reason cor-

science, he cannot reason upon these ideas;

for, he does not apprehend them ;
and the great

reasoning faculty, by which all the subsequent

principles of mathematics are developed, is en-

tirely unexercised.*

It is not possible to cultivate the habit of cannot other

wise cultivate

accurate thinking, without the aid and use of habits of

thought.
exact language. No mental habit is more use-

ful than that of tracing out the connection be-

tween ideas and language. In Arithmetic, that

connection can be made strikingly apparent, connection

between

Clear, distinct ideas diamond thoughts may W0rdsand

be strung through the mind on the thread of

science, and each have its word or phrase by

which it can be transferred to the minds of

others.

HOW SHOULD THE SUBJECTS BE PRESENTED?

210. Having considered the natural connec- what

. .
nas been

tion of the subjects of arithmetic with each considered

other, as branches of a single science, based on

a single unit; and having also explained the

necessity of a perspicuous and accurate lan-

* Section 200.
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HOW ought gtiage , we come now to that important inquiry.
the subjects

tooepre- How ought those subjects to be presented to the

mind of a learner ? Before answering this ques-

TWO objects tion, we should reflect, that two important ob-

jects should be sought after in the study of arith-

metic :

fir*. 1st. To train the mind to habits of clear,

quick, and accurate thought to teach it to

apprehend distinctly to discriminate closely

to judge truly and to reason correctly ; and,

second. 2d. To give, in abundance, that practical

knowledge of the use of figures, in their va-

rious applications, which shall illustrate the stri-

Art of with king fact, that the art of arithmetic is the most
metic.

important art of civilized life being, in fact,

th- foundation of nearly all the others.

HOW Bret im 211. It is certainly true, that most, if not
pressions art

made. al; the elementary notions, whether abstract or

practical that is, whether they relate to the

science or to the art of arithmetic, must be

made on the mind by means of sensible objects.

Because of this fact, many have supposed that

is reason- the processes of reasoning are all to be con-

dMted bT ducted by the same sensible objects ; and that

every abstract principle of science is to be de-

veloped and established ty means of sofas,

chairs, apples, and horses. There seems to be
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an impression that because blocks are useful sensible

. . | 111 f objects iiaefu

aids in teaching the alphabet, that, therefore iu acquiring

they can be used advantageously in reading
ll

Milton and Shakspeare. This error is akin to

that of attempting to teach practically, Geog-

raphy and Surveying in connection with Geom- Error

., of carrying

etry, by calling the angles ot a rectangle, north, ^em

south, east, and west, instead of simply designa-

ting them by the letters A, B, C, and D.

This false idea, that every principle of sci- Faiaeidea:

ence must be learned practically, instead of

being rendered practical by its applications, has its effects,

been highly detrimental both to science and art.

A mechanic, for example, knowing the height Example

of his roof and the width of his building, wishes cation of

to cut his rafters to the proper length. If he
""rf^*

1

^
1

calls to his aid the established, though abstract

principles of science, he finds the length of his

rafter, by the well-known relation between the

hyporfienuse and the two sides of a right-angled

triangle. If, however, he will learn nothing ex-

cept practically, he must raise his rafter to the or learning

practically.

roof, measure it, and if it be too long cut it off,

if too short, splice it. This is the practical way
of learning things.

The truly practical way, is that in which skill rne

practical.

is guided by science.

Do the principles above stated find any appli-



198 MATHEMATICAL SCIENCE. [BOOK II.

cation in considering the question, How should

f-aa arithmetic be taught? Certainly they do. If
be applied.

arithmetic be both a science and an art, it

should be so taught and so learned.

I'rincipies 212. The principles of every science are gen-

eral and abstract truths. They are mere ideas,

what primarily acquired through the senses by experi-
theyare:

ence, and generalized by processes of reflection

wise and reasoning ;
and when understood, are certain

to use them. . .

guides in every case to which they are applicable.

If we choose to do without them, we may. But

is it wise to turn our heads from the guide-boards

and explore every road that opens before us ?

Now, in the study of arithmetic those princi-

ples of science, applicable to classes of cases,

when should always be taught at the earliest possible
and how

they should moment. The mind should never be forced

through a long series of examples, without ex-

The methods
planation. One or two examples should always

pointed out

precede the statement of an abstract principle,

or the laying down of a rule, so as to make the

anguage of the principle or rule intelligible.

But to carry the learner forward through a

Principles series of them, before the principle on which
to be impres-

6i. they depend has been examined and stated, is

forcing the mind to advance mechanically it

is lifting up the rafter to measure it, when its
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exact length could be easily determined by a

rule of science.

As most of the instruction in arithmetic must Books:

be given with the aid of books, we feel unable

to do justice to this branch of the subject with- Necessity

. - . for treating
out submitting a few observations on the nature of u^m.

of text-books and the objects which they are in-

tended to answer.

TEXT- BOOKS.

213. A text-book should be an aid to the Text-book

teacher in imparting instruction, and to the

learner in acquiring knowledge.

It should present the subjects of knowledge what it

should bo
in their proper order, with the branches of each

subject classified, and the parts rightly arranged.

No text-book, on a subject of general knowledge, selection

can contain all that is known of the subject on "ne^J^v.

which it treats ; and ordinarily, it can contain

but a very small part. Hence, the subjects to

be presented, and the extent to which they are Difficulties

to be treated, are matters of nice discrimination

and judgment, about which there must always

be a diversity of opinion.

214. The subjects selected should be leading subjects

ones, and those best calculated to unfold, ex-
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plain, and illustrate the principles of the science.

HOW They should be so presented as to lead the mind
presented.

to analyze, discriminate, and classify ; to see

each principle separately, each in its combina-

tion with others, and all, as forming an harmo-

nious whole. Too much care cannot be be-

Bnggestiye stowed in forming the suggestive method oj
method :

arrangement : that is, to place the ideas and

principles in such a connection, that each step

Reason for. shall prepare the mind of the learnerfor the next

in order.

object 215. A text-book should be constructed for

took: the purpose of furnishing the learner with the

keys of knowledge. It should point out, explain,

Nature; and illustrate by examples, the methods of in-

vestigating and examining subjects, but should

leave the mind of the learner free from the re-

straints of minute detail. To fill a book with
detail ;

the analysis of simple questions, which any child

can solve in his own way, is to constrain and

force the mind at the very point where it is ca-

pable of self-action. To do that for a pupil,

which he can do for himself, is most unwise.

should 216. A text-book on a subject of science
not be his-

torical, should not be historical. At first, the minds of

children are averse to whatever is abstract, be-
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cause what is abstract demands thought, and Reason*

thinking is mental labor from which untrained

minds turn away. If the thread of science be

broken by the presentation of facts, having no

connection with the argument, the mind will

leave the more rugged path of the reasoning,

and employ itself with what requires less effort

and labor.

The optician, in his delicate experiments, ex- illustration

eludes all light except the beam which he uses :

so, the skilful teacher excludes all thoughts

excepting those which he is most anxious to

impress.

As a general rule, subject of course to some

exceptions, but one method for each process one method,

should be given. The minds of learners should

not be confused. If several methods are given, Reason*

it becomes difficult to distinguish the reasonings

applicable to each, and it requires much knowl-

edge of a subject to compare different methods

with each other.

217. It seems to be a settled opinion, both HOW the

among authors and teachers, that the subject of divided,

arithmetic can be best presented by means of

three separate works. For the sake of distinc-

tion, we will designate them the First, Second,

and Third Arithmetics.
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We will now explain what we suppose to be

the proper construction of each book, and the

object for which each should be designed.

FIRST ARITHMETIC.

First 218. This book should give to the mind
Arithmetic :

its first direction in mathematical science, and

its first impulse in intellectual development.

it* Hence, it is the most important book of the
importance.

series. Here, the faculties of apprehension, dis-

crimination, abstraction, classification and com-

parison, are brought first into activity. Now,

HOW to cultivate and develop these faculties rightly,
the subjects

must be we must, at first, present every new idea by

means of a sensible object, and then immedi-

ately drop the object and pass to the abstract

thought.

order We must also present the ideas consecutively;
of the ideas.

that is, m their proper order ; and by the mere

method of presentation awaken the comparative

and reasoning faculties. Hence, every lesson

should contain a given number of ideas. The

Constwcuon ideas of each lesson, beginning with the first,
Ofthe letsuoB. i i . .

should advance in regular gradation, and the

lessons themselves should be regular steps in

the progress and development of the arithmeti-

cal science.
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219. The first lesson should merely contain First

lesson.

representations of sensible objects, placed oppo-

site names of numbers, to give the impression

of the meanings of these names : thus,

One --------- * What it

should con-

Two ........ * * tain.

Three ....... * * *

&c. &c.

And with young pupils, more striking objects

should be substituted for the stars.

In the second lesson, the words should be re-

placed by the figures : thus,

1

2 - - ...... ** Second

3 ......... ***
&c. &c.

In the third lesson, I would combine the ideas

of the first two, by placing the words and fig-

ures opposite each other : thus,

One - - - - 1

Two .... 2

Three - - - 3

&c. &c.

Four .... 4

Five - ... 5

Six - - - - 6

&c. &c.

The Roman method of representing numbers

should next be taught, making the fourth lesson :

viz.,

Thud
lesson.
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Fourth



CHAP. II.]
ARITHMETIC TEXT-BOOKS. 205

How

they appear.

combinations of which the results are expressed Further

, .. combina-

by the words from twenty to one hundred. Uon8.

221. Having done this, in the way indi- Results,

cated, the learner sees at a glance, the basis on

which the system of common numbers is con-

structed. He distinguishes readily, the unit one

from the unit ten, apprehends clearly how the

second is derived from the first, and by com-

paring them together, comprehends their mutual

relation.

Having sufficiently impressed on the mind ot

the learner, the important fact, that numbers are

but expressions for one or more things of the

same kind, the unit mark may be omitted in the unit mark

... ,, ,, omitted

combinations which follow.

rule

222. With the single difference of the omis- same

sion of the unit mark, the very same method

should be used in teaching the one hundred

combinations in subtraction, the one hundred

and forty-four in multiplication, and the one

hundred and forty-four in division.

When the elementary combinations of the four

ground rules are thus taught, the learner looks Results or

back through a series of regular progression, in

which every lesson forms an advancing step,

and where all the ideas of each lesson have a

the method
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mutual and intimate connection with each other.

Are they Will not such a system of teaching train the

mind to the habit of regarding each idea sepa-

Thc rately of tracing the connection between each

give. new idea and those previously acquired and of

comparing thoughts with each other ? and are

not these among the great ends to be attained,

by instruction ?

223. It has seemed to me of great import-

Figures ance to use figures in the very first exercises of

iLJd'eariy.
arithmetic. Unless this be done, the operations

must all be conducted by means of sounds, and

Reasons, the pupil is thus taught to regard sounds as the

proper symbols of the arithmetical language,

conse- This habit of mind, once firmly fixed, cannot
quences of

, ,
_

using words be easily eradicated ;
and when the figures are

learned afterwards, they will not be regarded

as the representatives of as many things as

their names respectively import, but as the rep-

resentatives merely of familial sounds which

have been before learned.

This would seem to account for the fact,

about which, I believe, there is no difference of

Ore. opinion ; that a course of oral arithmetic, ex-
arlthmetic

tending over the whole subject, without the aid

and use of figures, is but a poor preparation

for operations on the Sidte. It may, it is true,
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sharpen and strengthen the mind, and give it

it may do.

development : but does it give it that language

and those habits of thought, which turn it into what it

does not do.

the pathways of science? The language of a

science affords the tools by which the mind Language
ofarithmetic-

pries into its mysteries and digs up its hidden

treasures. The language of arithmetic is formed

from the ten figures. By. the aid of this Ian- its uses.

guage we measure the diameter of a spider's

web, or the distance to the remotest planet what
it performs.

which circles the heavens ; by its aid, we cal-

culate the size of a grain of sand and the mag-

nitude of the sun himself: should we then aban-

don a language so potent, and attempt to teach its value,

arithmetic in one which is unknown in the

higher departments of the science ?

224. We next come to the question, how Fractions

the subject of fractions should be presented in

an elementary work.

The simplest idea of a fraction comes from simple*

i i i
. . idea*

dividing the unit one into two equal parts. To

ascertain if this idea is clearly apprehended, put HOW

the question, How many halves are there in

one ? The next question, and it is an import- Next

, . TT . question.
ant one, is this : How many halves are there in

one and one-half? The next, How many halves

in two ? How many in two and a half ? In
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three ? Three and a half? and so on to twelve.

Results. You will thus evolve all the halves from the

units of the numbers from one to twelve, in-

clusive. We stop here, because the multipli-

cation table goes no further. These combina-

Firet lesson, tions should be embraced in the first lesson on

fractions. That lesson, therefore, will teach the

its extent, relation between the unit 1 and the halves, and

point out how the latter are obtained from the

former.

second 225. The second lesson should be the first,

reversed. The first question is, how manj-

Grades whole things are there in two halves ? Sec-

ond, How many whole things in four halves ?

How many in eight ? and so on to twenty-four

halves, when we reach the extent of the division

Extem or table. In this lesson you will have taught the

pupil to pass back from the fractions to the unit

from which they are derived.

Fundamental 226. You have thus taught the two funda-

mental principles of all the operations in frac-

tions: viz.

first 1st. To deduce the fractional units from in-

tegral units
; and,

2dly. To deduce integral units from fractional

units
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227. The next lesson should explain the law
explaining

by which the thirds are derived from the units third*.

from 1 to 12 inclusive ; and the following lesson

the manner of changing the thirds into integral

units.

The next two lessons should exhibit the same fourths

and other

operations performed on the fourth, the next fractions.

two on the fifth, and so on to include the

twelfth.

228. This method of treating the subject of Advantage*

- . of the

tractions has many advantages : method

1st. It points out, most distinctly, the relations

between the unit 1 and the fractions which are First.

derived from it.

2d. It points out clearly the methods of pass- second.

ing from the fractional to the integral units.

3d. It teaches the pupil to handle and com- Third.

bine the fractional units, as entire things.

4th. It reviews the pupil, thoroughly, through Fourth.

the multiplication and division tables.

5th. It awakens and stimulates the faculties mb.

of apprehension, comparison, and classification.

229. Besides the subjects already named, what

the First Arithmetic should also contain the "Arithmetic

tables of denominate numbers, and collections
8houldcol>

MB
of simple examples, to be worked on the slate,

14



210 MATHEMATICAL SCIENCE. [HOOK II

Examples, under the direction of the teacher. It is not
bow taught .

supposed that the mind of the pupil is sum-

ciently matured at this stage of his progress t<*

understand and work by rules.

what 230. In the First Arithmetic, therefore,

the pupil should be taught,

1st. The language of figures;Arithmetic,

2d. The four hundred and eighty-eight ele-

second. mentary combinations, and the words by which

they are expressed ;

Third. 3d. The main principles of Fractions ;

Fourth. 4th. The tables of Denominate Numbers ; and,

Fifth. 5th. To perform, upon the slate, the element-

ary operations in the four ground rules.

SECOND ARITHMETIC.

second 231. This arithmetic occupies a large space
Arithmetic. . _,

in the school education of the country. Many

study it, who study no other. It should, there-

whatit fore, be complete in itself. It should also be

eminently practical ; but it cannot be made so

either by giving it the name, or by multiplying

the examples.

Practical 232. The truly practical cannot be the ante-
application of

principle. GraBfit, but must be the consequent of science.
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Hence, that general arrangement of subjects A
of subject].

demanded by science, and already explained,

must be rigorously followed.

But in the treatment of the subjects them- Reasons for

... , departures.

selves, we are obliged, on account ot the limited

information of the learners, to adopt methods of

teaching less general than we could desire.

233. We must here, again, begin with the

unit one, and explain the general formation of

the arithmetical language, and must also ad-

here rigidly to the method of introducing new Method,

principles or rules by means of sensible objects.

This is most easily and successfully done either HOW
carried out.

by an example or question, so constructed as to

show the application of the principle or rule.

Such questions or examples being used merely

for the purpose of illustration, one or two will Few

examples.
answer the purpose much better than twenty :

for, if a large number be employed, they are Reason*.

regarded as examples for practice, and are lost

sight of as illustrations. Besides, it confuses

the mind to drag it through a long series of

examples, before explaining the principles by

which tney are solved. One example, wrought one ampi
under a nil*.

under a principle or rule clearly apprehended,

conveys to the mind more practical informa-

tion, than a dozen wrought out as independent
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Principle, exercises. Let the principle precede the prac-

Practice. tice, in all cases, as soon as the information

acquired will permit. This is the golden rule

both of art and morals.

subjects 234. The Second Arithmetic should em-
embraced.

, / n
brace all the subjects necessary to a lull view

of the science of numbers ; and should contain

an abundance of examples to illustrate their

Reading: practical applications. The reading of numbers,

so much (though not too much) dwelt upon, is

an invaluable aid in all practical operations.

By its aid, in addition, the eye runs up the

columns and collects, in a moment, the sum of

subtraction: all the numbers. In subtraction, it glances at

the figures, and the result is immediately sug-

gested. In multiplication, also, the sight of the

figures brings to mind the result, and it is

reached and expressed by one word instead of

five. In short division, likewise, there is a cor-

responding saving of time by reading the results

of the operations instead of spelling them. The

method of reading should, therefore, be con-

stantly practised, and none other allowed.

Its value

in Addition :

Multi-

plication :

Division.
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THIRD ARITHMETIC.

235. We have now reached the place where Third

-^ Arithmetic

arithmetic may be taught as a science. The

pupil, before entering on the subject as treated Preparation

here, should be able to perform, at least mechan-

ically, the operations of the five ground rules.

Arithmetic is now to be looked at from an

entirely different point of view. The great view or it.

principles of generalization are now to be ex-

plained and applied.

Primarily, the general language of figures what

., . ,. is taught
must be taught, and the striking tact must then

primarily.

be explained, that the construction of all integer

numbers involves but a single principle, viz.

the law of change in passing from one unit to c*uerai uw

another. The basis of all subsequent operations

will thus have been laid.

236. Taking advantage of this general law

which controls the formation of numbers, we controls

formation 01

bring all the operations of reduction under one number,

single principle, viz. this law of change in the

unities.

Passing to addition, we are equally surprised itBTaiue

j , i . i ., in Addition,
and delighted to find the same principle con-

trolling all its operations, and that integer num-

bers of all kinds, whether simple or denominate,

may be added under a single rule.
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Advantages This view opens to the mind of the pupil a
of knowing a .,_.,,. . _. . _

general law. wide held or thought. It is the first illustra-

tion of the great advantage which arises from

looking into the laws by which numbers are

subtraction, constructed. In subtraction, also, the same

principle finds a similar application, and a sim-

ple rule containing but a few words is found

applicable to all the classes of integral numbers.

In multiplication and division, the same stri-

king results flow from the same cause; and

General thus this simple principle, viz. the law of change

bers: in passingfrom one unit of value to another, is

the key to all the operations in the four ground

rules, whether performed on simple or denomi-

nate numbers. Thus, all the elementary opera-

controis tions of arithmetic are linked to a single prin-
erery opera-* .

, j ,i 7 / -.i

tion. ciple, and that one a mere principle oj arith-

metical language. Who can calculate the la-

bor, intellectual and mechanical, which may
be saved by a right application of this lumin-

ous principle ?

Design 237. It should be the design of a higher

arithmetic to expand the mind of the learner

over the whole science of numbers ; to illus

trate the most important applications, and to

make manifest the connection between the sci-

ence and the art.
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It will not answer these objects if the methods <t

requisites.

of treating the subject are the same as in the

elementary works, where science has to com-

promise with a want of intelligence. An ele-

mentary is not made a higher arithmetic, by Must haw
. . ._.. . ... a distinctive

merely transferring its definitions, its principles, character.

and its rules into a larger book, in the same

order and connection, and arranging under them

an apparently new set of examples, though in fact

constructed on precisely the same principles.

238. In the four ground rules, particularly construc-

tion of exam

(where, in the elementary works, simple exam- pies in the

i -i i i i four ground
pies must necessarily be given, because here ^
they are used both for illustration and practice),

the examples should take a wide range, and be

so selected and combined as to show their com-

mon dependence on the same principle.

239. It being the leading design of a series Design

of arithmetics to explain and illustrate the sci-

ence and art of numbers, great care should be

taken to treat all the subjects, as far as their

different natures will permit, according to the

same general methods. In passing from one

book to another, every subject which has been subjectn

fully and satisfactorily treated in the one, should ferred ,.nen

be transferred to the other with the fewest pos-
ftauytre
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HOW com- sible alterations
;
so that a pupil shall not have

men subjects

maybe to learn under a new dress that which he has

already fully acquired. They who have studied

the elementary work should, in the higher one,

either omit the common subjects or pass them

over rapidly in review.

The more enlarged and comprehensive views

seasons, which should be given in the higher work will

thus be acquired with the least possible labor, and

the connection of the series clearly pointed out.

This use of those subjects, which have been

fully treated in the elementary work, is greatly

preferable to the method of attempting to teach

Additional every thing anew : for there must necessarily be

stated" much that is common ;
and that which teaches

no new principle, or indi ^ates no new method of

application, should be precisely the same in the

higher work as in that which precedes it.

240. To vary the examples, in form, without

changing in the least the principles on which

A contrary they are worked, and to arrange a thousand such
nemod leads . .

to confusion: collections under the same set of rules and sub-

ject to the same laws of solution, may give a

little more mechanical facility in the use of

figures, but will add nothing to the stores of

arithmetical knowledge. Besides, it deludes the

learner with the hope of advancement, and when
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he reaches the end of his higher arithmetic, he it mislead*

finds, to his amazement, that he has been con-

ducted by the same guides over the same ground

through a winding and devious way, made it com-

plicates the

strange by fantastic drapery : whereas, it what subject

was new had been classed by itself, and what

was known clothed in its familiar dress, the sub-

ject would have been presented in an entirely

different and brighter light.

CONCLUDING REMARKS.

We have thus completed a full analysis of the conclusion

language of figures, and of the construction of

numbers.

We have traced from the unit one, all the what

numbers of arithmetic, whether integer or frac- dODO,

a

tional, whether simple or denominate. We have

developed the laws by which they are derived Laws.

from this common source, and perceived the

connections of each class with all the others.

We have examined that concise and beautiful

language, by means of which numbers are made guage.

available in rendering the results of science

practically useful ; and we have also considered Methods

the best methods of teaching this great subject indicated.

the foundation of all mathematical science impon-
ance of the

and the first among the useful arts.
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CHAPTER III.

GEOMETRY DEFINED THIXG9 CF 'WHICH IT TREATS COMPARISON' AXD PROP-

ERTIES OF FIGUEES DEMONSTRATION PROPORTION SUGGESTIONS FO

TEACHING.

GEOMETRY.

241. GEOMETRY treats of space, and com- Geometry,

pares portions of space with each other, for the

purpose of pointing out their properties and mu-

tual relations. The science consists in the de- it science,

velopment of all the laws relating to space, and

is made up of the processes and rules, by means

of which portions of space can be best compared

with each other. The truths of Geometry are a Ite truth8-

series of dependent propositions, and may be di- ^ thre

kinds.

vided into three classes :

1st. Truths implied in the definitions, viz. that 1st- Those

. . . implied in

things do exist, or may exist, corresponding to thedeflni-

the words defined. For example : vhen we say,
" A quadrilateral is a rectilinear figure having four

sides," we imply the existence of such a figure.

2d. Self-evident, or intuitive truths, embodied

in the axioms ; and,

3d. Truths inferred from the definitions and
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strative axioms, called Demonstrative Truths. We say

that a truth or proposition is proved or demon-
VVhen de-

monstrated, strated, when, by a course of reasoning, it is

shown to be included under some other truth or

proposition, previously known, and from which

is said to follow; hence,

Demonstra- A DEMONSTRATION is a series of logical argu-

ments. brought to a conclusion, in which the

major premises are definitions, axioms, or prop-

ositions already established.

subject? of 242. Before we can understand the proofs
Geometry.

or demonstrations 01 Geometry, we must under-

stand what that is to which demonstration is

applicable : hence, the first thing necessary is

to form a clear conception of space, the subject

of all geometrical reasoning.*

Names of The next step is to give names to particular
forms.

forms or limited portions of space, and to define

these names accurately. The definitions of these

names are the definitions of Geometry, and the

portions of space corresponding to them are

Figures,
called Figures, or Geometrical Magnitudes ; of

Four kinds, which there are four general classes:

First. 1st. Lines;

second. 2d. Surfaces
;

Third. 3d. Volumes
;

Fourth. 4th. Angles.

* Sections 80 to 84.
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243. Lines embrace only one dimension of Lin

space, viz. length, without breadth or thickness.

The extremities, or limits of a line, are called

points.

Theie are two general classes of lines straight

lines and curved lines. A straight line is one curved.

which lies in the same direction between any

two of its points ;
and a curved line is one which

constantly changes its direction at every point.

There is but one kind of straight line, and that is One kind oi

straight lino

fully characterized by the definition. From the

definition we may infer the following axiom :

" A

straight line is the shortest distance between two

points." There are many kinds of curves, of many or

which the circumference of the circle is the sim-

plest and the most easily described.

244. Surfaces embrace two dimensions of

space, viz. length and breadth, but not thickness.

Surfaces, like lines, are also divided into two

general classes, viz. plane surfaces and curved

surfaces.

A plane surface is that with which a straight A plane

line, any how placed, and having two points

common with the surface, will coincide through-

out its entire extent. Such a surface is per-

fectly even, and is commonly designated by the Perfectly

even.

term " A plane." A large class of the. figures
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rianc Fig- of Geometry are but portions of a plane, and all

such are called plane figures.

245. A portion of a plane, bounded by three

A triangle,
straight lines, is called a triangle, and this is the

the most sim-

ple figure, simplest of the plane figures. There are several

kinds of triangles, differing from each other,

however, only in the relative values of their

sides and angles. For example : when the sides

are all equal to each other, the triangle is called

Kinds of tri- equilateral ; when two of the sides are equal, it

is called isosceles ;
and scalene, when the three

sides are all unequal. If one of the angles is a

right angle, the triangle is called a right-angled

triangle.

246. The next simplest class of plane figures

comprises all those which are bounded by four

Quadniater- straight lines, and are called quadrilaterals.

There are several varieties of this class :

1st species. 1st. The mere quadrilateral, which has no

special mark, called 11 trapezium.

ai species.
2d. The trapezoid, which has two sides par-

allel and two not parallel ;

3d species.
3d. The parallelogram, which has its opposite

sides parallel and its angles oblique ;

to species.
4th. The rectangle, which has all its angles

right angles and its opposite sides parallel ; and,
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5th. The square, which has its four sides equal

to each other, each to each, and its four angles

right angles.

247. Plane figures, bounded by straight lines, other Poiy-

having a number of sides greater than four, take

names corresponding to the number of sides, viz.

Pentagons, Hexagons, Heptagons, &c.

248. A portion of a plane bounded by a circles:

curved line, all the points of which are equally

distant from a certain point within called the

centre, is called a circle, and the bounding line

is called the circumference. This is the only the circun>

curve usually treated of in Elementary Geometry.

249. A curved surface, like a plane, em- cunred sur-

braces the two dimensions of length and breadth.

It is not even, like the plane, throughout its whole

extent, and therefore a straight line may have their proper

. , .
,

ties.

two points m common, and yet not coincide with

it. The surface of the cone, of the sphere, and

cylinder, are the curved surfaces treated of in

Elementary Geometry.

250. A volume is a limited portion of space,

combining the three dimensions of length, breadth,

and thickness. Volumes are divided into three Three

classes:
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1st class. 1st. Those bounded by planes ;

2d class. 2d. Those bounded by plane and curved sur-

faces ; and,

3d class. 3d. Those bounded only by curved surfaces.

what figure* The first class embraces the pyramid and
fiill in each . .... .

class. prism with their several varieties ; the second

class embraces the cylinder and cone ; and the

third class the sphere, together with others not

generally treated of in Elementary Geometry.

Magnitudes 251. We have now named all the geomet-

rical magnitudes treated of in elementary Ge-

\vhat they ometry. They are merely limited portions of

space, and do not, necessarily, involve the idea

A sphere, of matter. A sphere, for example, fulfils all the

conditions imposed by its definitions, without any

reference to what may be within the space en-

Need not be closed by its surface. That space may be oc-
material*

cupied by lead, iron, or air, or may be a vacuum,

without at all changing the nature of the sphere,

as a geometrical magnitude.

It should be observed that the boundary or

Boundaries limit of a geometrical magnitude, is another geo-

metrical magnitude, having one dimension less.

For example : the boundary or limit of a volume,

Examples, which has three dimensions, is always a surface

which has but two
;
the limits or boundaries of
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all surfaces are lines, straight or curved ; and the

extremities or limits of lines are points.

S 252. We have now named and shown the
named.

nature of the things which are the subjects of

Elementary Geometry. The science of Ge- science of

Geometry.

ometry is a collection of those connected pro-

cesses by which we determine the measures,

properties, and relations of these magnitudes.

COMPARISON OF FIGURES WITH UMTS OF MEASURE.

253. We have seen that the term measure Measure,

implies a comparison of the thing measured with

some known thing of the same kind, regarded

as a standard ; and that such standard is called

the unit of measure.* The unit of measure for unit ormew
ure

lines must, therefore, be a line of a known length : For Lines,

a foot, a yard, a rod, a mile, or any other known

unit. For surfaces, it is a square constructed Fur surface*

on the linear unit as a side : that is, a square A Square.

foot, a square yard, a square rod, a square mile ;

that is, a square described on any known unit

of length.

The unit of measure, for volumes, is a volume, ForSoiids.

and therefore has three dimensions. It is a cube ACnbe.

* Section 94.

15
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constructed on a linear unit as an edge, or on

the superficial unit as a base. It is, therefore,

a cubic foot, a cubic yard, a cubic rod, &c.

Three units Hence, there are three units of measure, each

differing in kind from the other two, viz. a known

A Line,
length for the measurement of lines; a known

A square, square for the measurement of surfaces ; and a

A cube, known cube for the measurement of volumes,

contents: The measure or contents of any magnitude, be-

how ascer- longing to either class, is ascertained by finding
tained.

how many times that magnitude contains its

unit of measure.

254. In the fourth class of the Geometrical

magnitudes, there are several varieties. First,

the inclination of lines to each other; 3d, of

planes ;
and 3d, the space included by three or

more planes meeting at a point. In Geometry,

Angles: the right angle is the simplest unit, in Trig-
their unit.

onometry, the degree, with its subdivisions.

255. We have dwelt with much detail on

the unit of measure, because it furnishes the

importance Only basis of estimating quantity. The con-
Of the unit of

measure ception of number and space merely opens to

the intellectual vision an unmeasured field of

investigation and thought, as the ascent to the

summit of a mountain presents to the eye a
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wide and unsurveyed horizon. To ascertain the space mdea-

- - . nite without

height of the point of view, the diameter of the
it:

surrounding circular area and the distance to

any point which may be seen, some standard or

unit must be known, and its value distinctly

apprehended. So, also, number and space, which

at first fill the mind with vague and indefinite and alwa-vs

measured

conceptions, are to be finally measured by units by it.

of ascertained value.

256. It is found, on careful analysis, that Every num-

every number may be referred to the unit one, ^^(4,
as a standard, and when the signification of the the unit oae'

term ONE is clearly apprehended, that any num-

ber, whether large or small, whether integral or

fractional, may be deduced from the standard by

an easy and known process.

In space, also, which is indefinite in extent, spaco:

and exactly similar in all its parts, the faculties

of the mind have established ideal boundaries, its ideal

These boundaries give rise to the geometrical

magnitudes, each of which has its own unit of

measure ;
and by these simple contrivances, we

measure space, even to the stars, as with a yard-

stick.

257. We have, thus far, not alluded to the

difficulty of determining the exact length of that
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conception which we regard as a standard. We are pre-
of the unit of . . .

measure: sented with a given length, and told that it is

called a foot or a yard, and this being usually

done at a period of life when the mind is satis-

fied with mere facts, we adopt the conception

At arst, a of a distance corresponding to a name, and then

^lion!

*"

by multiplying and dividing that distance we

are enabled to apprehend other distances. But

this by no means answers the inquiry, What is

the standard for measurement ?

standard of The common standards of measurement, 1 yard,
measure-

ment. 1 foot, with their multiples and subdivisions, are

derived from the English Exchequer and the laws

of Great Britain. The one common standard

from which they are all deduced is the English

A brass rod. yard. The positive standard yard, is a brass rod

of the year 1601, deposited in the British Ex-

AII weights chequer. All the weights and measures in the
siul meas-

ures come United States, in general use, are derived from

this standard. Besides this standard, there is yet

Metre also a another, in very general use, and consequently
standard.

another system of Weights and Measures, known

as the Metric system of France.

Primary The primary base of this system, for all de-
base.

nominations of Weights and Measures, is the

one-ten-millionth part of the distance from the

equator to the pole, measured on the meri-

dian.
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It is called a METRE, and is equal to 39.37 A metre.

inches, very nearly.

The imperial yard has also been referred to

an invariable standard, viz. the distance between invariable

the axis of suspension and the centre of oscilla-
'

tion of a pendulum which shall vibrate seconds

in vaeuo, in London, at the level of the sea. This

distance is found, and declared to be, 39.1393

imperial inches ; that is, 3 imperial feet and 3.139

inches.

258. The standard unit of length is not only Unit of

length

important, as affording a basis for all measure- important.

of surface and capacity, but Is also the
Tjnitof

element from which we deduce the unit of weight.
weisht

The weight of a cubic foot of pure rain-water, is comes from

divided into one thousand equal parts, and each

part is called one ounce. Sixteen of these ounces

make the pound avoirdupois, which is our com-

mon unit of weight. Hence, the existing weights weights an<

and measures of the United States, are derived English.

from the English Exchequer and the laws of

Great Britain.

? \!">9. Two geometrical figures are said to be _ ^
equal when they contain the same unit of meas- flgur** :

ure an equal number of times. Two figures are

said to be equal in all their parts, each to each,
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equal in ail when they can be so applied to each other as to

coincide throughout their whole extent. The

term equal, is thus used in Geometry in the same

sense in which it is used in Arithmetic and in

Difference Analysis : viz. to denote the relation between two

equal quantities each of which contains the same unit

an equal number of times. If two geometrical

magnitudes can be applied, the one to the
and

other, so as to coincide, they are not only equal

in measure, but each part of the one is equal to

equal m ail a corresponding part of the other : hence, they

are said to be equal in all their parts.

PROPERTIES OF FIGURES.

Property of 260. A property of a figure is a mark com-
figures.

mon to all figures of the same class. For exam-

pie : if the class be "
Quadrilateral," there are two

ala.

very obvious properties, common to all quadri-

laterals, besides the one which characterizes

the figure, and by which its name is defined,

viz. that it has four angles, and that it may
be divided into two triangles. If the class be

"
Parallelogram," there are several properties

common to all parallelograms, and which are

subjects of proof ; such as, that the opposite

sides and angles are equal ; the diagonals divide

each other into equal parts, &c. If the class be

"Triangle," there are many properties common

to all triangles, besides the characteristic that
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they have three sides. If the class be a par- Equilateral,

ticular kind of triangle, such as the equilateral, isosceiw.

isosceles, or right-angled triangle, then each class Right-angled,

has particular properties, common to every indi-

vidual of the class, but not common to the other

classes. It is important, however, to remark, Every prop

erty which

that every property which belongs to "triangle," belongs to a

. genus will be

regarded as a genus, will appertain to every common to

species or class of triangle ; and universally, "^j^T*"

every property which belongs to a genus will

belong to every species under it ; and every

property which belongs to a species will be-

long to every class or subspecies under it
; and j^ to every

every property which belongs to one of a sub-
8ubsPecies'

J r * and to every

species or class will be common to every indi- individual-

vidual of the class. For example :

" the square Examples,

on the hypothenuse of a right-angled triangle is

equal to the sum of the squares described on

the other two sides," is a proposition equally

true of every right-angled triangle : and "
every

straight line perpendicular to a chord, at the circle,

middle point, will pass through the centre," is

equally true of all circles.

MARKS OF WHAT MAY BE PROVED.

201. The characteristic properties of every character^

geometrical figure (that is, those properties with-
l'c

t̂

per
'
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out which the figures could not exist), are given

in the definitions. How are we to arrive at all

the other properties of these figures ? The

propositions implied in the definitions, viz. that

Marks:
things corresponding to the words defined do or

may exist with the properties named ; and the

or what may self-evident propositions or axioms, contain the
be proved.

only marks of what can be proved ; and by a

HOW ex-
skilful combination of these marks we are able

tended.

to discover and prove all that is discovered and

proved in Geometry.

Definitions and axioms, and propositions de-

*l8
' duced from them, are major premises in each

The science: new demonstration; and the science is made up

consists.
f the processes employed for bringing unfore-

seen cases under these known truths ; or, in syl-

logistic language, for proving the minors neces-

sary to complete the syllogisms. The marks

being so few, and the inductions which furnish

them so obvious and familiar, there would seem

to be very little difficulty in the deductive pro-

cesses which follow. The connecting together

of several of these marks constitutes Deductions,

Geometry, or Trains of Reasoning; and hence, Geometry
a Deductive . TA j * ci

science.
ls a Deductive Science.
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DEMONSTRATION.

2G2. As a first example, let us take the first

proposition in Legendre's Geometry :

"If a straight line meet another straight line, Proposition

the sum of the two adjacent angles will be equal

to two right angles."

Let the straight line DC
.1 i_. i- A T> / Foundation.

meet the straight line AB
at the point C, then will the

angle ACD plus the angle

DCB be equal to two right
A

angles.

To prove this proposition, we need the defini-
'f*&

necessary Ic

tion of a right angle, viz. : Prove iL

When a straight line AB B

meets another straight line

CD. so as to make the ad-

jacent angles BAG and
O A D Definition*BAD equal to each other,

each of those angles is called a RIGHT ANGLE, and

the line AB is said to be PERPENDICULAR to CD.

We shall also need the 2d, 3d, and 4th axioms, Axiom*.

ibr inferring equality,* viz. :

2. Things which are equal to the same thing second

are equal to each other.

* Section 109.
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Third.

Fourth.

3. A whole is equal to the sum of all its

parts.

4. If equals be added to equals, the sums

will be equal.

Now before these formulas or tests can be ap-

Lmetobe
plied, it is necessary to sup- E D

drawn.

pose a straight line CE to be

P>of : drawn perpendicular to AB
at the point C : then by the

definition of a right angle, A C B

the angle ACE will be equal to the angle ECB.

By axiom 3rd, we have,

continued: ACD equal to ACE plus ECD: to each of

these equals add DCB
; and by the 4th axiom

\ve shall have,

ACD plus DCB equal to ACE plus ECD plus

DCB
; but by axiom 3rd,

ECD plus DCB equals ECB: therefore by
axiom 2d,

ACD plus DCB equals ACE plus ECB.

But by the definition of a right angle,

Conclusion. ACE plus ECB equals two right angles : there-

fore, by the 2d axiom,

ACD plus DCB equals two right angles,

m baa* It will be seen that the conclusiveness of the

proof results,

Fir*. 1st. From the definition, that ACE and ECB
are equal to each other, and each is called a
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right-angle : consequently, their sum is equal to

two right angles ; and,

2dly. In showing, by means of the axioms, that

ACD plus DCB equals ACE plus ECB; and

then inferring from axiom 2d, that, ACD plus

DCB equals two right angles.

8 263. The difficulty in the geometrical rea- ""CM "
J

the demon-

soning consists mainly in showing that the prop- strauonu.

osition to be proved contains the marks whici

prove it. To accomplish this, it is frequently

necessary to draw many auxiliary lines, forming Auxiliaries

new figures and angles, which can be shown to

possess marks of these marks, and which thus

become connecting links between the known connecting

Links.

and the unknown truths. Indeed, most of the

skill and ingenuity exhibited in the geometrical

processes are employed in the use of these auxil-

iary means. The example above affords an illus-

tration. We were unable to show that the sum HOW used.

of the two angles possessed the mark of being

equal to two right angles, until we had drawn a

perpendicular, or supposed one drawn, at the

point where the given lines intersect. That be-

ing done, the two right angles ACE and ECB conclusion.

were formed, which enabled us to compare the

sum of the angle ACD and DCB with two right

angles, and thus we proved the proposition.
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Proposition. 264. As a second example, let us take the

following proposition :

Enunciation. If two straight lines intersect each other, the

opposite or vertical angles will be equal.

Let the straight line AB
intersect the straight line

Diagram. ED ^ ^ pojnt g . then

will the angle ACD be

equal to the opposite an-

gle ECB ;
and the angle ACE equal to the an-

gle DCB.

Principles To prove this proposition, we need the last

proposition, and also the 2d and 5th axioms, viz. :

" If a straight line meet another straight line,

the sum of the two adjacent angles will be equal

to two right angles."
"
Things which are equal to the same thing

are equal to each other."

" If equals be taken from equals, the remain-

ders will be equal."

Now, since the straight line AC meets the

straight line ED at the point C, we have,

ACD plus ACE equal to two right angles.

And since the straight line DC meets the

straight line AB, we have,

ACD plus DCB equal to two right angles :

hence, by the second axiom,

ACD plus ACE equals ACD plus DCB : ta-

Axioms.

Proof.
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king from each the common angle ACD, we conclusion,

know from the fifth axiom that the remain-

ders will be equal ; that is, the angle ACE

equal to the opposite or vertical angle DCB.

265. The two demonstrations given above

combine all the processes of proof employed in Demonstra-

every demonstration of the same class. When U(

any new truth is to be proved, the known tests

of truth are gradually extended to auxiliary Uaeof auxil.

quantities having a more intimate connection
IaryiuanU-

tl6S

with such new truth than existed between it and

the known tests, until finally, the known tests,

through a series of links, become applicable to

the final truth to be established : the interme-

diate processes, as it were, bridging over the

space between the known tests and the final

truth to be proved.

266. There are two classes of demonstra- Direct dem

tions, quite different from each other, in some

lespects, although the same processes of argu-

mentation are employed in both, and although

the conclusions in both are subjected to the

same logical tests. They are called Direct, or*
Negative,

Positive Demonstration, and Negative Demon- or

Reductio .id

stration, or the Reductio ad Absurdum.
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Difference. 267. The main differences in the two

methods are these : The method of direct demon-

Direct Dem- stration rests its arguments on known and ad-
ouslralioa

mitted truths, and shows by logical processes

that the proposition can be brought under some

previous definition, axiom, or proposition : while

Negative the negative demonstration rests its arguments
Demonstra-

tion, on an hypothesis, combines this with known pro-

positions, and deduces a conclusion by processes

conclusion: strictly logical. Now if the conclusion so de-

duced agrees with any known truth, we infer

with vt'vu
t^at tne hypothesis, (which was the only link in

compared,
* * '

the chain not previously known), was true ; but

if the conclusion be excluded from the truths

previously established ; that is, if it he opposed

to any one of them, then it follows thai <he hy-

pothesis, being contradictory to such truth, must

Determines fa fajse jn tne negative demonstration, there-
whether the

hypothesis is fore, the conclusion is compared with the truths
trueorfalie.

known antecedently to the proposition in ques-

tion : if it agrees with any one of them, the hy-

pothesis is correct ; if it disagrees with any one

of them, the hypothesis is false.

Proof fey 268. We will give for an illustration of this
Negative

Demonstra- method, Proposition XVII. of the First Book of

Legendre :

" When two right-angled triangles

have the hypothenuse and a side of the one equal
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to the hyp )thenuse and a side of the other, each Enunciation

to each, the remaining parts will be equal, each to

each, and the triangles themselves will be equal."

In the two right-angled triangles BAG and

EDF (see next figure), let the hypothenuse AC Enunciation

be equal to DF, the side BA to the side ED :

b:

then will the side BC be equal to EF, the angle

A to the angle D, and the angle C to the angle F.

To prove this proposition, we need the follow-

ing, which have been before proved ; viz. :

Prop. X. (of Legendre). "When two triangles prevjoug

have the three sides of the one equal to the three
truth9 nece*

sary.

sides of the other, each to each, the three an-

gles will also be equal, each to each, and the

triangles themselves will be equal."

Prop. V. " When two triangles have two imposition

sides and the ii eluded angle of the one, equal

to two sides and the included angle of the other,

each to each, the two triangles will be equal."

Axiom I.
"
Things which are equal to the Anoma.

same thing, are equal to each other."

Axiom X. (of Legendre). "All right angles

are equal to each other."

Prop. XV. " If from a point without a straight Propc*iik

line, a perpendicular be let fall on the line, and

oblique lines be drawn to different points,

1st. "The perpendicular will te shorter than

any oblique line ;



240 MATHEMATICAL SCIENCE. [BOOK II.

2d. " Of two oblique lines, drawn at pleasure,

that which is farther from the perpendicular will

be the longer."

Now the two sides BC and

Beginning of EF are either equal or un-
the demon-

stration, equal. If they are equal,

then by Prop. X. the remain-

ing parts of the two trian-
c G B F

gles are also equal, and the triangles themselves

are equal. If the two sides are unequal, one of

them must be greater than the other: suppose

BC to be the greater.

construction On the greater side BC take a part BG, equal
'

to EF, and draw AG. Then, in the two trian-

gles BAG and DEF the angle B is equal to the

angle E, by axiom X (Legendre), both being

right angles. The side AB is equal to the side

DE, and by hypothesis the side BG is equal to the

side EF : then it follows from Prop. V. that the

side AG is equal to the side DF. But the side

Demonsta- Dp jg ftj iQ ^ gide AQ . he fe axjom j
Uon.

the side AG is equal to AC. But the line AG
cannot be equal to the line AC, having been

shown to be less than it by Prop. XV. : hence,

the conclusion contradicts a known truth, and is

therefore false ; consequently, the supposition (on

which the conclusion rests), that BC and EF are

unequal, is also false ; therefore, they are equal
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269. It is often supposed, though erroneous- Negative

Jy, that the Negative Demonstration, or the dem-
e

n .

"

onstration involving the " reductio ad absurdurn,"

is less conclusive and satisfactory than direct or conclusive,

positive demonstration. This impression is sim-

ply the result of a want of proper analysis. For

example : in the demonstration just given, it was Reasons,

proved that the two sides BC and EF cannot

be unequal; for, such a supposition, in a logi-

cal argumentation, resulted in a conclusion di- conclusion

rectly opposed to a known truth ;
and as equality

and inequality are the only general conditions
known truth

of relation between two quantities, it follows

that if they do not fulfil the one, they must the

other. In both kinds of demonstration, the

premises and conclusion agree ; that is, they are Agreement

both true, or both false ;
and the reasoning or

argument in both is supposed to be strictly logi-

cal.

In the direct demonstration, the premises are

known, being antecedent truths; and hence,

the conclusion is true. In the negative demon- Differences iu

stration, one element is assumed, and the con- ^^
elusion is then compared with truths previously

established. If the conclusion is found to agree

with any one of these, we infer that the hy- when the

pothesis or assumed element is true ; if it con-

tradicts any one of these truths, we infer that

16
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when false, the assumed element is false, and hence that its

opposite is true.

General

Remarks.

Measured: 270. Having explained the meaning of the

luon.

"
term measured, as applied to a geometrical mag-

nitude, viz. that it implies the comparison of a

magnitude with its unit of measure ; and having

also explained the signification of the word Prop-

erty, and the processes of reasoning by which,

in all figures, properties not before noticed are

inferred from those that are known ; we shall

now add a few remarks on the relations of the

geometrical figures, and the methods of compar-

ing them with each other.

PROPORTION OF FIGURES.

Proportion. 271. Proportion is the relation which one

geometrical magnitude bears to another of the

same kind, with respect to its being greater or

less. The two magnitudes so compared are called

its measure, terms, and the measure of the proportion is the

quotient which arises from dividing the second

Ratio.
term ty' the first, and is called their Ratio. Only

Quantities of quantities of the same kind can be compared
the same

together, and it follows from the nature of the
kind com

relation that the quotient or ratio of any two

terms will be an abstract number, whether the

terms themselves be abstract or concrete
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272. The term Proportion is defined by most Proportion:

, . ,, . , ,. how defined.

authors,
" An equality of ratios between four

numbers or quantities, compared together two

and two." A proportion certainly arises from

such a comparison : thus, if

T T\

__ _ Example.

A~C'
A : B : : C : D

is a proportion.

But if we have two quantities A and B, which True defini-

tion.

may change their values, and are, at the same

time, so connected together that one of them

shall increase or decrease just as many times as

the other, their ratio will not be altered by such

changes ; and the two quantities are then said
t^1

p 1^
to be in proportion, or proportional.

Ues-

Thus, if A be increased three times and B

three times, then,

3J3 = A
3A~~B ;

that is, 3 A and 3 B bear to each other the same

proportion as A and B. Science needed a gen- Term need

ed.

eral term to express this relation between two

quantities which change their values, without

altering their quotient, and the term "propor-

tional," or "in proportion," is employed for that HOWIWXL

purpose.
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Reasons for As some apology for the modification of the

definition of proportion, which has been so long

accepted, it may be proper to state that the term

has been used by the best authors in the exact

Use of the sense here attributed to it. In the definition of
term.

the second law of motion, we have, "Motion,

or change of motion, is proportional to the force

impressed ;"* and again,
" The inertia of a body

is proportioned to its weight."f Similar exam-

ples may be multiplied to any extent. Indeed,

symbol used there is a symbol or character to express the
to represent

proportion, relation between two quantities, when they un-

dergo changes of value, without altering their

ratio. That character is oc, and is read "
pro-

portional to." Thus, if we have two quantities

denoted by A and B, written,

Example. A OC B,

the expression is read,
" A proportional to B."

Another Hnd 273. There is yet another kind of relation
of propor-

tion, which may exist between two quantities A and

B, which it is very important to consider and

understand. Suppose the quantities to be so

connected with each other, that when the first

is increased according to any law of change, the

second shall decrease according to the same law
;

and the reverse.

* Olmsted's Mechanics, p. 28. f Ibid. p. 23.
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For example : the area of a rect-

angle is equal to the product of its

base and altitude. Then, in the

rectangle ABCD, we have

Area = AB x BC.

Take a second rectangle EFGH, having a

longer base EF, and a less altitude FG, but such ExwnPl0-

that it shall have an equal

area with the first : then we

shall have

Area = EF x FG.

Now since the areas are equal, we shall have

AB x BC = EF x FG ;

and by resolving the terms of this equation into

a proportion, we shall have

AB : EF : : FG : BC.

It is plain that the sides of the rectangle ABCD

may be so changed in value as to become the

sides of the rectangle EFGH, and that while

they are undergoing this change, AB will in-

crease and BC diminish. The change in the Relation* of

the quantt-
values of these quantities will therefore take place ties:

according to a fixed law : that is, one will be di-

minished as many times as the other is increased,
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since their product is constantly equal to the

area of the rectangle EFGH.
Expressed by Denote the side AB by x and BC bv y, ana

letters.

the area of the rectangle EFGH, which is known,

by a; then

xy = a;

and when the product of two varying quantities

is constantly equal to a known quantity, the two

Reciprocal quantities are said to be Reciprocally or Inverse-
or

inverse Pro- fy proportional ; thus x and y are said to be in-

poruon.
versely proportional to each other. If we divide

1 by each member of the above equation, we

shall have

;1 J,

xy a
'

Reductions and by multiplying both members by x, we shall
of the

Equations, have

I -
ya>

and then by dividing both numbers by x, we have

1

Final form. y _- =
a'x

that is, the ratio of a: to - is constantly equal to -
;

that is, equal to the same quantity, hov* ever x or
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V may vary , for, a anu consequently
- does not

change. Hence,

Two quantities, which may change their values,

are reciprocally or inversely proportional, when Proportion

defined.

one is proportional to unity divided by the other,

and then their product remains constant.

We express this reciprocal or inverse relation

thus:

Aocl

A is said to be inversely proportional to B : the

symbols also express that A is directly proper- HOW ex

pressed.

tional to
-^.

If we have

B

Generally,

how read.

we say, that A is directly proportional to B, and

inversely proportional to C.

The terms Direct, Inverse or Reciprocal, ap-

ply to the nature of the proportion, and not to

the Ratio, which is always a mere quotient and

the measure of proportion. The term Direct ap- Direct and

plies to all proportions in which the terms in-
torms not

crease or decrease together ; and the term In- applicable to

verse or Reciprocal to those in which one term

increases as the other decreases. They cannot,

therefore, properly be applied to ratio without

changing entirely its signification and definition.

Kutio.
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COMPARISON OF FIGURES.

Geometrical 274. In comparing geometrical magnitudes,
magnitudes ......
compared, by means ot their quotient, it is not the quotient

alone which we consider. The comparison im-

plies a general relation of the magnitudes, which

is measured by the Ratio. For example : we

Example, say that " Similar triangles are to each other as

the squares of their homologous sides." What

do we mean by that ? Just this :

Formula of That the area of a triangle

Is to the area of a similar triangle

As the area of a square described on a side of

the first,

To the area of a square described on an ho-

mologous side of the second.

Thus, we see that every term of such a pro-

changes of portion is in fact a surface, and that the area

how affected
^ a triangle increases or decreases much faster

than its sides ; that is, if we double each side of

a triangle, the area will be four times as great :

if we multiply each side by three, the area will

Results, be nine times as great ; or if we divide each

side by two, we diminish the area four times, and

so on. Again,

circles com- The area of one circle

Is to the area of another circle,

As a square described on the diameter of the first
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To a squar* described on the diameter of the

second.

Hence, if we double the diameter of a circle,
How their

area* change*

the area of the circle whose diameter is so in-

creased will be four times as great : if we mul-

tiply the diameter by three, the area will be nine

times as great ; and similarly if we divide the

diameter.

275. In comparing volumes together, the comparison

same general principles obtain. Similar volumes

are to each other as the cubes described on their

homologous or corresponding sides. That is,

A prism
Formal*.

Is to a similar prism,

As a cube described on a 'ide of the first,

Is to a cube described on an homologous side

of the second.

Hence, if the sides of a prism be doubled, the con- HOW the

volumes
tents of volume will be increased eight-fold. Again, change.

A sphere

Is to a sphere, Sphere:

As a cube described on the diameter of the first,

Is to a cube described on a diameter of the

second.

Hence, if the diameter of a sphere be doubled, HOW it

volume
its contents of volume will be increased eight- change*

fold; if the diameter be multiplied by three, the
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contents of volume will be increased twenty-seven

fold : if the diameter be multiplied by four, the

contents of volume will be increased sixty-four

fold; the contents of volume increasing as the

cubes of the numbers 1, 2, 3, 4, &c.

Eatio: 276. The relation or ratio of two magnitudes

an abstract to each other, maybe, and indeed is, expressed

by an abstract number. This number has a

whenhav- fixed value so long as we do not introduce a
ing a fixed

value, change in the contents of the figures; but if

we wish to express their ratio under the sup-

position that their contents may change accord-

ing to fixed laws (that is, so that the volumes

HOW varying shall continue similar), we then compare them

compared, with similar figures described on their homol-

ogous or corresponding sides; or, what is the

same thing, take into account the corresponding

changes which take place in the abstract num-

bers that express their contents.

BECAPITULATION.

General 277. We have now completed a general out-

line of the science of Geometry, and what has

been said may be recapitulated under the follow-

ing heads. It has been shown,

Geometry: 1st. That Geometry is conversant about space,
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or those limited portions of space which are to what it

relates.

called Geometrical Magnitudes.

2d. That the geometrical magnitudes embrace

tour species :

1st. Lines straight and curved ;
Lines.

2d. Surfaces plane and curved
;

surface*.

3d. Volumes bounded either by plane sur- volumes,

faces or curved, or both ; and,

4th. Angles, arising from the positions of Angles,

lines with each other; or of planes with each

other the lines and planes being boundaries.

3d. That the science of Geometry is made up science:

)f those processes by means of which all the
w
uT

a '

properties of these magnitudes are examined and

developed, and that the results arrived at con-

stitute the truths of Geometry.

4th. That the truths of Geometry may be di-

vided into three classes : three

1st. Those implied in the definitions, viz. First class,

that things exist corresponding to certain

words defined ;

2d. Intuitive or self-evident truths em- second,

bodied in the axioms ;

3d. Truths deduced (that is, inferred) from ^^
the definitions and axioms, called Demonstra-

tive Truths.

5th. That the examination of the properties of Geometrical

the geometrical magnitudes has reference,
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comparison. 1st. To their comparison with a standard

or unit of measure ;

Properties.
2d. To the discovery of properties belong-

ing to an individual figure, and yet common to

the entire class to which such figure belongs ;

proportion. 3d. To the comparison, with respect to mag-

nitude, of figures of the same species with each

other; viz. lines with lines, surfaces with sur-

faces, volumes with volumes, and angles with

angles.

SUGGESTIONS FOE THOSE WHO TEACH GEOMETKr.

Suggestions. 1. Be sure that your pupils have a clear ap-

Firet. prehension of space, and of the notion that Ge-

ometry is conversant about space only.

2. Be sure that they understand the significa-

second. tion of the terms, lines, surfaces, and volumes,

and that these names indicate certain portions

of space corresponding to them.

3. See that they understand the distinction

Third, between a straight line and a curve; between a

plane surface and a curved surface; between a

volume bounded by planes and a volume bounded

by curved surfaces.

4. Be careful to have them note the charac-

Fourth. teristics of the different species of plane figures,

such as triangles, quadrilaterals, pentagons, hexa-

gons, &c.
;
and then the characteristic of each
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class or subspecies, so that the name shall recall,

at once, the characteristic properties of each

figure.

5. Be careful, also, to have them note the

characteristic differences of the volumes. Let Fifth,

them often name and distinguish those which

are bounded by planes, those bounded by plane

and cu^ed surfaces, and those bounded by

curved surfaces only. Regarding Volume as a

genus, let them give the species and subspecies

into which it may be divided.

6. Having thus made them familiar with the

things which are the subjects of the reasoning, sixth,

explain carefully the nature of the definitions ;

then of the axioms, the grounds of our belief in

them, and the information from which those

self-evident truths are inferred.

7. Then explain to them, that the definitions

and axioms are the basis of all geometrical *a- s^nth.

soning : that every proposition must be deduced

from them, and that they afford the tests of all

the truths which the reasonings establish.

8. Let every figure, used in a demonstration,

be accurately drawn, by the pupil himself, on a
Eighth,

blackboard. This will establish a connection

between the eye and the hand, and give, at the

same time, a clear perception of the figure and a

distinct apprehension of the relations of its parts.
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9. Let the pupil, in every demonstration, first

Ninth, enunciate, in general terms, that is, without the

aid of a diagram, or any reference to one, the

proposition to be proved ; and then state the

principles previously established, which are to

be employed in making out the proof.

10. When in the course of a demonstration,
4p

Tenth. any truth is inferred from its connection with

one before known, let the truth so referred to be

fully and accurately stated, even though the

number of the proposition in which it is proved,

be also required. This is deemed important.

11. Let the pupil be made to understand that

Etev,tb. a demonstration is but a series of logical argu-

ments arising from comparison, and that the

result of every comparison, in respect to quan-

tity, contains the mark either of equality or

inequality.

12. Let the distinction between a positive

Twelfth, and negative demonstration be fully explained

and clearly apprehended.

13. In the comparison of quantities with each

Thirteenth, other, great care should be taken to impress the

fact that proportion exists only between quan-

tities of the same kind, and that ratio is the

measure of proportion.

14. Do not fail to give much importance to

Fourteenth, the kind of quantity under consideration. Let
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the question be often put, What kind of quantity Fourteenth,

are you considering ? Is it a line, a surface, or

a volume ? And what kind of a line, surface, or

volume ?

15. In all cases of measurement, the unit of

measure should receive special attention. If

lines are measured, or compared by means of a Fifteenth,

common unit, see that the pupil perceives that

unit clearly, and apprehends distinctly its rela-

tions to the lines which it measures. In sur-

faces, take much pains to mark out on the

blackboard the particular square which forms

the unit of measure, and write unit, or unit of

measure, over it. So in the measurement of

volumes, let the unit or measuring cube be ex-

hibited, and the conception of its size clearly

formed in the mind ; and then impress the im-

portant fact, that, all measurement consists in

merely comparing a unit of measure with the

quantity measured; and that the number which

expresses the ratio is the numerical expression

for that measure.

16. Be careful to explain the difference of the sixteenth

terms Equal and Equal in all their parts, and

never permit the pupil to use the terms as sy-

nonymous. An accurate use of words leads to

nice discriminations of thought.
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CHAPTER IV.

ANALYSIS ALGEBRA ANALYTICAL GEOMETRY.

ANALYSIS.

278. ANALYSIS is a general term, embra-

cing that entire portion of mathematical science

in which the quantities considered are repre-

sented by letters of the alphabet, and the opera-

tions to be performed on them are indicated by

signs.

defined.

279. We have seen that all numbers must Numbers
must be ot

be numbers of something;* for, there is no such thins:

thing as a number without a basis : that is, every

number must be based on the abstract unit one,

or on some unit denominated. But although

numbers must be numbers of something, yet they
but may be

of many kind

may be numbers of any thing, for the unit may of thing*,

be whatever we choose to make it.

* Section 112.

17
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AII quantity 280. All quantity, made up of definite parts,
consists of

parts .
can be numbered exactly or approximative^,

and, in this respect, possesses all the properties

of number. Propositions, therefore, concerning

numbers, have the remarkable peculiarity, that

Propositions they are propositions concerning all quantities
in regard to

number whatever. That half of six is three, is equally
*P

qU
J

amity.
true > whatever the word six may represent,

whether six abstract units, six men, or six tri-

angles. Analysis extends the generalization stili

further. A number represents, or stands for, that

particular number of things of the same kind,

Algebraic without reference to the nature of the thing ;

symbols . 111 r
more gener- but an analytical symbol does more, for it may

stand for all numbers, or for all quantities which

numbers represent, or even for quantities which

cannot be exactly expressed numerically.

Anything As soon as we conceive of a thing we may
conceived .. .

,
. . , .

may be di- conceive it divided into equal parts, and may
Vlded-

represent either or all of those parts by a or x,

or may, if we please, denote the thing itself by a

or x, without any reference to its being divided

into parts.

Each figure 281. In Geometry, each geometrical hgure

stands for a class ;
and when we have demon-

strated a property of a figure, that property
;

considered as proved for every figure of the class.
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For example: when we prove that the square Example,

described on the hypothenuse of a right-angled

triangle is equal to the sum of the squares de-

scribed on the other two sides, we demonstrate the

fact for all right-angled triangles. But in analy- in analysis

sis, all numbers, all lines, all surfaces, all vol- Btand for

urnes, may be denoted by a single symbol, a or x. ^l^
*

Hence, all truths inferred by means of these

symbols are true of all things whatever, and not

like those of number and geometry, true only

of particular classes of things. It is, therefore,

not surprising, that the symbols of analysis do

not excite in our minds the ideas of particular Hence, the

. . . truths int'i-r-

things. 1 he mere written characters, a, b, c, a, >& ^ ^
x, y, z, serve as the representatives of things in

general, whether abstract or concrete, whether

known or unknown, whether finite or infinite.

282. In the uses which we make of these symbols
come to be

symbols, and the processes of reasoning carried regarded as

on by means of them, the mind insensibly comes

to regard them as things, and not as mere signs ;

and we constantly predicate of them the prop-

erties of things in general, without pausing to

inquire what kind of thing is implied. Thus, Example.

we define an equation to be a proposition in Theequa.

which equality is predicated of one thing as Uon>

compared with another. For example :
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a + c = x,

whataxioms ^s an equation, because x is declared to be

necessary to
egual to the gum of a an(J c Jn ^6 solution of

its solution.

equations, we employ the axioms,
" If equals be

added to equals, the sums will be equal ;" and,

" If equals be taken from equals, the remainders

They express will be equal." Now, these axioms do not ex-
qualities of

.
-

things, press qualities of language, but properties of

Hence, in- quantity. Hence, all inferences in mathemat-
ferences re-

. i i

late to things, ical science, deduced through the instrumentality

of symbols, whether Arithmetical, Geometrical,

or Analytical, must be regarded as concerning

quantity, and not symbols.

Quantity As analytical symbols are the representatives

wH^res- f quantity in general, there is no necessity of

enttothe keepmg the idea of- quantity continually alive in

the mind; and the processes of thought may,

without danger, be allowed to rest on the sym-

bols themselves, and therefore, become to that

extent, merely mechanical. But, when we look

rue reason- back and see on what the reasoning is based, and

based on the now ^ne processes have been conducted, we shall

supposition
fln(j t jiat every step was taken on the supposition

of quantity.

that we were actually dealing with things, and

not symbols ;
and that, without this understand-

ing of the language, the whole system is without

signification, and fails.
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283. There are three principal branches of Three

. |
. branches

Analysis :

1st. Algebra. Algebra,

2d. Analytical Geometry. Analytical

Geometry,

3d. Differential and Integral Calculus.

ALGEBRA.

284. Algebra is, in fact, a species of uni- Algebra:

versal Arithmetic, in which letters and signs are universal

employed to abridge and generalize all processes

involving numbers. It is divided into two parts, TWO pans

corresponding to the science and art of Arith-

metic :

1st. That which has for its object the investi- Firetpart

gation of the properties of numbers, embracing

all the processes of reasoning by which new

properties are inferred from known ones ; and,

2d. The solution of all problems or questions scond part

involving the determination of certain numbers

which are unknown, from their connection with

certain others which are known or given.

ANALYTICAL GEOMETRY.

285. Analytical Geometry examines the Analytical

.. 11.' c i Geometry.
properties, measures, and relations of the geo-

metrical magnitudes by means of the analytical its nature.
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symbols. This branch of mathematical science

originated with the illustrious Descartes, a ceie-
the original

founder of brated French mathematician of the 17th cen-
tiiis science. TT i i i i r

tury. He observed that the positions ot points.
\\ hat be

observed, the direction of lines, and the forms of surfaces,

could be expressed by means of the algebraic

AH position symbols ; and consequently, that every change,
expressed by

symbols, either in the position or extent ot a geometrical

magnitude, produced a corresponding change in

certain symbols, by which such magnitude could

be represented. As soon as it was found that,

to every variety of position in points, direction

in lines, or form of curves or surfaces, there cor-

responded certain analytical expressions (called

their Equations), it followed, that if the processes

were known by which these equations could be

The equation examined, the relation of their parts determined,
develops the

properties
and the laws according to which those parts

nit^de.^"
varv

> relative to one another, ascertained, then

the corresponding changes in the geometrical

magnitudes, thus represented, could be imme-

diately inferred.

Hence, it follows that every geometrical ques-

Power over tion can be solved, if we can resolve the corre-
the magni- 11-
uide extend- spending algebraic equation ;

and the power ovei

the geometrical magnitudes was extended just in

proportion as the properties of quantity were

brought to light by means of the Calculus. The
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applications of this Calculus were soon made to TO what sub.

,,
,

.
, . ject applied.

the subjects ot mechanics, astronomy, and in-

deed, in a greater or less degree, to all branches

of natural philosophy ; so that, at the present iu> present

time, all the varieties of physical phenomena,

with which the higher branches of the science

are conversant, are found to answer to varieties

determinable by the algebraic analysis.

286. Two classes of quantities, and conse- Quantities

which enter

quently two sets of symbols, quite distinct from into the ci

each other, enter into this Calculus ; the one

called Constants, which preserve a fixed or given constants.

value throughout the same discussion or investi-

gation ; and the other called Variables, which variables,

undergo certain changes of value, the laws of

which are indicated by the algebraic expressions

or equations into which they enter. Hence,

Analytical Geometry may be defined as that Analytical

branch of mathematical science, which exam- defined,

ines, discusses, and develops the properties of

geometrical magnitudes by noting the changes

thai take place in the algebraic symbols which

represent them, the laws of change being deter-

mined by an algebraic equation or formula.
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DIFFERENTIAL AND INTEGRAL CALCULUS.

8 ^87 In this branch of mathematical science,
considered.

as in Analytical Geometry, two kinds of quan-
vanabies,

fay are considered, viz. Variables and Constants ;

Constants.

and consequently, two distinct sets of symbols

The science, are employed. The science consists of a series

of processes which note the changes that take

place in the value of the Variables. Those

changes of value take place according to fixed

laws established by algebraic formulas, and are

Marks, indicated by certain marks drawn from the va-

Differen- riable symbols, called Differentials. By these

marks we are enabled to trace out with the

accuracy of exact science the most hidden prop-

erties of quantity, as well as the most general

and minute laws which regulate its changes of

value.

Analytical 288. It will be observed, that Analytical

and

'

Geometry and the Differential and Integral Cal-

Caicuius : cujus treat of quantity regarded under the same

general aspect, viz. as subject to changes or va-

Howtiey nations in magnitude according to laws indica-
regard quan-

tity : ted by algebraical formulas; and the quantities,

whether variable or constant, are, in both cases,

by what represented by the same algebraic symbols, viz.

ted'

the constants by the first, and the variables by
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the final letters of the alphabet. There is, how- Difference;

ever, this important difference : in Analytical

Geometry all the results are inferred from the in what it

consists.

relations which exist between the quantities

themselves, while in the Differential and Integral

Calculus they are deduced by considering what

may be indicated by marks drawn from variable

quantities, under certain suppositions, and by

marks of such marks.

289. Algebra, Analytical Geometry, the Dif- Analytical

Science.

ferential and Integral Calculus, extended into the

Theory of Variations, make up the subject of

analytical science, of which Algebra is the ele-

mentary branch. We shall, in this chapter,

limit our remarks to the subject of Algebra; Algebra,

reserving a separate chapter for the Differential Differential

Calculus.

and Integral Calculus. This subject embraces a

very remarkable class of quantities.

ALGEBRA.

290. On an analysis of the subject of Alge- Algebra,

bra, we think it will appear that the subject itself

presents no serious difficulties, and that most of Difficulties,

the embarrassment which is experienced by the

pupil in gaining a knowledge of its principles, as How over-

well as in their applications, arises from not at
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Language, tending sufficiently to the language or signs of

the thoughts which are combined in the reason-

ings. At the hazard, therefore, of being a little

diffuse, I shall begin with the very elements of

the algebraic language, and explain, with much

minuteness, the exact signification of the char-

charactere acters that stand for the quantities which are the

Hut'quaTitit^ subjects of the analysis ;
and also of those signs

signs. which indicate the several operations to be per-

formed on the quantities.

Quantities. 291. The quantities which ai'e the subjects

HOW divided, of the algebraic analysis may be divided into

two classes : those which are known or given,

and those which are unknown or sought. The

known are uniformly represented by the first

letters of the alphabet, a, b, c, d, &c. ;
and the

unknown by the final letters, x, y, z, v, w, &c.

May be in- \
292. Quantity is susceptible of being in-

creased or crease(j or diminished ;
and there are six oper-

diminisbed.

Five opera-
ations which can be performed upon a quantity

tions
'

that will give results differing from the quantity

it&<;lf, viz. :

RnjU
1st. To add it to itself or to some other quan-

tity;

second. 2d. To subtract some other quantity from it;
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3d. To multiply it by a number
;

ThinL

4th. To divide it;
Fourth.

5th. To raise it to any power ;
and Fifth-

6th. To extract a root of it. sixth.

The cases in which the multiplier or divisor

is 1, are of course excepted ;
as also the case Exception.

where a root is to be extracted of 1.

293. The six signs which denote these oper- sign.

ations are too well known to be repeated here.

These, with the signs of equality and inequality,
Elements

of the

the letters of the alphabet and the figures which Algebraic

are employed, make up the elements of the alge-

braic language. The words and phrases of the its words

and phraaoa

algebraic, like those of every other language, are

to be taken in connection with each other, and

are not to be interpreted as separate and isolated H * inter-

preted,

symbols.

294. The symbols of quantity are designed symboiaof

to represent quantity in general, whether abstract

or concrete, whether known or unknown ; and

the signs which indicate the operations to be General,

performed on the quantities are to be interpreted

in a sense equally general. When the sign plus

is written, it indicates that the quantity before Examples,

which it is placed is to be added to some other signs plus

. . . . ,. . . and minus.

quantity ;
and the sign minus implies the exist-
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ence of a minuend, from which the subtrahend

is to be taken. One thing should be observed in

agna have
regard to the signs which indicate the operations

no effect on

ihe nature of that are to be performed on quantities, viz. they
a quantity.

do not at all affect or change the nature of the

quantity before or after which they are written

but merely indicate what is to be done with the.

Examples: quantity. In Algebra, for example, the minus
Algcbra<

sign merely indicates that the quantity before

which it is written is to be subtracted from

Analytical some other quantity ; and in Analytical Geom-
Geometry.

etry, that the line before which it falls is esti-

mated in a contrary direction from that in which

it would have been reckoned, had it had the sign

plus ; but in neither case is the nature of the

quantity itself different from what it would have

been had it had the sign plus.

interpret*- The interpretation of the language of Algebra

Cg^agef is the first thing to which the attention of a pupil

should be directed ; and he should be drilled on

the meaning and import of the symbols, until

their significations and uses are as familiar as

.u necessity, the sounds and combinations of the letters of the

alphabet.

Elements 295. Beginning with the elements of the

language, let any number or quantity be desig-

nated by the letter a, and let it be required to
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add this letter to itself, and find the resJt or sum.

The addition will be expressed by

a + a = the sum.

But how is the sum to be expressed ? By simply signification

regarding a as one a, or la, and then observing

that one a and one a make two a's or 2 a : hence,

a -\-a = 2a;

and thus we place a figure before a letter to in-

dicate how many times it is taken. Such figure

is called a Coefficient.
coefficient.

296. The product of several numbers is in- Product-,

dicated by the sign of multiplication, or by sim-

ply writing the letters which represent the num-

bers by the side of each other. Thus,

a x b x c x d xf, or dbcdf, ho

ted

indicates the continued product of a, b, c, d, and

/, arid each letter is called a factor of the prod-

uct : hence, a factor of a product is one of the

multipliers which produce it. Any figure, as 5,

written before a product, as

5 abcdf,

is the coefficient of the product, and shows that coefficient oi

the product is taken 5 times.



270 MATHEMATICAL SCIENCE. [BOOK II.

Equal fac- 297. If in the product alcdf, the numbers
tors:

what the
rePresented by a, b, c, d, and/ were equal to each

product other, they would each be represented by a single
becomes. J

letter a, and the product would then become

HOW that is, we indicate the product of several equal

factors by simply writing the letter once and

placing a figure above and a little at the right

of it, to indicate how many times it is taken as

Exponent: a factor. The figure so written is called an ex-

where writ- ponent. Hence, an exponent denotes how many

equal factors are employed. The result of the

multiplications, is called the 5th Power of .

Division: 298. The division of one quantity by an-

how other is indicated by simply writing the divisoi

below the dividend, after the manner of a frac-

tion
; by placing it on the right of the dividend

with a horizontal line and two dots between them;

or by placing it on the right with a vertical line

between them : thus either form of expression,

, I -f- a, or b
\ a,

forms. d

indicates the division of b by a.

Boots: 299. The extraction of a root is indicated

how indi- by the sign */ This sign, when used by itself
cated.

indicates the lowest root, viz. the square root.
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If any other root is to be extracted, as the third,

fourth, fifth, &c., the figure marking the degree index;

of the root is written above and at the left of where writ-

ten,

the sign ; as,

V cube root, $~ fourth root, &c.

The figure so written, is called the Index of the

root.

We have thus given the very simple and gen- Language

eral language by which we indicate every one

of the six operations that may be performed on

an algebraic quantity, and every process in Al-

gebra involves one or other of these operations.

MINUS SIGN.

300. The algebraic symbols are divided into Algebraic

language :

two classes entirely distinct from each other,

viz. the letters that are used to designate the how divided

quantities which are the subjects of the science,

and the signs which are employed to indicate

certain operations to be performed on those

quantities. We have seen that all the algebraic Algebraic

processes:

processes are comprised under addition, subtrac-
their iiuin-

tion, multiplication, division, and the extraction ***.

of roots ; and it is plain, that the nature of a DO not

. TIL 11 c change the

quantity is not at all changed by prefixing to it nalure of tho

the sign which indicates either of these opera-
iuantltie8-
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tions. The quantity denoted by the letter a, for

example, is the same, in every respect, whatever

sign may be prefixed to it ; that is, whether it

be added to another quantity, subtracted from

it, whether multiplied or divided by any number,

or whether we extract the square or cube or any

Algebraic other root of it. The algebraic signs, therefore,
signs:

how regard- must be regarded merely as indicating opera-

tions to be performed on quantity, and not as

affecting the nature of the quantities to which

they may be prefixed. We say, indeed, that

PIUS and quantities are plus and minus, but this is an ab-

Mmus. breviated language to express that they are to

be added or subtracted.

Principles of 301. In Algebra, as in Arithmetic and Ge-

ometry, all the principles of the science are de-

From what duced from the definitions and axioms ; and the

oeduced.
ru]es for performing the operations are but di-

rections framed in conformity to such principles.

^^ Having, for example, fixed by definition, the powei

of the minus sign, viz. that any quantity before

which it is written, shall be regarded as to be

what we subtracted from another quantity, we wish to

discover the process of performing that subtrac-

tion, so as to deduce therefrom a general prin-

ciple, from which we can frame a rule applicable

to all similar cases.
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S T7 B T R A C T I O N .

302. Let it be required, for example, to subtraction,

subtract from b the difference be- ,

Process.

tween a and c. Now, having writ-

ten the letters, with their proper

signs, the language of Algebra expresses that it

is the difference only between a and c, which is

to be taken from b ;
and if this difference were Difference,

known, we could make the subtraction at once

But the nature and generality of the algebraic

symbols, enable us to indicate operations, merely, operations

indicated.

and we cannot in general make reductions until

we come to the final result. In what general

way, therefore, can we indicate the true differ-

ence ?

If we indicate the subtraction of

a from b, we have b a; but then

b-a

ba -\-c

Fuuu

formula.

we have taken away too much from

b by the number of units in c, for it was not a,

but the difference between a and c that was to

be subtracted from b. Having taken away too

much, the remainder is too small by c: hence,

if c be added, the true remainder will be express-

ed by b a + c.

Xow, by analyzing this result, we see that the
the result.

sign of every term of the subtrahend has been

changed ; and what has been shown with re-

18
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tion.

Generalize spect to these quantities is equally true of all

others standing in the same relation : hence, we

have the following general rule for the subtrac-

tion of algebraic quantities :

Change the sign of every term of the subtra-

hend, or conceive it to be changed, and then unite

the quantities as in addition.

Role.

Multiplica-

tion.

MULTIPLICATION .

303. Let us now consider the case of mul-

tiplication, and let it be required to multiply

a b by c. The algebraic language expresses

signification that the difference between a and b
of the

language, is to be taken as many times as

there are units in c. If we knew

this difference, we could at once

perform the multiplication. But by what gen-

acbc

eral process is it to be performed without finding

that difference ? If we take a, c times, the prod-

uct will be ac ; but as it was only the difference

between a and b, that was to be multiplied by c,

its nature, this product ac will be too great by 6 taken c

times ; that is, the true product will be expressed

by ac bc: hence, we see, that,

Principle for If a quantity having a plus sign be multi-

plied by another quantity having also a plus

sign, the sign of the product will be plus ; and
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if a quantity having a minus sign be multi-

plied by a quantity having a plus sign, the sign

of the product will be minus.

304. Let us now take the most general General case

case, viz. that in which it is required to multi-

ply a b by c d.

Let us again observe that the algebraic lan-

guage denotes that a b is

to be taken as many times

as there are units in cd; ac be

and if these two differences
ad+ bd

, . ac be ad + bd
were known, their product

would at once form the product required.

First : let us take a b as many times as there Fit step,

are units in c
;

this product, from what has al-

ready been shown, is equal to ac be. But

since the multiplier is not c, but c d, it follows

mat this product is too large by a b taken d

times ; that is, by ad bd : hence, the first prod-
second step

uct diminished by this last, will give the true

product. But, by the rule for subtraction, this

difference is found by changing the signs of the HowtaKen-

subtrahend, and then uniting all the terms as in

addition : hence, the true product is expressed

by ac be ad + bd.

By analyzing this result, and employing an Analysis of

abbreviated language, we have the following gen-
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eral principle to which the signs conform in mul-

tiplication, viz. :

General Plus multiplied by plus gives plus in the prod-

uct ; plus multiplied by minus gives minus ; mi-

nus multiplied by plus gives minus ; and minus

multiplied by minus gives plus in the product.

I'rinciple.

Remark.

Minus sign:

valion.

305. The remark is often made by pupils

that the above reasoning appears very satisfac-

tory so long as the quantities are presented un-

der the above form ; but why will b multiplied

Particular
by d give plus bd ? How can the product of

case.

two negative quantities standing alone be plus ?

In the first place, the minus sign being pre-

fixed to b and d, shows that in an algebraic sense

they do not stand by themselves, but are con-

nected with other quantities ; and if they are

not so connected, the minus sign makes no dif-

ference ; for, it in no case affects the quantity,

but merely points out a connection with other

quantities. Besides, the product determined

above, being independent of any particular value

attributed to the letters a, b, c, and d, must be

Form of the of such a form as to be true for all values
;
and

hence for the case in which a and c are both

equal to zero. Making this supposition, the

product reduces to the form of -f bd. The rules

for the signs in division are readily deduced from

L blTtnie
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the definition of division, and the principles al- signs in

.... .livision.

ready laid down.

ZERO AND INFINITY.

306. The terms zero and infinity have given

rise to much discussion, and been regarded as

presenting difficulties not easily removed. It may
not be easy to frame a form of language that shall

convey to a mind, but little versed in mathe-

matical science, the precise ideas which these

terms are designed to express ; but we are un-

willing to suppose that the ideas themselves arc

beyond the grasp of an ordinary intellect. The

terms are used to designate the two limit* of

Space and Number.

Zero and

Infinity.

Ideas not

abstruse.

307. Assuming any two points in space, and

joining them by a straight line, the distance be-

tween the points will be truly indicated by the

length of this line, and this length may be ex-

pressed numerically by the number of times

which the line contains a known unit. If now,

the points are made to approach each other, the
showing iho

length of the line will diminish as the points meaning of

come nearer and nearer together, until at length,

when the two points become one, the length of

the line will disappear, having attained its limit,
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which is called zero. If, on the contrary, the

points recede from each other, the length of the

illustration, Jine joining them will continually increase ; but
showing the

meaning of so long as the length of the line can be expressed
the term . ,. . c
infinity.

m terms of a known unit of measure, it is not

infinite. But, if we suppose the points removed,

so that any known unit of measure would occupy

no appreciable portion of the line, then the length

of the line is said to be Infinite.

308. Assuming one as the unit of number,

and admitting the self-evident truth that it may
be increased or diminished, we shall have no

Ew, d a* difficulty in understanding the import of the

Bnity applied terms zero an(j infinity, as applied to number.
to numbers.

For, if we suppose the unit one to be continually

diminished, by division or otherwise, the frac-

niustnuion. tional units thus arising will be less and less,

and in proportion as we continue the divisions,

they will continue to diminish. Now, the limit

or boundary to which these very small fractions

/era: approach, is called Zero, or nothing. So long

as the fractional number forms an appreciable

part of one, it is not zero, but a finite fraction ;

and the term zero is only applicable to that

which forms no appreciable part of the standard.

If, on the other hand, we suppose a numbei

to be continually increased, the relation of this
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number to the unit will be constantly changing.

So long as the number can be expressed in

terms of the unit one, it is finite, and not infi- infinity;

nite ; but when the unit one forms no appre-

ciable part of the number, the term infinite is

used to express that state of value, or rather,

that limit of value.

309. The terms zero and infinity are there- The terms,

fore employed to designate the limits to which
employed,

decreasing and increasing quantities may be

made to approach nearer than any assignable

quantity ; but these limits cannot be compared, Are umiu.

in respect to magnitude, with any known stand-

ard, so as to give a finite ratio.

310. It may, perhaps, appear somewhat par- ^vnylimito1

adoxical, that zero and infinity should be defined

as " the limits of number and space" when they

are in themselves not measurable. But a limit

is that " which sets bounds to, or circumscribes ;" Deflation of

and as all finite space and finite number (and

such only are implied by the terms Space and or space and

Number), are contained between zero and in-

finity, we employ these terms to designate the

limits of Number and Space.
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OF THE EQUATION.

Deductive g 311. We have seen that all deductive rea-
reosonuig. ... . .,

soning involves certain processes 01 comparison,

and that the syllogism is the formula to which

those processes may be reduced.* It has also

comparison been stated that if two quantities be compared
of quantities.

together, there will necessarily result the condi-

oondition. tion of equality or inequality. The equation is

an analytical formula for expressing equality.

subject of
g 312. The subject of equations is divided

equations :

how divided, into two parts. The first, consists in finding

First part: the equation ;
that is, in the process of express-

ing the relations existing between the quantities

considered, by means of the algebraic symbols

statement, and formula. This is called the Statement of

second part: the proposition. The second is purely deduc-

tive, and consists, in Algebra, in what is called

solution, the solution of the equation, or finding the value

of the unknown quantity ;
and in the other

branches of analysis, it consists in the discus-

uiscussion of sion of the equation ; that is, in the drawing out

nn equation. /. .1 . ,1 i i .

from the equation every thing which it is ca-

pable of expressing.

Section 100.



CHAP. IV.] ALGEBRA. 281

313. Maxing the statement, or finding the statement:

equation, is merely analyzing the problem, and what it is.

expressing its elements and their relations in

the language of analysis. It is, in truth, col-

lating the facts, noting their bearing and con-

nection, and inferring some general law or prin-

ciple which leads to the formation of an equation.

The condition of equality between two quan- Equality or

tities is expressed by the sign of equality, which
w
^'

is placed between them. The quantity on the HOW ex-

pressed*
left of the sign of equality is called the first mem-

lgt member

ber, and that on the right, the second member $1 member

of the equation. The first member corresponds

to the subject of a proposition ; the sign of equal- subject,

ity is copula and part of the predicate, signify-
Predicate,

ing, is EQUAL TO. Hence, an equation is merely

a proposition expressed algebraically, in which Proposition,

equality is predicated of one quantity as com-

pared with another. It is the great formula of
*

analysis.

314. We have seen that every quantity is Abstract,

either abstract or concrete :* hence, an equa- concrete,

tion, which is a general formula for expressing

equality, must be either abstract or concrete.

An abstract equation expresses merely the

* Section 78.
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relation of equality between two abstract quan

tities : thus,

a + b = x,
Abstract

equation.

is an abstract equation, if no unit of value be

assigned to either member ; for, until that be

done the abstract unit one is understood, and the

formula merely expresses that the sum of a and b

is equal to x, and is true, equally, of all quantities,

concrete But if we assign a concrete unit of value, that

is, say that a and b shall each denote so many

pounds weight, or so many feet or yards of

length, x will be of the same denomination, and

the equation will become concrete or denominate.

nv opera- 315. We have seen that there are six oper-
tions maybe .

performed, ations which may be performed on an algebraic

quantity.* We assume, as an axiom, that if

the same operation, under either of these pro-

cesses, be performed on both members of an

equation, the equality of the members will not be

changed. Hence, we have the five following

/txioms.

First.

AXIOMS.

1. If equal quantities be added to both mem-

bers of an equation, the equality of the members

will not be destroyed.

* Section 292.
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2. If equal quantities be subtracted from both

members of an equation, the equality will not be

destroyed.

3. If both members of an equation be multi-

plied by the same number, the equality will not

be destroyed.

4. If both members of an equation be divided Fourth,

by the same number, the equality will not be

destroyed.

5. If both members of an equation be raised to

the same power, the equality of the members will

not be changed.

6. If the same root of both members of an

equation be extracted, the equality of the mem-

bers will not be destroyed.

KYITV operation performed on an equation

will fall under one or other of these axioms, and

they afford the means of solving all equations

which admit of solution.

Fifth.

Sixth.

Use of

axioms.

316. The term Equal, in Algebra, implies that Equal.

each of the two quantities of which it is predi- ^JJ^f
cated, contains the same unit an equal number of

times. So in Geometry, two figures are equal when Itp meamng

they contain the same unit of measure an equal

number of times. If in addition to this equality

of measure, they are capable of superposition, they

are then said to be equal in all their parts.
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317. We have thus pointed out some of the

marked characteristics of analysis. In Algebra,

classes of the elementary branch, the quantities, about
quantities in . . .

Algebra, which the science is conversant, are divided,

as has been already remarked, into known and

unknown, and the connections between them,

expressed by the equation, afford the means of

tracing out further relations, and of finding the

values of the unknown quantities in terms of th

known.

In the other branches of analysis, the quanti-

HOW divided ties considered are divided into two general
in the other

branches of classes, Constant and Variable ; the former pre-
Analysis. .

serving fixed values throughout the same pro-

cess of investigation, while the latter undergo

changes of value according to fixed laws
; and

from such changes we deduce, by means of the

equation, common principles, and general prop-

erties applicable to all quantities.

Correspond- 318. The correspondence between he pro-
ence in

methods of cesses of reasoning, as exhibited in the subject of

general logic, and those which are employed in

for- mathematical science, is readily accounted for.

when we reflect, that the reasoning process is

essentially the same in all cases ; and that any

change in the language employed, or in the sub-

ject to which the reasoning is applied, does noi
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at all change the nature of the process, or mate-

rially vary its form.

319. We shall not pursue the subject of

algebra any further; for, it would be foreign

to the purposes of the present work to attempt objects oi

more than to point out the general features and work

characteristics of the different branches of math-

ematical science, to present the subjects about

which the science is conversant, to explain the

peculiarities of the language, the nature of the

reasoning processes employed, and of the con-

necting links of that golden chain which binds extended,

together all the parts, forming an harmonious

whole.

SUGGESTIONS FOR THOSE WHO TEACH ALGEBRA.

1. Be careful to explain that the letters em- Letters an

ployed, are the mere symbols of quantity. That
gy in̂ 7

of, and in themselves, they have no meaning or

signification whatever, but are used merely as

the signs or representatives of such quantities

as they may be employed to denote.

2. Be careful to explain that the signs which signs indt

. cate opera
are used are employed merely tor the purpose

of indicating the six operations which may be

performed on quantity ; and that they indicate



280 MATHEMATICAL SCIENCE. [BOOK II

operations merely, without at all affecting the

nature of the quantities before which they are

placed.

Letters and 3. Explain that the letters and signs are the

eieme^tl of
elements f tne algebraic language, and that the

language,
language itself arises from the combination of

these elements.

Algebraic 4. Explain that the finding of an algebraic

formula is but the translation of certain ideas,

first expressed in our common language, into

the language of Algebra ; and that the interpre-

its interpret- tation of an algebraic formula is merely transt
ation.

latmg its various significations into common

language.

Language. 5. Let the language of Algebra be carefully

studied, so that its construction and significa-

tions may be clearly apprehended.

coefficient,
6. Let the difference between a coefficient

Exponent and an exponent be carefully noted, and the

office of each often explained ;
and illustrate fre

quently the signification of the language by at-

tributing numerical values to letters in various

algebraic expressions,

similar 7. Point out often the characteristics of sim-
quantitics.

ilar and dissimilar quantities, and explain which

may be incorporated and which cannot.

Minus sign. s. Explain the power of the minus sign, as

shown in the four ground rules, but very par-
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ticularly as it is illustrated in subtraction, multi-

plication, and division.

9. Point out and illustrate the correspondence

between the four ground rules of Arithmetic Arithmetic

and Algebra

and Algebra; and impress the fact, that their compared.

differences, wherever they appear, arise merely

from differences in notation and language : the

principles which govern the operations being

the same in both.

10. Explain with great minuteness and par- Equation.

ticularity all the characteristic properties of the n prop**

tie*.

equation ; the manner of forming it ; the differ-

ent kinds of quantity which enter into its com-

position ; its examination or discussion ;
and

the different methods of elimination.

11. In the equation of the second degree, be Equation u.

careful to dwell on the four forms which em-

brace all the cases, and illustrate by many exr

amples that every equation of the second de-

gree may be reduced to one or other of them, its fora*.

Explain very particularly the meaning of the

term root ; and then show, why every equation
Ito "**

of the first degree has one, and every equation

of the second degree, two. Dwell on the prop

erties of these roots in the equation of the sec-

ond degree. Show why their sum, in all the

forms, is equal to the coefficient of the second

term, taken with a contrary sign ; and why their
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Their prod- product is equal to the absolute term with a

uct"

contrary sign. Explain when and why the roots

are imaginary.

General 12. Jn fine, remember that every operation
Principles :

and rule is based on a principle of science, and

that an intelligible reason may be given for it.

Find that reason, and impress it on the mind

should be of your pupil in plain and simple language, and

by familiar and appropriate illustrations. You

will thus impress right habits of investigation

and study, and he will grow in knowledge. The

broad field of analytical investigation will be

opened to his intellectual vision, and he will

have made the first steps in that sublime science

They lead to which discovers the laws of nature in their most
general laws.

secret hiding-places, and follows them, as they

reach out, in omnipotent power, to control the

motions of matter through the entire regions of

occupied space.
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CHAPTER V.

DIFFERENTIAL CALCULUS.

320. THE entire science of mathematics is science of

Mathem*-
conversant about the properties, relations, and tics,

measurement of quantity. Quantity has already

been defined. It embraces everything which can

be increased, diminished, and measured.

In the elementary branches of mathematics, Discontinu-

ous? quan-

quantity is regarded as made up of parts. If the tity.

parts are equal, each is called a unit, and the

measure of a quantity is the number of times

which it contains its unit Such quantities are

called discontinuous; because, in passing from

one state of value to another, we go by the steps

of the unit, and hence, pass over all values lying

between adjacent units.

Thus, if we increase a line from one foot to Example in

discontinn-

forty feet, by the continued addition of one foot, oos quan-

tity.

we touch the line, in our computation, only at its

two extremities, and at thirty-nine intermediate

points, of which any two adjacent points are one

foot apart. In the scale of ascending numbers,

1, 2, 3, 4, 5, 6, etc., we pass over all quantities less

19
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than that which is denoted by the unit, one.

Discontinuous quantities are generally expressed

by numbers, or by letters, which stand for

numbers.

Continuous 321. In the higher branches of mathematics,

the laws which regulate and determine the

changes of quantity, from one state of value to

another, are quite diiferent. Suppose, for ex-

ample, that instead of considering a right line to

d
be made up of forty feet, or of480 inches, or of 960

half inches, or of 1920 quarter inches, or of any

number of equal parts of the inch, we regard it

as a quantity having its origin at 0, and increas-

ing according to such a law, as to pass through

or assume, in succession, all values between and
Discontinu-

ous, forty feet. This supposition gives us the same

distance as before, but a very different law of for-

mation. A quantity so formed or generated, is

called a continuous quantity. Hence,

A DISCONTINUOUS QUANTITY is one which is

made up of parts, and in which the changes, in

passing from one state of value to another, can be

expressed in numbers, either exactly, or approxi-

mately; and

A CONTINUOUS QUANTITY is one which in

changing from one state of value to another,

according to a fixed law, passes through or
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assumes, in succession, all the intermediate

values.

Thus, the time which elapses between 12 and space con-

tinuon*.

1 o'clock, or between any two given periods, is

continuous. All space is continuous, and every

quantity may be regarded as continuous, which

can be subjected to the required law of change.

LIMITS.

322. The LIMIT of a variable quantity is a Limiu.

quantity towards which it may be made to ap-

proach nearer than any given quantity, and

which it reaches, under a particular supposition.

LIMITS OF DISCONTINUOUS QUANTITY.

323. The limits of a discontinuous quantity General

are merely numerical boundaries, beyond which

the quantity cannot pass.

For positive quantities, the minimum limit is Limit*

0, and the maximum limit, infinity. For nega-

tive quantities, they are 0, and minus infinity;

and generally, using the algebraic language, the

limits of all quantities are,

Minimum limit, infinity; maximum limit,

4- infinity.

We can illustrate these limits, and also what Kxampias
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we mean by the terms, and infinity, plus or

minus, by reference to the trigonometrical func-

tions. Thus, when the arc is 0, the sine is 0.

When the arc increases to 90, the sine attains

its maximum value, the radius, R. Passing into

ninstra- the second quadrant, the sine diminishes as the
tion?.

arc increases, and when the arc reaches 180 , the

sine becomes 0. From that point, to 270, the

sine increases numerically, but decreases algebraic-

ally, and at 270, its minimum value is R.

From 270 to 360, the sine decreases numeric-

Limits, ally, but increases algebraically. Hence, the nu-

merical limits of the sine, are and R
;
and its

algebraic limits, R and + R.

Let us now consider the tangent. For the arc

Tangent. 0, the tangent is 0. If the arc be increased from

towards 90, the length of the tangent will

increase and as the arc approaches 90, the pro-

longed radius or secant becomes more nearly par-

allel with the tangent; and finally, at 90 it

becomes absolutely parallel to it, and the length

of the tangent becomes greater than any assign-

able line. Then we say, that the tangent of 90

is infinite ; and we designate that quantity by oo .

After 90, the tangent becomes minus, and con-

tinues so to the end of the second quadrant,

where it becomes 0; and at 270 it becomes

equal to, + o . The secant of 90 is also equal to
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-f oo
;
and of 270, to QO . These illustrations when it

indicate the significations of the terms, zero and

infinity. They denote the limits towards which reaches it*

variable quantities may be made to approach

nearer than any given quantity, and which limits Limit*

are reached under particular suppositions.

324. The term, given, or assignable quantity, Quantity,

denotes any quantity of a limited and fixed value.

The term, infinitely great, or infinity, denotes infinite,

a quantity greater than any assignable quantity

of the same kind.

The term, infinitely small, or infinitesimal, de- infinites!-

mal.

notes a quantity less than any assignable quan-

tity of the same kind.

CONTINUOUS QUANTITIES.

325. A continuous quantity has already been continuous

defined (Art. 325). By its definition it has two

attributes :

1st. That it shall change its value according to Quantity.

a fixed law
;
and

2d. That in changing its value, between any Attribute*

two limits, it shall pass through all the interme-

diate values.

326. CONSECUTIVE VALUES. Two values of consecutive.



294 MATHEMATICAL SCIENCE. [BOOK IL

a continuous quantity are consecutive when, if

the greater be diminished, or the less increased,

according to the law of change, the two values

will become equal.

Let A be the origin of a system of rectangu-

lar co-ordinate axes, and G a given point on the

axis of X.

If we suppose a point to move from A,

in the plane of the axes, and with the further

condition, that it shall continue at the same

distance from the point C, it will generate the

circumference of a circle, APBDEA, beginning

and terminating at the point A. The moving

point is called the generatrix.

Quantities

The circumference of this circle may also be

generated in another way, thus :

circle. Denote the straight line AD by 2#, and sup-
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pose a point to move uniformly from A to D.

Denote the distance from A to any point of

the line AD, byz: then, the other segment Tangent

will be denoted by 2R x. Now, at every point

of AD, suppose a perpendicular to be drawn
line and

to AD. Denote each perpendicular by y, and

suppose y always to have such a value as to

satisfy the equation Equation.

Under these hypotheses, it is plain that the ex- supposition

tremities of the ordinate y will be found in the

circumference of the circle, which will be a

continuous quantity. The ordinate y will be

contained, in the first quadrant, between the on the

numerical limits of y = and y + R; in the

second, between the numerical limits of y =
+ R, and y = ;

in the third, between y =
and y = R; and in the fourth, between y = Eqoation.

R and y = 0.

The circumference ABDEA, may be regarded

under two points of view:

First. As a discontinuous quantity, expressed When con-

thmona.

in numbers : viz. by AD X 3.1416
;
or it may be

expressed in degrees, minutes, or seconds, viz.

360, or 21600', or 1296000". In "the first case, l8t caM.

the step, or change, in passing from one value 'to

the next, will be the unit of the diameter AD.
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8d case. In the second, it will be one degree, one minute,

or one second. In neither case, will the parts of

the circumference less than the unit be reached

by the computation. Or,

secondly. Secondly: We may regard the circumference

as a continuous quantity, beginning and termi-

nating at A. Under this supposition, the gene-

when dis- ratrix will occupy, in succession, every point of
continuous. ,/. j -11 *.

the circumference, and will, in every position,

satisfy the equation

- x\

Hence, if we measure a quantity by a finite

idftnitesi- un{^ fnat quantity is discontinuous; but if we

measure it by an infinitesimal unit, the quantity

becomes continuous.

TANGENT LINE AND LIMIT.

327. Take any point of the circumference of

Tangent' this circle, as P, whose co-ordinates are x' and y',

and a second point H, whose co-ordinates are x"

Secant line, and y", and through these points draw the secant

line, HPO.

Then, HJ = y" y', and PJ = x" x' ; and

ffJ _ y"-y' = tang. of the angle HPJ, or
fj X X

HOC.
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becomes a

Let us now suppose a tangent line TP to be when it

drawn to the circle, touching it at P. If we

suppose the point H to approach the point P, it

is plain that the value of y" will approach to

the value of y', and the value of x" to that of x' ;

and when the point H becomes consecutive with

the point P, y" and y' will become consecutive,

and so also will x" and x'. When the point H
becomes consecutive with the point P, t"he secant

line, HG, becomes the tangent line PT. For, tangent,

since the arc is a continuous quantity, no point

of it can lie between two of its consecutive

values ;
and hence, at P, no point of the curve

can lie above the line TP
; therefore, by the de-

finitions of Geometry, TP is a tangent line to

the circle at the point P.

B

But the definition of a tangent line to a circle, Tangent of
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Elementary in elementary Geometry, viz. that it touches the
Geometry.

circumference in one point, is incomplete. It

is provisional only. For, as we now see, the

tangent line touches the circle in two consecu-

Positionof Hve points, which, in discontinuous quantity,

are regarded as one, because the distance between

them, expressed numerically, is zero.

If we prolong JH till it meets the tangent line

at 0, we see that,

secant, -yj^y = tangent of OPJ= tangent of OTC;
X ~~ X

and that,

JH
7
= tangent of HPJ= tangent of EGG.

x" - x'

When the point H approaches the point P
wiienthe nearer than any given distance, the angle HOC

will approach the angle PTC nearer than any

given angle, and when H becomes consecutive

secant vfith P, the angle HGC will become equal to

the angle PTC, which is therefore its limit.

Under this hypothesis, the point H falls on the

tangent line, and JH becomes equal to JO.

Under the same hypothesis, y" and y' become

consecutive, and also x" and x
1

'; hence, y" y'

becomes less than any given quantity; and so,

a tangent
a^so ^oes x" ~ x '' "^n ^s difference between con-

secutive values is expressed by simply writing

the letter d before the variable. Thus, the dit-
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ference of the consecutive values of y is de-

denoted by dy ;
and is read differential of y ;

and the difference between the consecutive

values of x is denoted by dx, and is read differ-

ential of x. Hence, we have

-j-
= tangent PTC', viz.

the tangent of the angle which the tangent at

the point P makes the ax is of X.

By the definition of a limit, dy becomes the

limit of y" y', and dx the limit of x" x', under

Value

of the

Angle.

Limit

,he supposition that y" and y', and x" and x' be-
reached.

tome, respectively, consecutive. The term limit,

Iherefore, used to designate the ultimate differ-

ence between two values of a variable, denotes

the actual difference between its two consecu-
Inflnitely

live values; Miis difference is infinitely small, email.
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and consecutive with zero. For, if after y" has

become consecutive with y', it be again dimin-

ished, according to the law of change expressed

by the equation

Equation. y* = 2Ex X1

,

When the it will, from the definition of consecutive values,

become equal to y', and then x" will become equal

x\ and we shall have

tangent y
" -

y' Q and x" - x' = 0.

Under this hypothesis the line PT has, at Pt

become^ a but a single point, common with the circumfer-

ence of the circle
;

it then ceases to be a tangent,

and becomes any secant line passing through

Secant, ^is point and intersecting the circumference in

a second point.

Generally
328. What we have here shown in regard to

trnc'

the circumference of the circle, and its tangent,

is equally true of any other curve and its tan-

gent, as may be shown by a very slight modifica-

tion of the process.

A straight The fact, that a straight line tangent to a

curve> has ^wo consecutive points common with

it, appears in all the elementary problems of

tangents. The conditions are, an equality be-

tween the co-ordinates of the point of contact
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and the first differential co-efficients, at the same

point, of the straight line and curve. These con-

ditions fix the consecutive points common to the

straight line and curve.

Analysis, therefore, by its searching and mi- Anaiysu-

croscopic powers by looking into the changes

which take place in quantity, as it passes from

one state of value to another, develops proper- u power,

ties and laws which lie beyond the reach of the

numerical language. Thus, the distance between

two consecutive points, on the circumference of

a circle, cannot be expressed by numbers
; for,

however small the number might be, chosen to Example

express such a distance, it could be diminished,

and hence, there would be intermediate points.

The introduction, therefore, of continuous quan- continuous

quantity :

tity, into the science of mathematics, brought

with it new ideas and the necessity of a new

language. Quantity, made up of parts, and ex-

pressed by numbers, is a very different thing

from the continuous quantity treated of in the

Differential and Integral Calculus. Here, the law what fol-

lowed ita

of continuity, in the change from one state of introduc-

tion,

value to another, is the governing principle, and

carries with it many consequences.

Time and space are the continuous quantities
Time and

with which we are most conversant. If we take

a moment in time, and look back to the past, or
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of the

forward to the future, there is no interruption.

The law of continuity is unbroken, and the in-

finite opens to our contemplation. If we take a

point in space, and through it conceive a straight

line to be drawn, the law of continuity is also

there, and the imagination runs along it, to the

infinite, in either direction. The attraction of

gravitation is a continuous force
;
and all the

motions to which it gives rise, follow the law of

law of continuity. All growth and development, in the

vegetable and animal kingdoms, so far as we

know, conform to this law. This, therefore, is

continuity,
the great and important law of quantity, and the

Higher Calculus is conversant mainly about its

development and consequences.

CONSEQUENCES OF THE LAW OF CONTINUITY.

1. The most striking consequence of the law

of continuity, is the fact, that whatever be the

quantity subjected to this law, or whatever be

the law of change, the difference between any two

of the consecutive values is an infinitesimal.

and hence cannot be expressed by numbers.

2. Since a continuous quantity may be of any

value, and be subjected to any law of change, the

infinitesimal which expresses the difference be-

tween any two of its consecutive values, is a

First,

Second,
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able quantity; and hence, may have any value

between zero and its maximum limit.

3. The law of continuity in quantity, there-

fore, introduces into the science of mathematics

a class of variables called infinitesimals, or differ- Third

entials. Every variable quantity has, at every

state of its value, an infinitesimal correspond-

ing to it. This infinitesimal is the connecting

link, in the law of continuity, and will vary

with the value of the quantity and the law of

change.

4. In the Infinitesimal Calculus, the proper-

ties, relations, and measurement of quantities

are developed by considering the laws of change Fourth,

to which they are subjected. The elements of

the language employed, are symbols of those in-

finitesimals.

NEWTON'S METHOD OF TREATING CON-

TINUOUS QUANTITY.*

LEMMA I.

329. Quantities, and the ratios of quantities,

ic/tick in any finite time converge continually to

equality, and before the end of that time approach

nearer, the one to the other, than by any given

difference, become ultimately equal.

*
Principia, Book I., Section I.

of
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If you deny it, suppose them to be ultimately

unequal, and let D be their ultimate difference.

Therefore, they cannot approach nearer to equal-

ity than by that given difference D\ which is

against the supposition.

statement

of the

LEMMA II.

330. If in any figure, AacE, terminated by

rW^ h'nes -^a
> ^^> an^ ^e (^urve &cE, there be

inscribed any number ofparallelograms Ab, Be, Cd,

etc., comprehended under the equal bases, AB, BC,

CD, etc., and the sides Bb, Cc, Dd, etc., parallel

to one side Aa of the fig- ^ ;

ure ; and the parallelo-

grams aKbl, bLcm, cMdn,

dDEo are completed; then,

if the breadth of thesepar-

allelograms be supposed to

be diminished, and their

number to be augmented

in finitum
;
/ say, that the ultimate ratios

Proposition, which the inscribed figure AKbLcMdD, the cir-

cumscribed figure AalbmcndoE and the curvili-

near figure AabcdE will have to one another, are

ratios of equality.

For, the difference of the inscribed and cir-
Demonstra-

tion cumscribed figures is the sum of the parallelo-

general

"\



CHAP. V.] DIFFERENTIAL CALCULUS. 305

general

grams, Kl, Lm, Mn, Do, that is, (from the equal- of the

ity of their bases), the rectangle under one of

their bases Kb and the sum of their altitudes

Aa; that is, the rectangle ABla. But this rect-

angle, because its breadth AB is supposed dim-

inished in finitum, becomes less than any given

space. And therefore, (by Lemma I.) the figures

inscribed and circumscribed, become ultimately proposition,

equal one to the other
;
and much more will the

intermediate curvilinear figure be ultimately

equal to either.

LEMMA III.

331. The same ultimate ratios are also ra- statement.

tios of equality, lohen the breadths AB, BC, DO,

etc., of the parallelograms are unequal and are

all diminished in finitum.

For, suppose AF to be the greatest breadth,

a Land complete the paral-

lelogram FAaf. This

parallelogram will be

greater than the differ-

ence of the inscribed and

circumscribed figures ;

but because its breadth

AF is diminished in fini-

tum, it will become less than any giren rect-

angle.

20

\,
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general COB. 1. Hence, the ultimate sum of these evan-

escent parallelograms will, in all parts, coincide

Proposition, with the curvilinear figure.

COE. 2. Much more will the rectilinear figure

Ultimately comprehended under the chords of the evanes-

cent arcs, ab, be, cd, etc., ultimately coincide with

the curvilinear figure.

COK. 3. And also, the circumscribed rectilinear

figure comprehended under the tangents of the

same arcs.

COE. 4. And therefore, these ultimate figures

(as to their perimeters, acE] are not rectlinear,

but curvilinear limits of rectilinear figures.

equal.

Also,

figures.

Limit of

areas.

LEMMA IV.

statement 332. If in two figures, AacE, PprT, you in-

Proposition
scr^e (as before) two ranks of parallelograms, an

2L

Figure.

equal number in each rank, and, where their

breadths are diminished, in finitum, the ultimate

ratios of the parallelograms in one figure to those

in the other, each to each respectively, are tJia
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same ; I say, that those two figures, AacE, PprT,

are to one another in that same ratio.

For, as the parallelograms in the one figure are Demonstr*
tion.

severally to the parallelograms in the other, so

(by composition) is the sum of all in the one to

the sum of all in the other ;
and so is the one

figure to the other; because (by Lemma III.),

the former figure to the former sum, and the

latter figure to the latter sum, are both in the

ratio of equality.

COR. Hence, if two quantities of any kind are The abor

anyhow divided into an equal number of parts,

and those parts, when their number is aug-

mented, and their magnitude diminished in fini-

tum, have a given ratio one to the other, the first ProP 8itiOM

to the first, the second to the second, and so on

in order, the whole quantities will be one to the

other in that same given ratio. For if in the
true for all

figures of this lemma, the parallelograms are

taken one to the other in the ratio of the parts,

the sum of the parts will always be as the sum of

the parallelograms; and therefore, supposing the kinds of

number of the parallelograms and parts to be

augmented, and their magnitudes diminished in

Jiniturn, those sums will be in the ultimate ratio

of the parallelogram in the one figure to the cor- <iuantity-

ivsponding parallelogram in the other; that is

(by the supposition), in the ultimate ratio of
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any one part of the one quantity to the corre-

sponding part of the other.

LEMMA V.

333. In similar figures all sorts of homolo-

statement gous sides, whether curvilinear or rectilinear, are

proportional ; and their areas are in the duplicate

ratio of their homologous sides.

LEMMA VI.

334. If the arc ACB, given in position, is

statement subtended by the chord AB, and in any point A

in the middle of the ,
a. JJ Ur

continued curvature,

of is touched by a right

line AD, produced

loth ways; then, if

general fhe points A and B

approach one another '**

and meet, [become consecutive] I say, the angle

Proposition. BAD contained between the chord and the tan-

gent will be diminished in finitum, and ultimately

. will vanish.

For, if it does not vanish, the arc A CB, will

Demonstra- contain, with the tangent AD, an angle equal to

a rectilinear angle ;
and therefore, the curvature
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at the point A will not be continued, which is

against the supposition.

LEMMA VII.

335. The same thing being supposed, I say statement

that the ultimate ratio of the arc, chord, and

tangent, any one to any other, is the ratio of

equality.

For, while the point B approaches towards the

point A, consider always AB and AD as pro-

duced to the remote points b and d, and paral-

lel to the secant BD draw bd: and let the arc

Acb be always similar to the arc A CB. Then,

supposing the points ^ ,

A and B to coin-

cide, [become con-

secutive], the angle

dAb will vanish, by

the preceding lem-

ma; and therefore,

the right lines Ab, Ad (which were always

finite), and the intermediate arc Acb, will co-

incide, and become equal among themselves.

Wherefore, the right lines AB, AD, and the couciosic

intermediate arc ACB (which are always pro-

portional to the former), will vanish, and ulti-

mately acquire the ratio of equality.
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Corollary.

Ratio.

Ultimate

Ratio of

Equality.

Ultimate

Ratios.

Scholium.

Use of

Lemmas

COR. 1. Whence, if through B we draw BF
parallel to the tangent, always cutting any right

line AF puss-

ing through A
and F, this line ___

/ / \U - \BF will be, til- / * \

timately, in the ratio of equality with the eva-

nescent arc A CB
; because, completing the paral-

lelogram AFBD, it is always in the ratio of

equality with AD.

COR. 2. And if through B and A more right

lines be drawn BE, BD, AF, AG, cutting the tan-

gent AD and

its parallel BF,

the ultimate

ratio of the ab-

scissas AD, AE, BF, BG, and of the arc AB,

any one to any other, will be the ratio of

equality.

COR. 3. And therefore, in any reasoning about

ultimate ratios, we may freely use any one of

those lines for any other.******
336. Scholium. Those things which have

been demonstrated of curve lines, and the super-

ficies which they comprehend, may be easily ap-

plied to the curve superficies, and contents of

solids. These lemmas are premised to avoid the
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tediousness of deducing perplexed demonstrations to avoid the

ad absurdum, according to the method of the

ancient geometers. For demonstrations are more

contracted by the method of indivisibles : but be-

cause the indivisibles seem somewhat harsh, and U8 of

therefore, that method is reckoned less geometri-

cal, I chose rather to reduce the demonstrations

of the following propositions to the first and last
Keductio ad

sums and ratios, of nascent and evanescent quan-

tities
;
that is, to the limits of those sums and

ratios; and so, to premise, as short as I could,

the demonstration of those limits. For, hereby abBurdlim.

the same thing is performed as by the method

of indivisibles; and now those principles being

demonstrated, we may use them with more safety.

Therefore, if hereafter I should happen to con- ultimate

sider quantities as made up of particles, or should

use little curve lines for right ones, I would not

be understood to mean indivisibles, but evanes- not

cent divisible quantities; not the sums and ra-

tios of determinate parts, but always the limits of

sums and ratios; and that the force of such dem- indivisible

oust rat ions always depends on the method laid

down in the foregoing lemmas.

Perhaps it may be objected, that there is no objection*

ultimate proportion of evanescent quantities; be-

cause the proportion, before the quantities have to

vanished, is not the ultimate, and when they are
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Ultimate vanished, is none. But by the same argument it

may be alleged, that a body arriving at a cer-

tain place, and there stopping, has no ultimate

Quantities velocity; because, the velocity, before the body

comes to the place, is not its ultimate velocity ;

when it has arrived, is none. But the answer is

nswered. easj j
f r> by the ultimate velocity is meant, that

with which the body is moved, neither before it

arrives at its last place and the motion ceases,

nor after ; but, at the very instant it arrives
;

that is, that velocity with which the body arrives

at its last place, and with which the motion

Ultimate ceases. And in like manner, by the ultimate

Uo;
ratio of evanescent quantities is to be under-

stood the ratio of the quantities not before they

vanish, not afterwards, but with which they

vanish. In like manner, the first ratio of nas-

cent quantities is that with which they begin

Howitia t be. And the first or last sum, is that with

which they begin to be (or to be augmented or

diminished). There is a limit which the velocity

at the end of the motion may attain, but not

* t* exceed. This is the ultimate velocity. And there

is the like limit in all quantities and proportions

that begin and cease to be. And since such lim-

its are certain and definite, to determine the same

is a problem strictly geometrical. But whatever

is geometrical we may be allowed to use in de-
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termining and demonstrating any other thing Geometri-

cal,

that is likewise geometrical.

FRUITS OF NEWTON'S THEORY.

337. The main difficulties in the higher ma-

thematics, have arisen from inadequate or erro-

neous notions of ultimate or evanescent quanti-

ties, and of the ratios of such quantities. After

two hundred years of discussion, of experiment

and of trial, opinions yet differ widely in regard

to them, and especially in regard to the forms

of language by which they are expressed.

One cannot approach this subject, which has Difficulty

so long engaged the earnest attention of the

greatest minds known to science, without a feel-

ing of awe and distrust But tapers sometimes Orthe

light corners which the rays of the sun do not

reach
;
and as we must adopt a theory in a sys-

tem of scientific instruction, it is perhaps due

to others, that we should assign our reasons

therefor.

338. An ultimate, or evanescent quantity, ultimate

which is the basis of the Newtonian theory, is

not the quantity
"
before it vanishes, nor after-

wards ; but, with which it vanishes?
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I have sought, in what precedes and follows,

Very to define this quantity to separate it from all

other quantities to present it to the mind in

important, a crystallized form, and in a language free from

all ambiguity; and then to explain how it be-

comes the key of a sublime science.

As a first step in this process, I have defined

First step
continuous quantity (Art. 322), and this is the

only class of quantity to which the Differential

Next step. Calculus is applicable. The next step was to de-

fine consecutive values, and then, the difference

between any two of them (Art. 327). These differ-

uitimate
ences are the ultimate or evanescent quantities

of
of Newton. They are not quantities of deter-

minate magnitudes, but such as come from va-

riables that have been diminished indefinitely.

They form a class of quantities by themselves,

which have their own language and their own

infinites!-
^aws ^ change; and they are called, Infinitcsi-

mals-

mals, or Differentials.

Since the difference between any two values of

on what a variable quantity, which are near together, but

not consecutive, will depend on the relative

VALUES of the quantities and the law of change,

it is plain, that when we pas? to the limit of this

ofvaiues
difference, such limit will also depend for its

value on the variable quantity and the law of

depends, change : and hence, the infinitesimals are un-
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equal among themselves, and any two of them

may have, the one to the other, any ratio what-

ever.

These infinitesimals will always be quantities Quantities

of the same kind as those from which they were
of

derived
;

for the kind of quantity which ex-

presses a difference, is the same, whether the dif- same idnd.

fereuce be great or small

LIMITS.

339. Marked differences of opinion exist Limiu

among men of science in regard to the true Difference

notion of a, limit; and hence, definitions have of

ueen given of it, differing widely from each other.
Definitlong

AVe have adopted the views of Newton, so clearly

set forth in the lemmas and scholium which we

have quoted from the Principia. He uses, as HOW defined

stated in the latter part of the scholium, the term

limit, to designate the ultimate or evanescent

value of a variable quantity ;
and this value is

by Newtca.
reached under a particular hypothesis. Hence,

our definition (Art. 323).

Let us now refer again to the case of tan-

gency.

Let APB be any curve whatever, and TPF a caw of

tangent touching it at the point P. Draw any

chord of the curve, as PB, and through P and B tangency
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Secant:

how it

draw the ordinates PD and BH. Also draw PG
parallel to TH.

CF
again con- Then, -p~n= tang. FPC = tang, the angle

PTH, which the tangent line TPF makes with

sidered. the axis TH.

But, -pfj
= tangent of the angle BPG.

If now we suppose BH
to move towards PD, the

angle BPG will approach

the angle FPC, which is

its limit. When BH be-

comes consecutive with

PD, B C will reach its ul-

timate value : and since by

Lemma VII., the ultimate ratio of the arc. chord.
becomes a

and tangent, any one to any other, is the ratio of

equality, it follows that they must then all be

equal, each to each. Under this hypothesis the

point B must fall on the tangent line TPF', that

is, the chord and tangent, in their ultimate state,

have two points in common; hence they coin-

cide
;
and as the two points of the arc are con-

secutive, it must also coincide with the chord and

and when, tangent.

This, at first sight, seems impossible. But if

be granted that two points of a curve can be

tangent ;

Not

impossible
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consecutive and that a straight line can be drawn

through any two points, we have the solution.

If we deny that two points of the curve can be

consecutive, we deny the law of continuity.

The method of Leibnitz adopted the simple Method

hypothesis that when the point B approached the

point P, infinitely near, the lines CF and CB
of

become infinitely small, and that then, either may
be taken for the other

;
under which hypothesis

the ratio of PC to CB, becomes the ratio of PC **lb"ltx-

toCF.

WHAT THE LEMMAS OF NEWTON PROVE.

340. The first lemma, which is
" the corner-

stone and support of the entire system," predi-

cates ultimate equality between any two quanti-

ties which continually approach each other in

value, and under such a law of change, that, in

any finite time they shall approach nearer to

each other than by any given difference. The

common quantity towards which the quantities

separately converge, is the limit of each and both

of them, and this limit is always reached under

a particular supposition.

Lemmas II., III., and IV. indicate the steps by

which we puss from discontinuous to continuous wht

quantity. They introduce us, fully, to the law
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they of continuity. They demonstrate the great

truth, that the curvilinear space is the common

limit of the inscribed and circumscribed paral-

lelograms, and that this limit is reached under

the hypothesis that the breadth of each parallelo-

gram is infinitely small, and the number of them,

infinitely great. Thus we reach the law of con-

tinuity; and each parallelogram becomes a con-

Links in necting link, in passing from one consecutive

value to another, when we regard the curvilinear

area as a variable. That there might be no mis-

theiawof apprehension in the matter, corollary 1, of Lem-

ma III., affirms, that, "the ultimate sum of these

evanescent parallelograms, will, in all parts, coin-

Continuity.
cide with the curvilinear figure." Corollary 4,

also, affirms that, "therefore, these ultimate fig-

ures (as to their perimeters, acE), are not recti-

linear, but curvilinear limits of rectilinear fig-

Common ures:" that is, the curvilinear area AEa is the

common limit of the inscribed and circumscribed

parallelograms, and the curve Edcba, the corn-

limit.
mon limit f their perimeters. This can only

take place when the ordinates, like Dd, Cc, Bk,

become consecutive ;
and then, the points o, n,

m and I fall on the curve.

The law of continuity carries with it, neces-

Whatthe sarily, the ideas of the infinitely small and the

law of infinitely great. These are correlative ideas, and
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in regard to quantity, one is the reciprocal of continuity

the other. The inch of space, as well as the

curved line, or the curvilinear surface of geo-
imPhei -

metry, has within it the seminal principles of

this law.

If we regard it as a continuous quantity, hav- continuity,

ing increased from one extremity to the other,

without missing any point of space, we have, the

law of change, the infinitely small (the difference

between two consecutive values, or the link in

the law of continuity), and the infinitely great,

in the number of those values which make up the

entire line.

It has been urged against the demonstrations objection*

of the lemmas, that a mere inspection of the fig-

ures proves the demonstrations to be wrong.

For, say the objectors, there will be, always, ob-

riinixly, "a portion of the exterior parallelograms

lying without the curvilinear space." This is

certainly true for any finite number of parallelo-

grams.

But the demonstrations are made under the objection!

express hypothesis, that,
" the breadth of these

parallelograms be supposed to be diminished, and
tally

their number to be augmented, in finitum"

Under this supposition, as we have seen, the

points, o, n, in. and /, fall in the curve, and then an*wered-

the areas named are certainly equal
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NEWTON'S METHOD IN HARMONY WITH

THAT OF LEIBNITZ.

341. The method of treating the Infinitesi-

Hannony mal Calculus, by Leibnitz, subsequently ampli-

Of fied and developed by the Marquis L'Hopital, is

Methods, based on two fundamental propositions, or de-

mands, which were assumed as axioms.

I. That if an infinitesimal be added to, or sub-

First tracted from, a finite quantity, the sum or differ-

ence will be the same as the quantity itself. This

demand, demand assumes that the infinitesimal is so small

that it cannot be expressed by numbers.

II. That a curved line may be considered as

8erx>nd. made up of an infinite number of straight lines,

each one of which is infinitely small.

It is proved in Lemma II. that the sum of the

what the ultimate rectangles Ab, Be, Cd, Do, etc., will be

equal to the curvilinear area AaK This can only

be the case when each is
" less than any given

space," and their number infinite. "What is

meant by the phrase, "becomes less than any

given space
"

? Certainly, a space too small to be

expressed by numbers; for, if we have such a

space, so expressed, we can diminish it by dimin-

ishing the number, which would be contrary to

the hypothesis. This ultimate value, then, of

either of the rectangles, is numerically zero: and

Lemma

proves.

Ultimate
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hence, its addition to, or subtraction from, any value of

finite quantity, would not change the value. The

ultimates of Newton, therefore, conform to the
Rectangles.

first demand of Leibnitz, as indeed they should

do; for, they are not numerical quantities, but

connecting links in the law of continuity.

It is proved in Lemma VII., that the ultimate Ratio

ratio of the arc, chord, and tangent, any one to

any other, is the ratio of equality: hence, their ul-

timate values are equal. When this takes place, of chord.

the two extremities of the chord become consecu-

tive, and the remote extremity of the tangent tangent,

falls on the curve, and coincides with the remote

extremity of the chord : that is, F falls on the and

curve, and PB and PF, coincide with each other,

and with the curve. The length of this arc,
arc' eqna1 '

chord, or tangent, in their ultimate state, is

a value familiar to the most superficial student of

the Calculus.

Behold, then, one side of the inscribed polygon, coinci-

when such side is infinitely small, and the num-

ber of them infinitely great.

That such quantities as we have considered, Quantities

have a conceivable existence as subjects of

thought, and do or may have, proximal ively. an
haveareal

actual existence, is clearly stated in the latter
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part of the scholium quoted from the Principia.

value, It is there affirmed :
" This is the ultimate velo-

city. And there is a like limit in all quantities

and proportions which begin and cease to be.

And since such limits are certain and definite,

oitimateiy. to determine the same is a problem strictly geo-

metrical. But whatever is geometrical we may
be allowed to use in determining and demon-

strating any other thing that is likewise geome-

Newton trical." * Hence, the theory of Newton conforms
and

Leibnitz, to the second demand in the theory of Leibnitz.

DIFFERENT DEFINITIONS OF A LIMIT.

342. The common impression that mathe-

Different matics is an exact science, founded on axioms

of limits, too obvious to be disputed, and carried forward

by a logic too luminous to admit of error, is

certainly erroneous in regard to the Infinitesimal

Calculus. From its very birth, about two hun-

dred years ago, to the present time, there have

Different been very great differences of opinion among the

best informed and acutest minds of each gen-

eration, both in regard to its fundamental prin-

ciples and to the forms of logic to be employed

in their development. The conflicting opinions

NOTB. -Tb italics are added ; they are not in the text
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appear, at last, to have arranged themselves into

two classes
;
and these differ, mainly, on this

question : "What is the correct apprehension and Difference*.

right definition of the word limit ? All seem to

agree that the methods of treating the Calculus

must be governed by a right interpretation of

this word. The two definitions which involve

this conflict of opinion, are these :

1. The limit of a variable quantity is a quan-

tity towards which it may be made to approach

nearer than any given quantity and which it

reaches under a particular supposition.

And the following definition, from a work on

the Infinitesimal Calculus by M. Duhamel, a

French author of recent date:

2. The limit of a variable is the constant quan-

tity which the variable indefinitely approaches,

but never reaches.

This definition finds its necessary complement

in the following definition by the same author:

"We call," says he, "an infinitely small quan- comple-
ment

tity, or simply, an infinitesimal, every variable

maynilude of which the limit is zero."

The difference between the two definitions is Difference

between

simply this : by the first, the variable, ultimately, definitions

reaches its limit; by the second, it approaches

the limit, but never reaches it. This apparently

slight difference in the definitions, is the divid-
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ing line between classes of profound thinkers;

and whoever writes a Calculus or attempts to

Difference, teach the subject, must adopt one or the other of

these theories. The first is in harmony with the

theories of Leibnitz and Newton, which do not

differ from each other in any important particu-

Generai lar. It seems also to be in harmony with the

great laws of quantity. In discontinous quan-

tity, especially, we certainly include the limits

in our thoughts, and in the forms of our lan-

whatwe guage. When we speak of the quadrant of a

"them/ circle, we include the arc zero and the arc of

ninety degrees. Of its functions, the limits of

the sine, are zero and radius; zero for the arc

zero, and radius for the arc of ninety degrees.

For the tangents, the limits are zero and infinity;

zero for the arc zero, and infinity for the arc

of ninety degrees ; and similarly, for all the other

For ail functions. For all numbers, the limits are zero

and infinity; and for all algebraic quantities,

minus infinity and plus infinity.

TThen we consider continuous quantity, we

For contin- find the second definition in direct conflict with

towqnan- ^ ^^ Lemma of Newton, which has been

well called,
" the corner-stone and foundation

of the Principia." It is very difficult to com-

prehend that two quantities may approach each

other in value, and in any given time become
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nearer equal than any given quantity, and yet in conflict

never become equal ;
not even when the approach

can be continued to infinity, and when the law wlth

of change imposes no limit to the decrease of
Newton.

their difference. This, certainly, is contrary to

the theory of Xewton.

Take, for example, the tangent line to a curve, Example

at a given point, and through the point of tan-

gency draw any secant, intersecting the curve, in
of the

a second point. If now, the second point be

made to approach the point of tangeucy, both

definitions recognize the angle which the tangent tangent line,

line makes with the axis of abscissas as the limit

of the angles which the secants make with the

same- axis, as the second point of secancy ap-

proaches the tangent point. By the first defini- First

tion, the supposition of consecutive points causes

the secant line to coincide with, and become the definition

tangent. But by the second definition, the se-

cant line can never become the tangent, though

it may approach to it as near as we please. This
to general

is in contradiction to all the analytical methods

of determining the equations of tangent lines to method,

curves. See corollaries 1, 2, 3, and 4 of Lemma

III., in which all the quantities referred to are

supposed to reach their limits.

By the second definition, there would seem 'to second

be an impassable barrier placed between a vari- definition:
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what it able quantity and its limit. If these two quan-

tities are thus to be forever separated, how can

they be brought under the dominion of a corn-

does, mon law, and enter together into the same equa-

tion ? And if they cannot, how can any prop-

erty of the one be used to establish a property of

the other ? The mere fact of approach, though

Result, infinitely near, would not seem to furnish the

necessary conditions.

The difficulty of treating the subject in this

Difficulty, way is strikingly manifested in the supplement-

ary definition of an infinitesimal. It is defined,

simply, as "
every variable magnitude whose limit

is zero"

Now, may not zero be a limit of every variable

Not which has not a special law of change? Is not
definite. . . . - _ . . . , .

this definition too general to give a DEFIXITE

idea of the individual thing defined an infini-

tesimal ? We have no crystallized notions of a

class, till we apprehend, distinctly, the individu-

shouidhe. als of the class their marked characteristics

their harmonies and their differences; and also,

their laws of relation and connection.

Having given and illustrated these definitions,

M.Duha- M. Duhamel explains the methods by which we

can pass from the infinitesimals to their limits;*

an(j wheU) an(j under what circumstances, those

limits may be substituted and used for the quan-
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titics themselves. Those methods have not

seemed to me as clear and practical as those of

Newton and Leibnitz.

It is essential to the unity of mathematical unity in

science, that all the definitions, should, as far as

possible, harmonize with each other. In all dis-

continuous quantities, the boundaries are in- Mathematic*

eluded, and are the proper limits. In the hyper-

bola, for example, we say that the asymptote is

the limit of all tangent lines to the curve. But

the asymptote is the tangent, when the point of

contact is at an infinite distance from the ver-
necessary.

tex : and any tangent will become the asymptote,

under that hypothesis.

If denotes any portion of a plane surface, y Differential,

the ordinate and x the abscissa, we have the

known formula :

ds = ydx.

If we integrate between the limits of x = 0,

and x = a, we have, by the language of the
Surfac^

Calculus

a

fds =fydx,
o

which is read, "integral of the surface between ROW read,

limits of x = 0, and x = a" in which both bound-

aries enter into the result.
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Limits The area, actually obtained, begins where

Area.
= 0, and terminates where x = a, and not at

values infinitely near those limits.

WHAT QUANTITIES ARE DENOTED BY 0.

343. Our acquaintance with the character 0,

What quan- begins in Arithmetic, where it is used as a ne-

cessary element of the arithmetical language, and

utiesare where it is entirely without value, meaning, abso-

lutely nothing. Used in this sense, the largest

finite number multiplied by it, gives a product

equal to zero
;
and the smallest finite number di-

vided by it, gives a quotient of infinity.

"When we come to consider variable and con-

May not tinuous quantity, the infinitesimal, or element of

change from one consecutive value to another, is

be the oof not the zero of Arithmetic, though it is smaller

than any number which can be expressed in

terms of one, the base of the arithmetical system.

New Hence, the necessity of a new language. If the

language variable is denoted by x, we express the infini-

tesimal by dx ;
if by y, then by dy ;

and similarly,

for other variables.

Now, the expressions dx and dy, have no exact

HOW it is synonyms in the language of numbers. As com-

pared with the unit 1, neither of them can be ex-

amined, pressed by the smallest finite part of it. Hence,
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when it becomes necessary to express such quan-

tities in the language of number, they can be

denoted only by 0. Therefore, this 0, besides its what o

meant.
first function in Arithmetic, where it is an ele-

ment of language, and where the value it denotes

is absolutely nothing, is used, also, to denote the

numerical values of the infinitesimals. Hence, it

is correctly defined as a character which some- sometime*

times denotes absolutely nothing, and sometimes
an

an infinitely small quantity. We now see, clearly,

what appears obscure in Elementary Algebra, inflnitesi

maL
that the quotient of zero divided by zero, may
be zero, a finite quantity, or infinity.

INSCRIBED AND CIRCUMSCRIBED POLYGONS

UNITE ON THE CIRCLE.

344. The theory of limits, developed by New- inscribed

polygon.

ton, is not only the foundation of the higher

mathematics, but indicates the methods of using

the Infinitesimal Calculus in the elementary

branches. This Calculus being unknown to the

ancients, their Geometry was encumbered by the

tedious methods of the reductio ad absurdum.

Newton says in the scholium: "These lemmas K avoids the

reductio ad

are premised to avoid the tediousness of d^du- absurdnm.

cing perplexed demonstrations ad absurdum, ac-

cording to the method of the ancient geometers."
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Lemma I., which is the " corner-stone and

Lemma i. foundation of the Principia" is also the golden

link which connects geometry with the higher

mathematics.

It is demonstrated in Enclid's Elements, and

also in Davies' Legendre, Book V., Proposition

X., that *' Two regular polygons of the same num-

ber of sides can be constructed, the one circum-

scribed about the circle and the other inscribed

within it, which shall differ from each other by

less than any given surface."

The moment it is proved that the exterior

and interior polygons may be made to differ

from each other by less than any given surface,

Lemma I. steps in and affirms an ultimate equal-

ity between them. And when does that ultimate

equality take place, and when and where do they

become coincident ? Newton, in substance af-

firms, in his lemmas, "on their common limit,

the circle," and under the same hypothesis as

causes the inscribed and circumscribed parallelo-

grams to become equal to their common limits,

the curvilinear area. If Lemma I. is true, the

perimeters of the two polygons will ultimately

coincide on the circumference of the circle, and

become equal to it. But what then is the side of

each polygon ? We answer, the distance between

two consecutive points of the circumference of

What is

demon-

strated.

How the

Proof is

made.

What
Newton
affirms.

A ride of the

polyRon.
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the circle. And what is that value ? We answer,

the V dn? + ~dif.

But it is objected, that this introduces us to objections

the infinitely small. True, it does
; but we can-

not reach a continuous quantity without it. The

sides of the polygons, so long as their number
tothetheo-

is finite, will be straight lines, each diminishing

in value as their number is increased. While

this is so, the perimeter of each will be a discon-
diecusged

tinuous quantity, made up of the equal sides,

each having a finite value, and each being the

unit of change, as we go around the perimeter. ^^

As each of these sides is diminished in value,

and their number increased, the discontinuous

quantity approaches the law of continuity, which considered,

it reaches, under the hypothesis, that each side

becomes infinitely small and their number in-

finitely great. Behold the polygons embracing where the

c ach other on their common limit, the circle, and

the perimeter of each coinciding with the cir- twop^y-

cu inference. Thus, the principles of the Infini-

gons em-
tesimal Calculus take their appropriate place in

Elementary Geometry, to the exclusion of the
braceeaclj

cumbrous methods of the reductio ad alsurdum

of the ancients, and the whole science of Mathe- other,

rnatics is brought into closer harmonies and

nearer relations.
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DIFFERENTIAL AND INTEGRAL CALCULUS.

345. "We have seen that the Differential and

Differential Integral Calculus is conversant about contin-

uous quantity. "We have also seen, that such

quantities are developed by considering their
nd Integral

laws of change. We have further seen, that

these laws of change are traced by means of

calculus ^ differences of consecutive values, taken two

and two, as the variables pass from one state of

defined, value to another. Indeed, those differences are

but the foot-steps of these laws.

LANGUAGE OF THE CALCULUS.

346. We are now to explain the language by

Language which the quantities are represented, by which

their changes are indicated, and by which their

of the
^aw8 ^ cnanee are traced. The constant quan-

tities which enter into the Calculus are repre-

sented by the first letters of the alphabet, a, b,

c, etc., and the variables, by the final letters, x,

y, z, etc.

When two variable quantities, y and x, are

variable connected in an equation, either of them may

be supposed to increase or decrease uniform
1

;/;

such variable is called the independent variable,

because the law of change is arbitrary, and in-
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dependent of the form of the equation. This Function of

each other.

variable is generally denoted by x, and called

simply, the variable. Under this hypothesis, the

change in the variable y will depend on the form

of the equation : hence, y is called the dependent

variable, or function. When such relations exist HOW they

between y and x, they are expressed by an equa-

tion of the form

may be

y = F (35), y = f (x), or, / (x, y) = 0,

which is read, y a function of x. The letter F,

or /, is a mere symbol, and stands for the word
eipreMei

function. If y is a function of a;, that is, changes

with it, x may, if we please, be regarded as a

function of y ; hence,

One quantity is a fit notion of another, when the Function.

two are so connected that any change of value, in

either, produces a corresponding change in the

other.

It has been already stated (Art. 328), that the

dmerence between two consecutive values of a

variable quantity, is indicated by simply writing

the letter d as a symbol, before the letter denot-

ing that variable ; so that dx denotes the differ-

ence between two consecutive values of the vari-

able quantity denoted by x, and dy the difference

between the corresponding consecutive values of
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Form of the variable quantity denoted by y. These are

language.
mere forms of language, expressing laws of

change.

How are the changes in these variable quan-

standard of tities, expressed by the infinitesimals, to be meas-
Jre '

ured ? Only by taking one of them as a standard

and finding how many times it is contained in

the other.

The independent variable is always supposed

independent to increase uniformly ; hence, the difference be-

tween any two of its consecutive values, taken

change at pleasure, is the same : therefore, this difference,
uniform. . .

which does not vary m the same equation, or

under the same law of change, affords a con-

venient standard, or unit of measure, and in the

Calculus, is always used as such.

The change in the function y, denoted by dy,

correspond- is always compared with the corresponding

change of the independent variable, denoted by

dx, as a standard, or unit of measure. But the
ing change

change in any quantity, divided by the unit of

clii

measure, gives the rate of change: hence, / is
in the dx

the rate of change of the function y. This rate

of change is called the differential coefficient of

y regarded as a function of x, and performs a

very important part in the Calculus. The quan-
not uniform.

tities dy and ^ being both infin itesimals, are
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of the same species : hence, their quotient is an

abstract number. Therefore, the differential co-

efficient is a connecting link between the infini-

tesimals and numbers.

If any quantity whatever be divided by its Quotient by

unit of measure, the quotient will be an ab- ,^^e.

stract number; and if this quotient be multiplied

by the unit of measure, the product will be the

concrete quantity itself. Hence, if we multiply

-f-. by the unit of measure dx, we have -f dx,
dx dx

which always denotes the difference between two

consecutive values of y ;
and therefore, is the dif-

ferential of y. Hence, the differential of a vari- Differential

able function is equal to the differential coefficient q^^ty.

multiplied by the differential of the independent

variable.

The method, therefore, of dealing with infini- same

tesimals, is precisely the same as that employed

for discontinuous quantities.

We assume a unit of measure which is as arbi- unit of

trary as one, in numbers, or, as the foot, yard, or

rod, in linear measure, and then we compare all

other infinitesimals with this standard. "We thus

rhtaii a ratio which is an abstract number,

and if this be multiplied by the unit of measure,

we go back to the concrete quantity from which

the ratio was derived.
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We have thus sketched an outline of the In-

Sketch finitesimal Calculus. "We have named the quan-

tities about which it is conversant, the laws

which govern their changes of value, and the

language by which these laws are expressed. "We

have found here, as in the other branches of

mathematics, that an arbitrary quantity, assumed

as a unit of measure, is the base of the entire

system ;
and that the system itself is made up of

the various processes employed in finding the

Calculus, ratio of this standard, to the quantities which it

measures.

of the

6 "
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A COURSE OF MATHEMATICS-WHAT IT SHOULD BE.

347. A COURSE of mathematics should pre-

sent the outlines of the science, so arranged, ex- MaU,ematiai.

plained, and illustrated as to indicate all those

general methods of application, which render it

effective and useful. This can best be done by

a series of works embracing all the topics, and

in which each topic is separately treated.

348. Such a series should be formed in ac- HOW it

cordance with a fixed plan ; should adopt and termed.

'

use the same terms in all the branches ; should

be written throughout in the same style ; and

present that entire unity which belongs to the unity ofu*

subject itself.
8nbject-

349. The reasonings of mathematics and

the processes of investigation, are the same in

22
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the same in every branch, and have to be learned but once,
all branches. ./. , T i i mi

it the same system be studied throughout. Ihe

Different different kinds of notation, though somewhat un-
kinds of no-

tation, like in the different subjects of the science, are,

in fact, but dialects of a common language.

language g 35Q. I then, the language is, or may be
DtfCU DC

icamed but made essentially the same in all the branches of

mathematical science ; and if there is, as has

been fully shown, no difference in the processes

in what f reasoning, wherein lies that difficulty in the

consists the
acquisition of mathematical knowledge which is

difficulty ?

often experienced by students, and whence the

origin of that opinion that the subject itself is

dry and difficult ?

A 351. Just in proportion as a branch of know-
general law,

if known, ledge is compactly united by a common law, is

t^6 facility of acquiring that knowledge, if we

observe the law, and the difficulty of acquiring

Faculties it, if we pay no attention to the law. The study

mathematics. ^ mathematics demands, at every step, close

attention, nice discrimination, and certain judg-

ment. These faculties can only be developed

HOW first by culture. They must, like other faculties, pass
culiirated: _ . _

through the states of infancy, growth, and ma-

turity. They must be first exercised on sensible

and simple objects ; then on elementary ab-
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stract ideas ;
and finally, on generalizations and on what

... <- i i finally exer-

the higher combinations 01 thought in the pure Ci8ed

ideal.

352. Have educators fully realized that the Arithmetic

th:> most int-

first lessons in numbers impress the first elements portant

of mathematical science ? that the first con-

nections of thought which are there formed be-

come the first threads of that intellectual warp

which gives tone and strength to the mind ?

Have they yet realized that every process is, or AU the

subjects COD-

should be, like the stone of an arch, formed to nected.

fill, in the entire structure, the exact place for

which it is designed ? and that the unity, beauty,

and strength of the whole depend on the adapta-

tion of the parts to each other ? Have they

sufficiently reflected on the confusion which must Necessity

arise from attempting to put together and har- ^"'^tL
monize different parts of discordant systems ?

to blend portions that are fragmentary, and to

unite into a placid and tranquil stream trains of

thought which have not a common source ?

353. Some have supposed that Arithmetic

may be well taught and learned without the aid

of a text-book ; or, if studied from a book, that A text-booh

the teacher may advantageously substitute his

own methods for those of the author, inasmuch
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as such substitution is calculated to widen the

field of investigation, and excite the mind of the

pupil tc new inquiries.

Reasons. Admitting that every teacher of reasonable

intelligence, will discover methods of communi-

cating instruction better adapted to the peculiar-

ities of his own mind, than all the methods em-

Even a bet-
ployed by the author he may use ;

will it be safe,
ter method,

when substi- as a general rule, to substitute extemporaneous

methods for those which have been subjected
mze with the

^Q ^ an j;iysis of science and the tests of expe-other parts

vt the work. rjence ? Is it safe to substitute the results of

conjectural judgments for known laws? But if

they are as good, or better even, as isolated pro-

cesses, will they answer as well, in their new

places and connections, as the parts rejected?

iiiufjtration. Will the balance-wheel of a chronometer give

as steady a motion to a common watch as the

more simple and less perfect contrivance to

which all the other parts are adapted ?

354. If these questions have significance, we

One of the have found at least one of the causes that have
reasons why . _ . .

mathematics impeded the advancement of mathematical sci-

:ult

ence, viz. the attempt to unite in the same course

of instruction fragments of different systems;

thus presenting to the mind of the learner the

same terms differently defined, and the same
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principles differently explained, illustrated, and

applied. It is mutual relation and connection connection

which bring sets of facts under general laws ; it taut,

is mutual relation and connection of ideas which

form a process of science ; it is the mutual con-

nection and relation of such processes which

constitute science itself.

355. I would by no means be understood as

expressing the opinion that a student or teacher 8hould read

many books,

of mathematics should limit his researches to a and teach ont

system.

single author ; for, he must necessarily read and

study many. I speak of the pupil alone, who

must be taught one method at a time, and taught

that well, before he is able to compare different

methods with each other.

ORDER OF THE SUBJECTS ARITHMETIC.

356. Arithmetic is the most useful and Arithmetic

simple branch of mathematical science, and is

the first to be taught. If, however, the pupil

has time for a full course, I would by no means

recommend him to finish his Arithmetic before

studying a portion of Algebra.
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ALGEBRA.

Algebra:
357. Algebra is but a universal Arithmetic

with a more comprehensive notation. Its ele-

ments are acquired more readily than the higher

and hidden properties of numbers ; and indeed

the elements of any branch of mathematics are

more simple than the higher principles of the

HOW preceding subject ; so that all the subjects can
ilthouMbe

studied: best be studied in connection with those which

preceae and follow.

should 358. Algebra, in a regular course of instruc-

tion, should precede Geometry, because the ele-

mentary processes do not require, in so high a

why. degree, the exercise of the faculties of abstrac-

tion and generalization. But when we have

when completed the equation of the second degree,

should be the processes become more difficult, the abstrac-

eouunenced.
tjons more perfect, and the generalizations more

extended. Here then I would pause and com-

mence Geometry.

GEOMETRY.

oooBtry. 359. Geometry, as one of the subjects of

mathematical science, has been fully considered

in Book II. It is referred to here merely to mark

its place in a regular course of instruction
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TRIGONOMETRY PLANE AND SPHERICAL.

360. The next subject in order, after Geom-
try :

etry, is Trigonometry : a mere application of the

principles of Arithmetic, Algebra, and Geometry what u u.

to the determination of the sides and angles of

triangles. As triangles are of two kinds, viz.

those formed by straight lines and those formed

by the arcs of great circles on the surface of a

sphere ;
so Trigonometry is divided into two TWO kui.

parts : Plane and Spherical. Plane Trigonom-

etry explains the methods, and lays down the

necessary rules for finding the remaining sides

and angles of a plane triangle, when a sufficient

number are known or given. Spherical Trigo-

nometry explains like processes, and lays down

similar rules for spherical triangles.

SURVEYING AND LEVELLING.

361. The application of the principles of

Trigonometry to the measurement of portions

of the earth's surface, is called Surveying; and

similar applications of the same principles to the

determination of the difference between the dis-

tances of any two points from the centre of the

earth, is called Levelling. These subjects, which Levelling

blio\v Trigonometry, not only embrace the va-
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what they rious methods of calculation, but also a descrip-

tion of the necessary Instruments and Tables.

They should be studied immediately after Trigo-

nometry ; of which, indeed, they are but appli-

cations.

DESCRIPTIVE GEOMETRY.

Descriptive 362. Descriptive Geometry is that branch
(Jeometry :

of mathematics which considers the positions of

the geometrical magnitudes, as they may exist in

space, and determines these positions by refer-

ring the magnitudes to two planes called the

Planes of Projection.

a nature. It is, indeed, but a development of those gen

eral methods, by which lines, surfaces, and vol-

umes may be presented to the mind by meana

of drawings made upon paper. The processes of

what its this development require the constant exercise of

'U

Lh^
m

the conceptive faculty. All geometrical mag-

nitudes may be referred to two planes of pro-

jection, and their representations on these planes

will express to the mind, their forms, extent, and

also their positions or places in space. From

HOW. these representations, the mind perceives, as it

were, at a single view, the magnitudes them-

selves, as they exist in space ; traces their boun-

daries, measures their extent, and sees all their

parts separately and in their connection.
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In France, Descriptive Geometry is an impor- HOW
regarded in

tant element of education. It is taught in most France.

of the public schools, and is regarded as indis-

pensable to the architect and engineer. It is,

indeed, the only means of so reducing to paper,

and presenting at a single view, all the compli-

cated parts of a structure, that the drawing or

representation of it can be read at a glance, and

all the parts be at once referred to their appropri-

ate places. It is to the engineer or architect not its value

only a general language by which he can record branch,

and express to others all his conceptions, but is

also the most powerful means of extending those

conceptions, and subjecting them to the laws of

exact science.

SHADES, SHADOWS, AND PERSPECTIVE.

363. The application of Descriptive Geom-

etry to the determination of shades and shadows, shade*,

as they are found to exist on the surfaces of ^^

bodies, is one of the most striking and useful ap-

plications of science ; and when it is further

extended to the subject of Perspective, we have

all that is necessary to the exact representation

of objects as they appear in nature. An accu-

rate perspective and the right distribution of

light and shade are the basis of every work of
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Their use. the fine arts. Without them, the sculptor and

the painter would labor in vain : the chisel of

Canova would give no life to the marble, nor the

touches of Raphael to the canvas.

ANALYTICAL GEOMETRY.

Analytical
364. Analytical Geometry is the next sub-

letry<

ject in a regular course of mathematical study,

though it may be studied before Descriptive Ge-

ometry. The importance of this subject cannot

its be exaggerated. In Algebra, the symbols of

Importance : . .

quantity have generally so close a connection

with numbers, that the mind scarcely realizes

Valuable as the extent of the generalization ; and the power
tu y<

of analysis, arising from the changes that may
take place among the quantities which the sym-

bols represent, cannot be fully explained and de-

veloped.

But in Analytical Geometry, where all the

magnitudes are brought under the power of anal-

ysis, and all their properties developed by the

combined processes of Algebra and Geometry, we

are brought to feel the extent and potency of

those methods which combine in a single equa-
tion.

tion every discovered and undiscovered property

of every line, straight or curved, which can be

formed by the intersection of a cone and plane.
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To develop every property of the Conic Sec- itsexumt.

lions from a single equation, and that an equa-

tion only of the second degree, by the known

processes of Algebra, and thus interpret the re-

sults, is a far different exercise of the mind from

that which arises from searching them out by

the tedious and disconnected methods of separate

propositions. The first traces all from an inex- its methods

haustible fountain, by the known laws of analyti-

cal investigation, applicable to all similar cases,

while the latter adopts particular processes ap-

plicable to special cases only, without any gen-

eral law of connection.

DIFFERENTIAL AND INTEGRAL CALCULUS.

365. The Differential and Integral Calculus Daren-unai

presents a new view of the power, extent, and
i nlejftill

applications of mathematical science. It should Calcill 'H -

be carefully studied by all who seek to make wim IKT-

, ,
80118 ShotllU

high attainments in mathematical knowledge, or
gtu(ly U-

who desire to read the best works on Natural

and Experimental Philosophy. It is that field of

mathematical investigation, where genius may
exert its highest powers and find its most certain

rewards. It reaches, with a microscopic certain-

ty the most hidden laws of quantity, and brings

them within the range of Mathematical Analysis.



348 APPENDIX.

continuous Continuous Quantity, under all its forms, and

with all its infinite laws of change, can be ex-

amined and analyzed only by the Calculus.

Language The language constructed for the development

of the laws and properties of quantities com-

posed of ascertained and definite parts, is inap-

plicable to quantity changing according to the
discontinn-

law of continuity. Here, the changes can only

us quantity
^e expressed by infinitesimals, which are mere

links in the law of change, and which form no

inappiica- appreciable part of the quantity itself. We are
ble.

thus introduced to a new form of Mathematical

Science. It is this science which deals with

what the Time, and Space, and Force, and Motion, and

Velocity, and indeed, with all Continuous Quan-

tity. The elements of this science are infinitesi-

mal; but the science itself reaches through all

time and all space, revealing the mysteries and

the omnipotence of universal law,



BOOK III.

UTILITY OF MATHEMATICS,

CHAPTER I.

fHB UTILITY OF MATHEMATICS CONSIDERED AS A MEANS OF INTELLECTUA

TRAINING AND CULTURE.

366. THE first efforts in mathematical sci-

ence are made by the child in the process of

counting. He counts his fingers, and repeats

the words one, two, three, four, five, six, seven, co^s**sensible ob-

eight, nine, ten, until he associates with these J^
words the ideas of one or more, and thus ac-

quires his first notions of number. Hence, the

idea of number is first presented to the mind by

means of sensible objects ; but when once clear-

ly apprehended, the perception of the sensible

objects fades away, and the mind retains only

the abstract idea. Thus, the child, after count- GcnCT -

lion.

ing for a time with the aid of his fingers or his

marbles, dispenses with these cumbrous helps, and
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Abstraction, employs only the abstract ideas, which his mind

embraces with clearness and uses with facility.

Analytical 367. In the first stages of the analytical
method:

methods, where the quantities considered are

rses sensible represented by the letters of the alphabet, sen-
objects at

first, sible objects again lend their aid to enable the

mind to gain exact and distinct ideas of the

things considered ; but no sooner are these ideas

obtained than the mind loses sight of the things

themselves, and operates entirely through the

instrumentality of symbols.

*jeoj~v,cry. 368. So, also, in Geometry. The right line

may first be presented to the mind, as a black

first impres- mark on paper, or a chalk mark on a black-
Bions by sen . . ,

. _ . .

Bible objects, board, to impress the geometrical definition, that

" A straight line does not change its direction

between any two of its points." When this

definition is clearly apprehended, the rnind needs

no further aid from the eye, for the image is

forever imprinted.

A plane. g 359. The idea of a plane surface may be

Definition: impressed by exhibiting the surface of a polished

mirror; and thus the mind may be aided in

HOW ithwtia- apprehending the definition, that " a plane sur-
ted

face is one in which, if any two points be taken
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the straight line which joins them will lie wholly

in the surface." But when the definition is

understood, the mind requires no sensible object

to aid its conception. The ideal alone fills the

mind, and the image lives there without any

connection with sensible objects.

Its true

conception.

370. Space is indefinite extension, in which space.

all bodies are situated. A volume is any limited Volume-

portion of space embracing the three dimensions

of length, breadth, and thickness. To give to the

mind the true conception of a volume, the aid HOWCO*

of the eye may at first be necessary; but the

idea being once impressed, that a volume, in a

strictly mathematical sense, means only a por-

tion of space, and has no reference to the mat- whatu

ter with which the space may be filled, the mind

turns away from the material object, and dwells

alone on the ideal.

371. Although quantity, in its general sense, Quantity

is the subject of mathematical inquiry, yet the

.anguage of mathematics is so constructed, that

.he investigations are pursued without the slight-
HOW o.m-

etrucled.

est reference to quantity as a material substance.

We have seen that a system of symbols, by

which quantities may be represented, has been symbob:

adopted, forming a language for the expression
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of ideas entirely disconnected from material ob-

jects, and yet capable of expressing and repro-

of uure of senting such objects. This symbolical language,
the lan-

guage: at once copious and exact, not only enables us

to express our known thoughts, in every depart-

whatitao- ment of mathematical science, but is a potent
complishes. ~ ,

. .... i j
means of pushing our inquiries into unexplored

regions, and conducting the mind with certainty

to new and valuable truths.

Advantages
372. The nature of that culture, which the

of an exact

language.

' mind undergoes by being trained in the use of

an exact language, in which the connection be-

tween the sign and the thing signified is unmis-

takable, has been well set forth by a living

author, greatly distinguished for his scientific

attainments.* Of the pure sciences, he says
" Their objects are so definite, and our no-

5W8 '

tions of them so distinct, that we can reason

about them with an assurance that the words and

signs of our reasonings are full and true repre-

sentatives of the things signified ; and, conse-

Exact ian- quently, that when we use language or signs in

argument, we neither by their use introduce

extraneous notions, nor exclude any part of the

case before us from consideration. For exam-

* Sir John Herschel, Discourse on the study of Natural

Philosophy.



CHAP. I.]
EXACT TERMS. 35J

pie : the words space, square, circle, a hundred, Mathematical

, . terms t-xuct

&c., convey to the mind notions so complete

in themselves, and so distinct from every thing

else, that we are sure when we use them we

know and have in view the whole of our own

meaning. It is widely different with words ex- Different in

pressing natural objects and mixed relations, ^g,. terma

Take, for instance, Iron. Different persons at-

tach very different ideas to this word. One who

nas never heard of magnetism has a widely dif-

ferent notion of iron from one in the contrary

predicament. The vulgar who regard this metal HOW iron is

regarded by
as incombustible, and the chemist, who sees it the chemist

burn with the utmost fury, and who has other

reasons for regarding it as one of the most com-

bustible bodies in nature ; the poet, who uses The poet

it as an emblem of rigidity ; and the smith and

engineer, in whose hands it is plastic, and mould-

ed like wax into every form ; the jailer, who prizes The jailer:

it as an obstruction, and the electrician, who The eiectr*

sees in it only a channel of open communication

by which that most impassable of obstacles, the

air, may be traversed by his imprisoned fluid,

have all different, and all imperfect notions of

the same word. The meaning of such a term Final sui

is like the rainbow everybody sees a different

one, and all maintain it to be the same."

"
It is, in far.t- in this double or incomplete

23
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incomplete sense of words, that we must look for the origin
weaning the ,. , ,, .

source of * a verv large portion of the errors into which
Tor> we fall. Now, the study of the abstract sciences,

Mathematics such as Arithmetic, Geometry, Algebra, &c.,
tree from .

such errors, while they afford scope for the exercise of rea-

soning about objects that are, or, at least, may
be conceived to be, external to us

; yet, being

free from these sources of error and mistake,

Requires a accustom us to the strict use of language as

language, an instrument of reason, and by familiarizing us

in our progress towards truth, to walk uprightly

and straightforward, on firm ground, give us

that proper and dignified carriage of mind which

Results, could never be acquired by having always to

pick our steps among obstructions and loose

fragments, or to steady them in the reeling tem-

pests of conflicting meanings."

rwo ways of 373. Mr. Locke lays down two ways of in-

acquiring

knowledge, creasing our knowledge :

1st. "Clear and distinct ideas with settled

names ; and,

2d. " The finding of those which show their

agreement or disagreement ;" that is, the search-

ing out of new ideas which result from the com-

bination of those that are known.

In regard to the first of these ways, Mr. Locke

says :

" The first is to get and settle in our mind?
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determined ideas of those things, whereof we ideas of

have general or specific names ; at least, of so ^"dLfoo!

many of them as we would consider and im-

prove our knowledge in, or reason about." * * *

"
For, it being evident, that our knowledge can-

not exceed our ideas, as far as they are either im- Reason,

perfect, confused, or obscure, we cannot expect

to have certain, perfect, or clear knowledge."

374. Now, the ideas which make up our why it u

knowledge of mathematical science, fulfil ex- ""^"a,.
*

actly these requirements. They are all im-

pressed on the mind by a fixed, definite, and

certain language, and the mind embraces them

as so many images or pictures, clear and dis-

tinct in their outlines, with names which sug-

gest at once their characteristics and properties.

375. In the second method of increasing second,

our knowledge, pointed out by Mr. Locke, math-

ematical science offers the most ample and the why mathb

surest means. The reasonings are all based on

self-evident truths, and are conducted by means

of the most striking relations between the known

and the unknown. The things reasoned about,

and the methods of reasoning, are so clearly

apprehended, that the mind never hesitates 01

doubts. It comprehends, or it does not compre-
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hend, and the line which separates the known
characteris- from the unknown, is always well defined. These
tics of the

masoning, characteristics give to this system of reasoning

iu.advan- a superiority over every other, arising, not from

any difference in the logic, but from a difference

in the things to which the logic is applied. Ob-

servation may deceive, experiment may fail, and

Demonstra- experience prove treacherous, but demonstration
tion certain.

never.

Mathematics
" If it be true, then, that mathematics include

includes a , ,, . .

certain ays-
a perfect system of reasoning, whose premises

tem>
are self-evident, and whose conclusions are irre-

sistible, can there be any branch of science or

knowledge better adapted to the improvement

of the understanding? It is in this capacity,

An adjunct as a strong and natural adjunct and instrument
and instru- _ ... i /-

m-nt of rea- f reason, that this science becomes the nt sub-

8011 ;

ject of education with all conditions of society,

whatever may be their ultimate pursuits. Most

sciences, as, indeed, most branches of knowledge,

address themselves to some particular taste, or

subsequent avocation ; but this, while it is be-

fore all, as a useful attainment, especially adapts

itself to the cultivation and improvement of the

tnd necessa- thinking faculty, and is alike necessary to al.

""" who would be governed by reason, or live for

usefulness."*

* Mansfield's Discourse on the Mathematics.
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376. The following, among other consider- conwdera

.. . . , .,, ., tions of Uie

ations, may serve to point out and illustrate the va|ue or

value of mathematical studies, as a means of
mathemuUc*

mental improvement and development.

1. We readily conceive and clearly appre- WTSL

hend the things of which the science treats ; dear cuawp.

they being things simple in themselves and read-
'^j^f

ily presented to the mind by plain and familiar

language. For example : the idea of number, of

one or more, is among the first ideas implanted Example,

in the mind ;
and the child who counts his fin-

gers or his marbles, understands the art of num-

bering them as perfectly as he can know any

thing. So, likewise, when he learns the definition They estab-

,. .
, ,

. f \ r '^ clear

ot a straight line, ot a triangle, of a square, 01 relations be-

a circle, or of a parallelogram, he conceives the
tw

t̂ ^"
idea of each perfectly, and the name and the thinKS-

image are inseparably connected. These ideas,

so distinct and satisfactory, are expressed in the

simplest and fewest terms, and may, if necessary,

be illustrated by the aid of sensible objects.

2. The words employed in the definitions Second.

, . , ,
Words are

are always used m the same sense each ex- always used

pressing at all times the same idea; so that

when a definition is apprehended, the concep-

tion of the thing, whose name is defined, is per-

fect in the mind.

There is, therefore, no doubt or ambiguity
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Hence, it is either in the language, or in regard to what is

affirmed or denied of the things spoken of ; but

all is certainty, both in the language employed

and in the ideas which it expresses.

Third. 3. The science of mathematics employs no
ll employs . . . . . .

no definition definition which may not be clearly compre-

"evkjenn^d'
nended lays down no axioms not universally

clear.
true, and to which the mind, by the very laws

of its nature, readily assents ; and because, also,

in the process of the reasoning, no principle or

truth is taken for granted, but every link in

Theconnec- the chain of the argument is immediately con-
Uon evident. , . , , ~ . . . . .

nected with a definition or axiom, or with some

principle previously established.

Fourth. 4. The order established in presenting the
The order

, . , . .

strengthens subject to the mind, aids the memory at the

""

same time that it strengthens and improves the

reasoning powers. For example : first, there

HOW ideas are the definitions of the names of the things
"*

^
sei r

which are the subjects of the reasoning ; then

the axioms, or self-evident truths, which, to-

gether with the definitions, form the basis of the

science. From these the simplest propositions

HOW the de- are deduced, and then follow others of greater

difficulty ; the whole connected together by rig

orous logic each part receiving strength and

light from all the others. Whence, it follows,

that any proposition may be traced to first prin-

(Inctinns fol-

low.
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ciples ;
its dependence upon and connection Proposition*

with those principles made obvious
;
and its truth t^ir source*

established by certain and infallible argument.

5. The demonstrative argument of mathe- Fiftn -

Argument

matics produces the most certain knowledge the most

certain.

of which the mind is susceptible. It estab-

lishes truth so clearly, that none can doubt or

deny. For, if the premises are certain that is, Reason,

such that all minds admit their truth without

hesitation or doubt, and if the method of draw-

ing the conclusions be lawful that is, in accord-

ance with the infallible rules of logic, the infer-

ences must also be true. Truths thus established

may be relied on for their verity ;
and the knowl- such knowi-

. edge science*

edge thus gained may well be denominated

SCIENCE.

377. There are, as we have seen, in mathe- TWO By*
~ , . . . ,. ,. terns:

matics, two systems or investigation quite dmer-

ent from each other: the Synthetical and the
synthesis,

Analytical ; the synthetical beginning with the
Anal >'8t8-

definitions and axioms, and terminating in the

highest truth reached by Geometry.

"This science presents the very method by S_nth-tto4llt

which the human mind, in its progress from

childhood to age, develops its faculties. What

first meets the observation of a child ? Upon Firgt DOtioul

what are his earliest investigation? employed ?
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what is first Next to color, which exists only to the sight.
observed.

figure, extension, dimens ;

on, are the first objects

which he meets, and the first which he examines.

He ascertains and acknowledges their existence ;

then he perceives plurality, and begins to enu-

rogress of merate ; finally he begins to draw conclusions

from the parts to the whole, and makes a law

from the individual to the species. Thus, he

has obtained figure, extension, dimension, enu-

meration, and generalization. This is the teach-

ing of nature ; and hence, when this process

Process de- becomes embodied in a perfect system, as it is

veloped in . _
the system of m Geometry, that system becomes the easiest

etl7'

and most natural means of strengthening the

mind in its early progress through the fields of

knowledge."

Firet neces-
"
Long after the child has thus begun to gen-

A^tay^.
eralize and deduce laws, he notices objects and

events, whose exterior relations afford no con-

clusion upon the subject of his contemplation.

Machinery is in motion effects are produced.

lu method. He is surprised ; examines and inquires. He

reasons backward from effect to cause. This is

Analysis, the metaphysics of mathematics ; and

What the through all its varieties in Arithmetic in Alge-

bra an(j jn fa& Differential and Integral Calcu-

lus, it furnishes a grand armory of weapons for

acute philosophical investigation. But analysis
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advances one step further by its peculiar nota- whautdoag

tion; it exercises, in the highest degree, the fac-

ulty of abstraction, which, whether morally or

intellectually considered, is always connected

with the loftiest efforts of the mind. Thus this

science comes in to assist the faculties in their

progress to the ultimate stages of reasoning ;

and the more these analytical processes are cul- what a

finally ac-

tivated, the more the mind looks in upon itself, compiiahe%

estimates justly and directs rightly those vast

powers which are to buoy it up in an eternity

of future being."*

378. To the quotations, which have already

been so ample, we will add but two more.

" In the mathematics, I can report no defi- Bacons

. v opinion of

cience, except it be that men do not sum-
,naUlenMaica

ciently understand the excellent use of the pure

mathematics, in that they do remedy and cure

many defects in the wit and faculties intellectual.

For, if the wit be too dull, they sharpen it ; if

too wandering, they fix it ;
if too inherent in the

sense, they abstract it."f Again :

" Mathematics serve to inure and corroborate HOW the

study of

the mind to a constant diligence in study, to

* Mansfield's Discourses on Mathematics

Lord Bacon.
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mathematics undergo the trouble of an attentive meditation,

mjnd _
and cheerfully contend with such difficulties as

lie in the way. They wholly deliver us from

credulous simplicity, most strongly fortify us

against the vanity of skepticism, effectually re-

it? influences, strain us from a rash presumption, most easily

incline us to due assent, perfectly subjugate us

to the government and weight of reason, and

inspire us with resolution to wrestle against the

injurious tyranny of false prejudices.

" If the fancy be unstable and fluctuating, it

is, as it were, poised by this ballast, and steadied

by this anchor ;
if the wit be blunt, it is sharp-

ened by this whetstone ;
if it be luxuriant, it is

pruned by this knife ;
if it be headstrong, it is

restrained by this bridle ; and if it be dull, it is

roused by this spur."*

379. Mathematics, in all its branches, is, in

fact, a science of ideas alone, unmixed with mat-

Mathematics ter or material things ;
and hence, is properly

* P
^1 termed a Pure Science. It is, indeed, a fairy

land of the pure ideal, through which the mind

is conducted by conventional symbols, as thought

is conveyed along wires constructed by the

hand of man.

* Dr. Barrow



CHAP. I.] CONCLUSION 3G3

380. In conclusion, therefore, we may claim whmt mv

for the study of Mathematics, that it impresses d^med for

the mind with clear and distinct ideas ; culti-
m

vates habits of close and accurate discrimina-

tion ; gives, in an eminent degree, the power

of abstraction ; sharpens and strengthens all the

faculties, and develops, to their highest range,

the reasoning powers. The tendency of this its tendency,

study is to raise the mind from the servile habit

of imitation to the dignity of self-reliance and

self-action. It arms it with the inherent ener-

gies of its own elastic nature, and urges it out

on the great ocean of thought, to make new

discoveries, and enlarge the boundaries of men-

tal effort
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CHAPTER II.

THE UTILITY OF MATHEMATICS REGARDED AS A MEANS OF ACQUIRING

KNOWLEDGE BACONIAN PHILOSOPHY.

Mathematics: 381. In the preceding chapter, we consid-

ered the effects of mathematical studies on the

mind, merely as a means of discipline and train-

How consid- ing. We regarded the study in a single point
ered hereto-

fore; of view, viz. as the drill-master of the intel-

lectual faculties the power best adapted to

bring them all into order to impart strength,

and to give to them organization. In the

HOW now present chapter we shall consider the study un-

der a more enlarged aspect as furnishing to

man the keys of hidden and precious knowl-

edge, and as opening to his mind the whole

volume of nature.

Material 382. The material universe, which is spread
Universe,

out before us, is the first object of our rational
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regards. Material things are the first with which

we have to do. The child plays with his toys Element* of

, ,,. . , .. ., knowledge
in the nursery, paddles in the limpid water,

twirls his top, and strikes with the hammer.

At a maturer age a higher class of ideas are

embraced. The earth is surveyed, teeming with

its products, and filled with life. Man looks

around him with wondering and delighted eyes, obtained by

. observation.

Ihe earth he stands upon appears to be made

of firm soil and liquid waters. The land is

broken into an irregular surface by abrupt hills

and frowning mountains. The rivers pursue

their courses through the valleys, without any course of

nature :

apparent cause, and finally seem to lose them-

selves in their own expansion. He notes the

return of day and night, at regular intervals,

turns his eyes to the starry heavens, and in-

quires how far those sentinels of the night may
be from the world they look down upon. He

is yet to learn that all is governed by general Governed

laws imparted by the fiat of Him who created iaW8:

all things ;
that matter, in all its forms, is sub-

ject to those laws ; and that man possesses the Man po-

capacity to investigate, develop, and understand

them. It is of the essence of law that it in- vestigate ***

understand

eludes all possible contingencies, and insures ^em

implicit obedience ; and such are the laws of

natuie.



300 UTILITY OF MATHEMATICS. [BOOK III.

383. To the man of chance, nothing is more

mysterious than the developments of science.

Uniformity : He does not see how so great a uniformity can

Variety : consist with the infinite variety which pervades

every department of nature. While no two

individuals of a species are exactly alike, the

resemblance and conformity are so close, that

the naturalist, from the examination of a sin-

gle bone, finds no difficulty in determining the

species, size, and structure of the animal. So,

They appear aiSO) m the vegetable and mineral kingdoms:
in all things.

all the structures of growth or formation, al-

though infinitely varied, are yet conformable to

like general laws.

science ne- This wonderful mechanism, displayed in the

^^TTel_ structure of animals, was but imperfectly under-

opn
^'

of
stood, until touched by the magic wand of sci-

ence. Then, a general law was found to per-

vade the whole. Every bone is of that length

What science and diameter best adapted to its use ; every

muscle is inserted at the right point, and works

about the right centre ; the feathers of every

bird are shaped in the right form, and the curves

in which they cleave the air are best adapted
what may to velocity. It is demonstrable, that in everv
be demon-

strated, case, and in all the variety of forms in which

forces are applied, either to increase power or

gain velocity, the very best means have been
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adopted to produce the desired result. And why why \ua\

should it not be so, since they are employed

by the all-wise Architect ?

384. It is in the investigations of the laws Applications

of nature that mathematics finds its widest Mathematics,

range and its most striking applications.

Experience, aided by observation and enlight-

ened by experiment, is the recognised fountain Bacon's

Philosophy.
of all knowledge of nature. On this foundation

Bacon rested his Philosophy. He saw that the

Deductive process of Aristotle, in which the

conclusions do not reach beyond the premises, ArutoUe'e:

was not progressive. It might, indeed, improve

the reasoning powers, cultivate habits of nice

discrimination, and give great proficiency in

verbal dialectics ; but the basis was too narrow

for that expansive philosophy, which was to its defects,

unfold and harmonize all the laws of nature.

Hence, he suggested a careful examination of what Bacon

nature in every department, and laid the foun-

dations of a new philosophy. Nature was to

be interrogated by experiment, observation was

to note the results, and gather the facts into the

storehouse of knowledge. Facts, so obtained, The means tc

i , ,
, becinplnyoiL

were subjected to analysis and collation, and

general laws inferred from such classification by



368 UTILITY OF MATHEMATICS. JJIUOK 1IL

Bacon's a reasoning process called Induction. Hence,

inductive. tne system of Bacon is said to be Inductive.

New Phuoso- 385. This new philosophy gave a startling

impulse to the human mind. Its subject was

Nature material and immaterial ; its object, the

discovery and analysis of those general laws

what u did. which pervade, regulate, and impart uniformity

to all things ; its processes, experience, experi-

ment, and observation for the ascertainment of

ita nature, facts ; analysis and comparison for their classifi-

cation ; and reasoning, for the establishment of

what aided general laws. But the work would have been

incomplete without the aid of deductive science.

General laws deduced from many separate cases,

what u by Induction, needed additional proof; for, they

might have been inferred from resemblances too

slight, or coincidences too few. Mathematical

science affords such proofs.

The tmths of 386. Regarding general laws, established by
induction:

jn(juc tion) as fundamental truths, expressing these

by means of the analytical formulas, and then

operating on these formulas by the known pro-

How verified cesses of mathematical science, we are enabled,
ky Analysis.

not only to verity the truths ot induction, but

often to establish new truths, which were hidden

from experiment and observation. As the in-
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ductive process may involve error, while the

deductive cannot, there are weighty scientific

reasons, for giving to every science as much

of the character of a Deductive Science as pos-

sible. Every science, therefore, should be con- AS far M

structed with the fewest and simplest possible

inductions. These should be made the basis of
8l

V
)U

1

l

''V
e

made Deduo

deductive processes, by which every truth, how- tivt'-

ever complex, should be proved, even if we

chose to verify the same by induction, based on

specific experiments.

387. Every branch of Natural Philosophy Namrai PW-

was originally experimental; each generaliza- ex

tion rested on a special induction, and was de-

rived from its own distinct set of observations

and experiments. From being sciences of pure

experiment, as the phrase is, or, to speak more

correctly, sciences in which the reasonings con-
deductlT*.

sist of no more than one step, and that a step

of induction ; all these sciences have become,

to some extent, and some of them in nearly their

whole extent, sciences of pure reasoning : thus,

multitudes of truths, already known by induc-

tion, from as many different sets of experiments,

have come to be exhibited as deductions, or co- Maun matt-

rollaries from inductive propositions of a simpler

and more universal character. Thus, mechan-
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Deductive ics, hydrostatics, optics, and acoustics, have

successively been rendered mathematical ; and

astronomy was brought by Newton within the

laws of general mechanics.

Their advuu- The substitution of this circuitous mode oi

tages:

proceeding for a process apparently much easier

and more natural, is held, and justly too, to be

the greatest triumph in the investigation of nature.

they rest on But, it is necessary to remark, that although, by
Inductions. . . . -

.,

this progressive transformation, all sciences tend

to become more and more deductive, they are

not, therefore, the less inductive ; for, every step

in the deduction rests upon an antecedent in-

sciencesde- duction. The opposition is, perhaps, not so
ductive or ex-

perimental, much between the terms Deductive and Induc-

tive as between Deductive and Experimental.

EX erimen
^^' ^ sc ience ^s experimental, in propor-

tai science
^jon as every new case, which presents any pe-

culiar features, stands in need of a new set of

observations and experiments, and a fresh in-

duction. It is deductive, in proportion as it can

draw conclusions, respecting cases of a new
When de

ductive. kin(J j by processes which bring these cases un-

der old inductions, or show them to possess

known marks of certain attributes.

389. We can now, therefore, perceive, what
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is the generic distinction between sciences that ni.Ter.-i..-,-

can be made deductive and those which must, dl^, .

as yet, remain experimental. The difference
Ex

i<;
ri "1< "<

' - ;,o -.

consists in our having been able, or not yet

able, to draw from first inductions as from a

general law, a series of connected and depend

ent truths. When this can be done, the de

ductive process can be applied, and the sci-

ence becomes deductive. For example : when Dednctive

Newton, by observing and comparing the mo

tions of several of the heavenly bodies, discov

ered that all the motions, whether regular 01 Example.

apparently anomalous, of all the observed bodies

of the Solar System, conformed to the law of

moving around a common centre, urged by a

centripetal force, varying directly as the mass,

and inversely as the square of the distance from

the centre, he inferred the existence of such a

luir for all the bodies of the system, and then de-

monstrated, by the aid of mathematics, that no

other law could produce the motions. This is \V | 1Hi i,B

the greatest example which has yet occurred of

the transformation, at one stroke, of a science

which was in a great degree purely experimen-

tal, into a deductive science.

390. How far the study of mathematics pre- study or

. . f, % i j mathem ;i lies

pares the mind for such contemplations and
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prepares the such knowledge, is well set forth by an old wri-

ter, himself a distinguished mathematician. He

says :

Dr. Barrow's The steps are guided by no lamp more clear-
opinion.

ly through the dark mazes of nature, by no thread

more surely through the infinite turnings of the

labyrinth of philosophy ;
nor lastly, is the bottom

of truth sounded more happily by any other line.

HOW I \vill not mention with how plentiful a stock
mathematics

furnish the of knowledge the mind is furnished from these ;

with what wholesome food it is nourished, and

what sincere pleasure it enjoys. But if I speak

further, I shall neither be the only person not

the first, who affirms it, that \vhile the mind is

Abstract abstracted, and elevated from sensible matter,
<md elevate . . . -

it; distinctly views pure torms, conceives the beau-

ty of ideas, and investigates the harmony of pro-

portions, the manners themselves are sensibly

corrected and improved, the affections composed

and rectified, the fancy calmed and settled, and

the understanding raised and excited to more

conflrmedbj divine contemplations : all of which I might de-
phtiosophers

fend by the authority and confirm by the suf-

frages of the greatest philosophers."*

HirecheP8 391. Sir John Herschel, in his Introduction

* Dr. Barrow.
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to his admirable Treatise on Astronomy, very opini<jM.

justly remarks, that,

" Admission to its sanctuary [the science of Mathemat-

ical CCli-IM',-,

Astronomy], and to the privileges and feelings imiu.pei.sa-

of a votary, is only to be gained by one means know

'

sound and sufficient knowledge of mathematics,
Astronom5

r-

the great instrument of all exact inquiry, with-

out which no man can ever make such advances

in this or any other of the higher departments

of science as can entitle him to form an inde-

pendent opinion on any subject of discussion

within their range.
"

It is not without an effort that those who informa-

tion cannot

possess this knowledge can communicate on be given

such subjects with those who do not, and adapt
to

h^'^
their language and their illustrations to the ne- n^11'"1"11"3*

cessities of such an intercourse. Propositions

which to the one are almost identical, are the-

orems of import and difficulty to the other ; nor

is their evidence presented in the same way to

the mind of each. In treating such proposi- Except

by very cum-

tions, under such circumstances, the appeal has brousmeth-

to be made, not to the pure and abstract reason,

but to the sense of analogy to practice and

experience : principles and modes of action have

to be established, not by direct argument from

acknowledged axioms, but by continually refer-

ring to the sources from which the axioms them-
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Must begin selves have been drawn, viz. examples ; that is to

piesteie-
sav > ^J bringing forward and dwelling on simple

and familiar instances in which the same prin-

ciples and the same or similar modes of action

take place ; thus erecting, as it were, in each

particular case, a separate induction, and con-

structing at each step a little body of science to

illustration meet its exigencies. The difference is that of
of the difler-

ence be- pioneering a road through an untraversed coun-

stmct^by try, and advancing at ease along a broad and
cientiflc aud Beaten highway ;

that is to say, if we are deter-
unscientiflc * *

methods, mined to make ourselves distinctly understood,

and will appeal to reason at all." Again :

Mathematics
" A certain moderate degree of acquaintance

De essary to
with abstract science is highly desirable to every

physics :
' *

one who would make any considerable progress

in physics. As the universe exists in time and

place ;
and as motion, velocity, quantity, num-

ber, and order, are main elements of our knowl-

edge of external things and their changes, an

acquaintance with these, abstractedly consid-'

Why u is so ered (that is to say, independent of any consid-

*ary'

eration of particular things moved, measured,

counted, or arranged), must evidently be a use-

ful preparation for the more complex study of

nature."*

* Sir John Herschel on the study of Natural Philosophy
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392. If we consider the department of chem- Nec*ary in

istry, which analyzes matter, examines the ele-

ments of which it is composed, develops the laws

which unite these elements, and also the agencies

which will separate and reunite them, we shall

find that no intelligent and philosophical analysis

can be made without the aid of mathematics.

393. The mechanism of the physical uni- Laws long

unknown.

verse, and the laws which govern and regulate

its motions, were long unknown. As late as the

17th century, Galileo was imprisoned for pro- Galileo,

mulgating the theory that the earth revolves on

its axis ;
and to escape the fury of persecution, His theory,

renounced the deductions of science. Now, ev-

ery student of a college, and every ambitious boy NOW known

of the academy, may, by the aid of his Algebra

and Geometry, demonstrate the existence and

operation of those general laws which enable By what

him to trace with certainty the path and mo- moMtnai.

tions of every body which circles the heavens.

3'J4. What knowledge is more precious, or value

more elevating to the mind, than that which

assures us that the solar system, of which the

sun is the centre, and our earth one of the

smaller bodies, is governed by the general law

of gravitation; that is, that each body is re-

tained in its orbit by attracting, and being at-
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what tracted by, all the others ? This power of attrae-

U teuchoi. t i i

tiOL
; by which matter operates on matter, is the

great governing principle of the material world.

The motion of each body in the heavens de-

Ti-.e things pends on the forces of attraction of all the
iioi easy. . i <

others ; hence, to estimate such iorces varying

as they do with the quantity of matter in each

body, and inversely as the squares of their dis-

tances apart is no easy problem ; yet analy-

Anaiysis: sis has solved it, and with such certainty, that.

the exact spot in the heavens may be marked

at which each body will appear at the expiration

what it has of any definite period of time. Indeed, a tele-
done:

scope may be so arranged, that at the end of

HOW a that time either one of the heavenly bodies

be verified would present itself to the field of view ; and

^menT"" ^ ^e instrument could remain fixed, though the

time were a thousand years, the precise mo-

ment would discover the planet to the eye of the

observer, and thus attest the certainty of science.

395. But analysis has done yet more. It

has not only measured the attractive power of

Analysis eacn of the heavenly bodies ; determined their
determine*

distances from a common point and from each
forcee. '_ r

other; ascertained their specific gravities and

traced their orbits through the heavens ; but

has also discovered the existence of balancing
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and conservative forces, evincing the highest Evidence a

evidence of contrivance and design.

396. A superficial view of the architecture Architecture

of the heavens might inspire a doubt of the sta- eDa LoTs

'

bility of the entire system. The mutual action P8 ""*1**

of the bodies on each other produces what is

called an irregularity in their motions. The

earth, for example, in her annual course around Example of

~ . the earth:

the sun, is attected by the attraction of the

moon and of all the planets which compose the

solar system ; and these attracting forces appear

to give an irregularity to her motions. The

moon in her revolutions around the earth is also orthemooo.

influenced by the attraction of the sun, the earth,

and of all the other planets, and yields to each a

motion exactly proportionate to the force exert-

ed ; and the same is equally true of all the bodies or the i*h

planets.

which belong to the system. It was reserved

for analysis to demonstrate that every supposed

irregularity of motion is but the consequence of

a general law ; that every change is constancy,

and every diversity uniformity. Thus, mathe- Mathematics

, . proves the

matical science assures us that our system has
permanency

not been abandoned to blind chance, but that
tern.

a superintending Providence is ever exerted

through those general laws, which are so minute

as to govern the motions of the feather as it is
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Generality of wafted along on the passing breeze, and yet so

omnipotent as to preserve the stability of worlds.
lilWS.

397. But analysis goes yet another step.

That class of wandering bodies, known to us by

comets: the name of comets, although apparently escaped

from their own spheres, and straying heedlessly
what

through illimitable space, have yet been pursuedmathematics

proves in re- by the telescope of the observer until sufficient
gard to them.

data have been obtained to apply the process

of analysis. This done, a few lines written upon

paper indicate the precise times of their reap-

Resuitsstri- pearance. These results, when first obtained,

were so striking, and apparently so far beyond

the reach of science itself, as almost to need

Verification, the verification of experience. At the appointed

times, however, the comets reappear, and sci-

ence is thus verified by observation.

Nature 398. The great temple of nature is only to
cannot be in-

vestigated be opened by the keys of mathematical science.

mathematics.
We mav PernaPs reach the vestibule, and gaze

with wonder on its gorgeous exterior and its

exact proportions, but we cannot open the por-

niustration. tal and explore the apartments unless we use

the appointed means. Those means are the

exact sciences, which can only be acquired b\

discipline and severe mental labor.
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The precious metals are not scattered pro- science:

fusely over the surface of the earth ; they are,

for wise purposes, buried in its bosom, and can

be disinterred only by toil and labor. So with

science : it comes not by inspiration ; it is not

borne to us on the wings of the wind ; it can only to be

acquirtxl bj

neither be extorted by power, nor purchased by Mw iy:

wealth ; but is the sure reward of diligent and

assiduous labor. Is it worth that labor ? What it is worth

study.

is it not worth ? It has perforated the earth,

and she has yielded up her treasures ; it has N'hr.t

it has done

guided in safety the bark of commerce over dis-

tant oceans, and brought to civilized man the

treasures and choicest products of the remotest

climes. It has scaled the heavens, and searched

out the hidden laws which regulate and govern

the material universe ; it has travelled from

planet to planet, measuring their magnitudes, sur-

veying their surfaces, determining their days and

nights, and the lengths of their seasons. It has

also pushed its inquiries into regions of space, what

. -
,

it has done

where it was supposed that the mind of the to make us

Omnipotent never yet had energized, and there

located unknown worlds calculating their di-

ameters, and their times of revolution.

399. Mathematical science is a magnetic HOW

telegraph, which conducts the mind from orb
m
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aid the to orb through the entire regions of measured
mind in its _

inquiries: space. It enables us to weigh, in the balance

of universal gravitation, the most distant plane*

of the heavens, to measure its diameter, to de

termine its times of revolution about a commor

centre and about its own axis, and to claim i

as a part of our own system.

HOW they In these far Teachings of the mind, the 1111

enlarge it:

agination has full scope for its highest exercise

It is not led astray by the false ideal and fed by

illusive visions, which sometimes tempt reason

from her throne, but is ever guided by the de-

May be ductions of science; and its ideal and the real

are united by the fixed laws of eternal truth.

Mind 400. There is that within us which delights
delights in . . _. ., , .

,

?rtainty.
m certainty. Ihe mists ot doubt obscure the

mental, as the mists of the morning do the phys-

ical vision. We love to look at nature through

a medium perfectly transparent, and to see every

object in its exact proportions. The science ol

Why mathematics is that medium through which the
mathematics

afford it. mind may view, and thence understand all the

parts of the physical universe. It makes man-

ifest all its laws, discovers its wonderi'ul harmo-

nies, and displays the wisdom and omnipotence

of the Creator.
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CHAPTER III.

THE UTILITY OF MATHEMATICS CONSIDERED AS FURNISHING THOSE RULES OT

ART WHICH MAKE KNOWLEDGE PRACTICALLY EFFECTIVE.

401. THERE is perhaps no word-in the Eng- Practical:

lish language less understood than PRACTICAL.
T-, . , , ,

understood

By many it is regarded as opposed to theoreti-

cal. It has become a pert question of our day,
signification" Whether such a branch of knowledge is prac-

tical ?" " If any practical good arises from pur- Questions

relating to

suing such a study?" "If it be not full time studies and

that old tomes be permitted to remain untouched

in the alcoves of the library, and the minds of

the young fed with the more stimulating food of

modern progress ?"

402. Such inquiries are not to be answered inquiries

by a taunt. They must be met as grave ques- How * *

eousid.ivU

tions, and considered and discussed with calm-

ness. They have possession of the public mind ;
Tlielr

1
influence

they affect the foundations of education; they
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Their influence and direct the first steps ; they control

the very elements from which must spring the

systems of public instruction.

Practical: 403. The term "practical," in its common

common acceptation, that is, in the sense in which it is

often used, refers to the acquisition of useful

knowledge by a short process. It implies a sub-

What a stitution of natural sagacity and " mother wit"

for the results of hard study and laborious effort.

Tt implies the use of knowledge before its acqui-

sition ; the substitution of the results of mere

experiment for the deductions of science, and

the placing of empiricism above philosophy.

in this sense,
404. In this view, the practical is adverse

w opposed to souncj learning, and directly opposed to real

progress. If adopted, as a basis of national edu-

cation, it would shackle the mind with the iron

fetters of mere routine, and chain it down to

the drudgery of unimproving labor. Under

such a system, the people \vould become imita-

conse- tors and rule-men. Great and original principles
quenees.

would be lost sight of, and the spirit of inves-

tigation and inquiry would find no field for their

legitimate exercise.

Right
But give to "practical" its true and right

lon '

signification, and it becomes a word of tne
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choicest import. In its right sense, it is the best Best u,.-:,,,.,

means of making the true ideal the actual ; that
tlo'wii!d"!T

is, the best means of carrying into the business

and practical affairs of life the conceptions and

deductions of science. All that is truly great

in the practical, is but the actual of an antece-

dent ideal.

405. It is under this view that we now pro- MaUiemau-

.
cl science :

pose to consider the practical advantages of

mathematical science. In the two preceding

chapters we have pointed out its value as a

means of mental development, and as affording

facilities for the acquisition of knowledge. We
shall now show how intimately it is blended iu practical

with the every-day affairs of life, and point out

some of the agencies which it exerts in giving

practical development to the conceptions of the

mind.

406. We begin with Arithmetic, as this Arithmetic

branch of mathematics enters more or less into

all the others. And what shall we say of its

practical utility ? It is at once an evidence and

element of civilization. By its aid the child in

the nursery numbers his toys, the housewife

keeps her daily accounts, and the merchant sums

up his daily business. The ten little characters.
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which we call figures, thus perform a very im-

what figures portant part in human affairs. They are sleepless

sentinels watching over all the transactions of

trade and commerce, and making known their

final results. They superintend the entire busi-

rheir value, ness affairs of the world. Their daily records

exhibit the results on the stock exchange, and

of enterprises reaching over distant seas. The

used by the mechanic and artisan express the final results oi

all their calculations in figures. The dimensions

g. of buildings, their length, breadth, and height, as

well as the proportions of their several parts, are

all expressed by figures before the foundation

Aid science, stones are laid
;
and indeed, all the results oi

science are reduced to figures before they can

be made available in practice.

407. The rules and practice of all the me-

chanic arts are but applications of mathematical

Mathematics science. The mason computes the quantity of
na*4i A the

mechanic his materials by the principles of Geometry and

the rules of Arithmetic. The carpenter frames

his building, and adjusts all its parts, each to

the others, by the rules of practical Geometry.

Fxampies The millwright computes the pressure of the

water, and adjusts the driving to the driven

wheel, by rules evolved from the formulas of

analvsis.
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408. Workshops and factories afford marked Workshop*

illustrations of the utility and value of practical maita
science. Here the most difficult problems are p'ications or

science.

resolved, and the power of mind over matter

exhibited in the most striking light. To the

uninstructed eye of a casual observer, confusion

appears to reign triumphant. But all the parts Prt8 ad-

just. <! on a

of that complicated machinery are adjusted to general plan.

each other, and were indeed so arranged, and

according to a general plan, before a single

wheel was formed by the hand of the forger.

The power necessary to do the entire work was PO*VI

first carefully calculated, and then distributed lin .i

throughout the ramifications of the machinery.

Each part was so arranged as to fulfil its office.

Every circumference, and band, and cog, has

its specific duty assigned it. The parts are Part* r,\ ,.,

i-rr- f ft their pni|x.r

made at different places, after patterns formed
,,

by the rules of science, and when brought to-

gether, fit exactly. They are but formed parts

of an entire whole, over which, at the source

of power, an ingenious contrivance, called the

Governor, presides. His function is to regulate
Governor

the force which shall drive the whole according

to a uniform speed. He is so intelligent, and

of such delicate sensibility, that on the slightest
n function*

increase of velocity, he diminishes the force, and

adds additional power the moment the speed



386 UTILITY OF MATHEMATICS. [BOOK 111

AII is but slackens. All this is the result of mathematical
Ihc result of . TITL

science calculation. When the curious shall visit these

exhibitions of ingenuity and skill, let them not

suppose that they are the results of chance and

experiment. They are the embodiments, by in-

telligent labor, of the most difficult investigations

of mathematical science.

409. Another striking example of the appli-

cation of the principles of science is found in

steamship: the steamship.

Jn the first place, the formation of her hull,

HOW the huii so as to divide the waters with the least resist-

ied '

ance, and at the same time receive from them

the greatest pressure as they close behind her,

NT masts: is not an easy problem. Her masts are all

uow to be set at the proper angle, and her sails so

adjusted. acyus teci as to gam a maximum force. But the

complication of her machinery, unless seen

through the medium of science, baffles investi-

gation, and exhibits a startling miracle. The

burning furnace, the immense boilers, the mass-

Machmerj:
*vc cylinders, the huge levers, the pipes, the

lifting and closing valves, and all the nicely-

adjusted apparatus, appear too intricate to be

comprehended by the mind at a single glance.

The whole Yet in all this complication in all this variety

of principle and workmanship, science has ex-
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erted its power. There is not a cylinder, whose according to

Ihepniiri|,!c2

dimensions were not measured not a lever, Ol

whose power was not calculated nor a valve,

which does not open and shut at the appointed

moment. There is not, in all this structure, a From a

bolt, or screw, or rod, which was not provided

for before the great shaft was forged, and which

does not bear to that shaft its proper proportion.

And when the workmanship is put to the test, B>-

. what means
and the power of steam is urging the vessel on

navigated,

her distant voyage, science alone can direct her

way.

In the captain's cabin are carefully laid away,

for daily use, maps and charts of the port which Her chart*,

he leaves, of the ocean he traverses, and of the

coasts and harbors to which he directs his way.

On these are marked the results of much scien- Their

tific labor. The shoals, the channels, the points
c D

u^fc

ai>

of danger and the places of security, are all in-

dicated. Near by, hangs the barometer, con- Barometer:

structed from the most abstruse mathematical

formulas, to indicate changes in the weight of

the atmosphere, and admonish him of the ap-

proaching tempest. On his table lie the sextant. Pextam

and the tables of Bowditch. These enable him,

by observations on the heavenly bodies, to mark

his exact place on the chart, and learn his posi- Their owe.

tion on the surface of the earth. Thus, practical
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science science, which shaped the keel of the ship to
guides the

ship :
its proper form, and guided the hand of the me-

chanic in every workshop, is, under Providence,

the means of conducting her in safety over the

ocean. It is, indeed, the cloud by day and the

What
pillar of fire by night. Guiding the bark of

thusaccom- r

piiahes. commerce over trackless waters, it brings dis-

tant lands into proximity, and into political and

social relations.

" We have before us an anecdote communi-
DlustruUon.

cated to us by a naval officer,* distinguished

for the extent and variety of his attainments,

which shows how impressive such results may

Ca t. Bail's
become ^n practice. He sailed from San Bias,

Toyage. on fae west coast of Mexico, and after a voyage

itb length: of eight thousand miles, occupying eighty-nine

days, arrived off Rio de Janeiro ; having in this

interval passed through the Pacific Ocean, round-

and ed Cape Horn, and crossed the South Atlantic,
Incidents.

without making any land, or even seeing a single

sail, with the exception of an American whaler

off Cape Horn. Arrived within a week's sail

of Rio, he set seriously about determining, by
otnr\ntiona lunar observations, the precise line of the ship's

token

course, and its situation in it, at a determinate

moment; and having ascertained this within

Captain Basil Hall.
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from five to ten miles, ran the rest of the way Remarkable

by those more ready and compendious methods,
coincidencc-

known to navigators, which can be safely em-

ployed for short trips between one known point

and another, but \vhich cannot be trusted in long short

i_i int'thodfl*

voyages, where the moon is the only sure guide.
" The rest of the tale, we are enabled, by his

kindness, to state in his own words :

' We steered Particular

towards Rio de Janeiro for some days after ta-

king the lunars above described, and having

arrived within fifteen or twenty miles of the Arrival*

coast, I hove-to at four in the morning, till the

day should break, and then bore up : for although

it was very hazy, we could see before us a couple

of miles or so. About eight o'clock it became so

foggy, that I did not like to stand in further, and

was just bringing the ship to the wind again, be-

fore sending the people to breakfast, when it sud-

denly cleared ofF, and I had the satisfaction of Dtocorery ot

seeing the great Sugar-Loaf Rock, which stands

on one side of the harbor's mouth, so nearly right

ahead that we had not to alter our course above

a point in order to hit the entrance of Rio. This

was the first land we had seen for three months, in* land i

after crossing so many seas, and being set back- monlhfc

wards and forwards by innumerable currents

and foul winds.' The effect on all on board

might well be conceived to have been electric :
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on the crew, and it is needless to remark how essentially the

authority of a commanding officer over his crew

may be strengthened by the occurrence of such

incidents, indicative of a degree of knowledge

and consequent power beyond their reach."*

surreying. 410. A useful application of mathematical

science is found in the laying out and measure-

Measure- ment of land. The necessity of such measure-
ment of land. ,.,..,. .,

ment, and oi dividing the suriace 01 the earth

into portions, gave rise to the science of Geom-

ownership: etry. The ownership of land could not be de-

How termined without some means of running boun
determined.

. .

dary lines, and ascertaining limits. Levelling

is also connected with this branch of practical

mathematics.

By the aid of these two branches of practical

science, we measure and determine the area or

Contents of contents of ground ; make maps of its surface;
ground. . i-i f

measure the heights oi hills and mountains ;

Rivera, find the directions of rivers ; measure their vol-

umes, and ascertain the rapidity of their cur-

rents. So certain and exact are the results, that

entire countries are divided into tracts of con-

venient size, and the rights of ownership fully

Oeruunty secured. The rules for mapping, and the con-

* Sir John Herschel, on the study of Natural Philosophy
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ventional methods of representing the surface

of ground, the courses of rivers, and the heights

of mountains, are so well defined, that the nat-

ural features of a country may be all indicated i-vatuns r

mi f the 8roun<l-

on paper. Ihus, the topographical features of

all the known parts of the earth may be cor- ihoir n-j.iv

rectly and vividly impressed on the mind, by a

/nap, drawn according to the rules of art, by the

human hand.

411. Our own age has been marked by a iuuy.

striking application of science, in the construc-

tion of railways. Let us contemplate for a mo-

ment the elements of the problem which is pre-
'

sented in the enterprise of constructing a railroad

between two given points.

In the first place, the route must be carefully Examination

,
..... of their

examined to ascertain its general practicability. ^^
The surveyor, with his instruments, then ascer- sum-)*

tains all the levels and grades. The engineer

examines these results to determine whether the once or the

.
,

. i engineer.

power of steam, m connection with the best

combination of machinery, will enable him to

overcome the elevations and descend the decliv-

ities in safety. He then calculates the curves calculation*

of the road, the excavations and fillings, the

cost of the bridges and the tunnels, if there are

any ;
and then adjusts the steam-power to meet
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completion the conditions. In a few months after the enter-

prise is undertaken, the locomotive, with its long

train of passenger and freight cars, rushes over

the tract with a superhuman power, and fulfils

the office of uniting distant places in commer-

cial and social relations.

the striking But that which is most striking in all this, is

the fact, that before a stump is grubbed, or a

spade put into the ground, the entire plan of the

work, having been subjected to careful analysis,

is fully developed in all its parts. The construc-

The whole tion is but the actual of that perfect ideal which
of

the mind forms within itself, and which can

spring only from the far-reaching and immuta-

ble principles of abstract science.

412. Among the most useful applications of

practical science, in the present century, is the

croton introduction of the Croton water into the city
aquflduct'

of New York.

In the Highlands of the Hudson, about fifty

miles from the city, the gushing springs of the

sources of mountains indicate the sources of the Croton
the rirer. . . p ..

river, which enters the Hudson a few miles

below Peekskill. At a short distance from the

Priucipai mouth, a dam fifty-five feet in height is thrown
reeervdir.

across the river, creating an artificial lake for

the permanent supply of water. The area of this
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lake is equal to about four hundred acres. The its area.

aqueduct commences at the Oroton dam, on a Aqueduct

line forty feet above the level of the Hudson

river, and runs, as near as the nature of the

ground will permit, along the east bank, till it

reaches its final destination in the reservoirs

of the city. There are on the line sixteen tun- itstunm-ii

nels, varying in length from 160 to 1,263 feet,

making an aggregate length of 6,841 feet. The

heights of the ridges above the grade level of the Their

tunnels range from 25 to 75 feet. Twenty-five

streams are crossed by the aqueduct in West-

Chester county, varying from 12 to 70 feet below

the grade line, and from 25 to 83 feet i.^/ow the

top covering of the aqueduct. The Harlem Hariem rivei

river is passed at an elevation of 120 feet above

the surface nf the water. The average dimen-

sions of the interior of the aqueduct, are about

seven feet in width and eight feet in height.

The width of the Harlem river, at the point its width.

where the aqueduct crosses it, is six hundred

and twenty feet, and the general plan of the

bridge is as follows : There- are eight arches, Bridt>'"
'

each of 80 feet span, and seven smaller arches,

each of 50 feet span, the whole resting on piers

and abutments. The length of the bridge is t length-

1,450 feet. The height of the river piers from

tiie lowest foundation is 96 feei. The arches
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ite height: are semi-circular, and the height from the low-

est foundation of the piers to the top of the

it width, parapet is 149 feet. The width across, on the

top, is 21 feet.

To afford a constant supply of water for dis-

tribution in the city two large reservoirs have

Receiving been constructed, called the receiving reservoir
Reservoir:

and the distributing reservoir. The surface of

the receiving reservoir, at the water-line, is equal

its extent, to thirty-one acres. It is divided into two parts

by a wall running east and west. The depth of

Depth of water in the northern part is twenty feet, and
water. .

in the southern part thirty teet.

Distributing The distributing reservoir is located on the

highest ground which adjoins the city, known

its capacity, as Murray Hill. The capacity of this reservoir

is equal to 20,000,000 of gallons, which is about

one-seventh that of the receiving reservoir, and

the depth of water is thirty- six feet.

Power The full power of science has not yet been

illustrated. A perfect plan of this majestic

structure was arranged, or should have been,

before a stone was shaped, or a pickaxe put into

the ground. The complete conception, by a

single mind, of its general plan and minutest

details, was necessary to its successful prosecu-
vvhatitao

i'lon . It was within the range and power of
complished.

science to have given the form and dimensions
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of every stone, so that each could have been

shaped at the quarry. The paris are so con- o*>nc.

nected by the laws of the geometrical forms,

that the dimensions and shape of each stone was

exactly determined by the nature of that portion

of the structure to which it belonged.

413. We have presented this outline of the v-worth

Croton aqueduct mainly for the purpose of

illustrating the power and celebrating the tri-

umphs of mathematical science. High intel-

lect, it is true, can alone use the means in a

work so complicated, and embracing so great

a variety of intricate details. But genius, even Ll
.

of the highest order, could not accomplish, with-
a>

^

out continued trial and laborious experiment,

such an undertaking, unless strengthened and

guided jy the immutable truths of mathematical

science.

414. The examination of this work cannot \\i,.,i

.. science hat

but fill the mind with a proud consciousness ot
doD<>>

the power and skill of man. The struggling

brooks of the mountains are collected together

accumulated conducted for forty miles through

a subterranean channel, to form small lakes in

the vicinity of a populous city.

From these sources, by an unseen process, the
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pure water is carried to every dwelling in the

large metropolis. The turning of a faucet de-

livers it from a spring at the distance of fifty
quences

hi.-.h have miles, as pure as when it gushes from its granite

hills. That unseen power of pressure, which

resides in the fluid as an organic law, exerts its

force with unceasing and untiring energy. To

minds enlightened by science, and skill directed

by its rules, we are indebted for one of the no-

blest works of the present century. May we

Conclusion, not, therefore, conclude that science is the only

sure means of giving practical development to

those great conceptions which confer lasting

benefits on mankind ?
" All that is truly great

in the practical, is but the result of an antece-

dent ideal."



INDEX.

ABSTRACTION . . .That faculty of the mind which enables us, in con-

templating any object to attend exclusively to some

particular circumstance, and quite withhold our at-

tention from the rest, Section 12.
"

IB used in three senses, 13.

Abstract Quantity, 107.

Addition, Spelling and reading in, 123-127.

Examples in, 159.
" Definitions of, 207

One principle governs all operations in, 236.

-35tna, How far designated by the term mountain, 20.

A Geometrical Proportion, 176.

ALGEBRA, A species of Universal Arithmetic, in which letters

and signs are employed to abridge and generalise
all processes involving numbers, 284.

Divided into two parts, 2b4.

Difficulties of, from what arising, 290.

Principles of, deduced from definitionsand axioms, 301.
" Should precede Geometry in instruction, 358.

Alphabet of the language of numbers, 91, 130, 121.
"

Language of Arithmetic, formed from, 196.

Analytical Form, for what best suited, 71, 95.

ANALYSIS A term embracing all the operations that can be per-

formed on quantities represented bv letters, 93, 94.

95, 278, 377.

It also denotes the prooesp of separating a complex

whole into its parts, 95.

" of problems in Arithmetic, 183, 184.
" Three branches of, 283, 289, 290.
" First notions of, how acquired, 367.
" Problems it has solved, 396, 397.

Angles Right angle, the unit of, 254.
" A class of Geometrical Magnitudes, 65, 977.
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Apothecaries' Weight Its units and scale, Section 145.

APPREHENSION . Simple apprehension is the notion (or conception) of

an object in the mind, 7.

"
Incomplex apprehension is of one object or of sev-

eral without any relation being perceived between

them, 7.

"
Complex is of several with such a relation, 7.

AKEA or CONTENTS, Number of times a surface contains its

unit of measure, 148.

Argument with one premise suppressed is called an Enthy-
meme, 47.

" Two kinds of objections, 47.

"
Every valid, may be reduced to a syllogism, 52.

" at full length, a syllogism, 56.

" concerned with connection between premises and con-

elusion, 57.

" Where the fault (if any) lies, 69.

Arguments, In reasoning we make use of, 42. ,

"
Examples of unsound, 50.

" Rules for examining, 70.

Aristotle did not mean that arguments should always be stated

syllogistically, 53.

" accused of darkening his demonstrations by the use

of symbols, 57.

" His philosophy not progressive, 384.

ARISTOTLE'S DICTUM Whatever is predicated (that is, affirmed or

denied) universally, of any class of things,

may be predicated, in like manner (viz.

affirmed or denied), of any thing com-

prehended in that class, 54.

" "
Keystone of his logical system, 54.

"
Objections to, 54, 55.

" "a generalized statement of all demonstra-

tion, 55.

" "
applied to terms represented by letters, 56.

" " not complied with, 59, 60.

" " All sound arguments can be reduce i to the

form to which it applies, 65, 66.

ARITHMETIC ... .Is both a science and an art, 180.
"

It is a science in all that relates to the properties, laws,

and proportions of numbers, 180.
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ARITHMETIC It is an art in all that concerns their application, Sec.

tion 181.
" Processes of, not affected by the nature of the ob-

jects, 43.
" Illustration from, 45.

* How its principles should be explained, 182.
" Its requisitions as an art, 185.
' Faculties cultivated by it, 188.
" Combinations in, 196-203.
" What its study should accomplish, 210.
" Art of, its importance, 210.
"

Elementary ideas of, learned by sensible objects, 211.
"

Principles of, how they should be taught, 212.
*

FIRST, what it should accomplish, 218.
* "

arrangement of lessons, 218-'J'J 7.

" " what should be taught in it, 230.

" SECOND, should be complete and practical, 231.
" "

arrangement of subjects, 232.

" " introduction of subjects, 233.

* "
reading of figures should be constantly prac-

tised, 2:54.

* THIRD, the subject now taught as a science, 235.

" "
requirements from the pupil for, 235.

* " Reduction and the ground rules brought un-

der one principle, 236.

* "
design of, methods must differ from smaller

works, 2:j?.

"
examples in the ground rules, 238.

" what subjects should be transferred from ele-

mentary works, 239.

Practical utility of, 406, 407.

Should not be finished before Algebra is commenced,

356.

Arithmetical Proportion, 171.

Ratio, 171.

ART The application of knowledge to practice, 22.

" Its relations to science, 20.

A single one often formed from several sciences, 22.

of Arithmetic, 181, 185, 190.

Astronomy brought by Newton within the laws of mechanics, 387.

How it became deductive, 389.
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Astronomy, Mathematics necessary in, Section 391.

Authors, methods of finding ratio, 173, 178.
" " of placing Rule of Three, 195.
"

quotations from, on Arithmetic, 205, 208.
" definition of proportion, 272.

Auxiliary Quantities, 263, 264.

Avoirdupois Weight, its units and scale, 143.

AXIOM A self-evident truth, 27, 100.

Axioms of Geometry, process of learning them, 27.
" or canons, for testing the validity of syllogisms, 67.
" of Geometry established by Induction, 73.

" for forming numbers, 78.
" for comparison relate to equality and inequality,

109.
" for inferring equality, 109, 262, 264, 268.
** " "

inequality, 109.
"

employed in solving equations, 282, 315.

Bacon, Lord, Quotation from, 378.

Foundation of his Philosophy, 384; its subject Na-

ture, 385.
" His system inductive, 384.

Object and means of his philosophy, 385.

Barometer, Construction and use of, 409.

Barrow, Dr., Quotation from, 378, 390.

Belief essential to knowledge, 23.

" and disbelief are expressed in propositions, 36.

Blakewell, steps of his discovery, 32.

Bowditch, Tables of, used in Navigation, 409.

BKEADTH A dimension of space, 81.

Bridge, Harlem, description of, 412.

CALCULUS, In its general sense, means any operation performea
on algebraic quantities, 285, 286.

" Differential and Integral, 287, 288, 289.

Canons for testing the validity of syllogisms, 67.

Cause and effect, their relation the scientific basis of induc-

tion, 33.

Chemist, Illustration, 53 ;
idea of iron, 372.

Chemistry aided by Mathematics, 392.

ClKCLE A portion of a plane included within a curve, all the
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points of which are equally distant from a certain

point within called the centre, Section 248.

CERCLK The only curve of Elementary Geometry, 248.
"

Property of, 260.

Circular Measure, its units and scale, 156.

CLASSES Divisions of species or subspecies, in which the char-

acteristic is less extensive, but more full and com-

plete, 16.

CLASSIFICATION. The arrangement of objects into classes, with refer-

ence to some common and distinguishing charac-

teristic, 16.

" Basis of, may be chosen arbitrarily, 20.

Coefficient of a letter, 295 ;
of a product, 296.

Differential, 287, 288.

Coins should be exhibited to give ideas of numbers, 140.

Combinations in Arithmetic, 196-203.
"

taught in First Arithmetic, 220-222.

Comets, Problem with reference to, 397.

Comparison, Knowledge gained by, 106.
"

Reasoning carried on by, 25, 311.

CONCLUSION . . . .The third proposition of a syllogism, 40.

" in Induction, broader than the premises, 31.

" deduced from the premises, 40, 41, 46, 47, 49.

" contradicts a known truth, in negative demonstrv

tions, 268, 269.

Concrete Quantity, 107.

Conjunctions causal, illative, 48.
" denote cause and effect, premise and conclusion, 48.

CONSECUTIVE . . .Consecutive values, 326.

CONSTANTS Quantities which preserve a fixed value throughout
the same discussion or investigation, 286, 287, 317.

"
represented by the first letters of the alphabet, 288.

CONTINUITY Continuity defined, 321, 325.
"

Consequences of the law of continuity, 328.

COPULA That part of a proposition which indicates the act of

judgment, 38.

" must be "
is" or "

is not," 38, 39.

Cousin, quotation from, 168.

Curves, circumference of circle the simplest of, 243.

Croton river, its sources, 412.

* dam, its construction, 412 ; lake, area of, 419.
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Croton aqueduct, description of, Section 412.

Decimals, language of, and scale for, 164, 165.

DEDUCTION A process of reasoning by which a particular truth

is inferred from other truths which are known or

admitted, 34.

"
Its formula the syllogism, 34.

Deductive Sciences, why they exist, 101.
" " aid they give in Induction, 385.

DEFINITION A metaphorical word, which literally signifies laying
down a boundary, 1.

"
Is of two kinds, 1.

"
Its various attributes, 2-5.

Definitions, General method of framing, 3.

Rules for framing, 5 (Note).
" and axioms, tests of truth, 100, 102.
"

signs of elementary ideas, 204.
"

Necessity of exact, 204.

DEMONSTKATION.A series of logical arguments brought to a conclusion,

in which the major premises are definitions, axioms,
or propositions already established, 241.

" of a demonstration, 55.

" to what applicable, 242.
" of Proposition I. of Legendre, 262.
"

positive and negative, 266-269.
"

produces the most certain knowledge, 376.

Descartes, originator of Analytical Geometry, 285.

Dictum, Aristotle's, 54, 55, 66.

DIFFERENTIAL AND INTEGRAL CALCULUS. The science which notes

the changes that take place according to fixed

laws established by algebraic formulas, when
those changes are indicated by certain marks
drawn from the variable symbols, 287. Chap. V.,

Art. 320.
" Coefficients Marks drawn from the variable sym-

bols, 287, 288.
* and Integral Calculus Difference between it and

Analytical Geometry, 288.
* " " " What persons should study

it, 387.

Discussion of an Equation, 312.
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DISTRIBUTION. . .A terra is distributed, when it stands for all its signi-

cates, Section 61.

A term is not distributed when it stands for only a

part of its significates, 61.

Distribution, Words which mark, not always expressed, 62.

Division, Readings in, 130
; examples in, 162.

" Combinations in, 200.

All operations in, governed by one principle, 236.
" of quantities, how indicated, 298.

Dry Measure, Its units and scale, 154.

Duodecimal Units, 149-151.

English Money, Its units and scale, 142.

ENTHYMEME An argument with one premise suppressed, 47.

EQUAL Two geometrical figures are said to be equal when

they contain the same unit an equal number of

times ; and equal in all their parts, when they can

be so applied to each other as to coincide through-
out their whole extent, 259.

EQUALITY Expresses the relation between two quantities, when
each contains the same unit an equal number of

times, 259, 316.

EQUATION An analytical formula for expressing equality, 311-

316.
" A proposition expressed algebraically, in which equal-

ity is predicated of one quantity as compared with

another, 313.

" either abstract or concrete, 314.

Equations, Subject of, divided into two parts, 312.

" Five axioms for solving, 315.

Examples In ground rules of Third Arithmetic, 238.

" Of little use to vary forms of, without changing the

principles of construction, 240.

Experiment, In what sense used, 25 (Note).

EXPONENT An expression to show how many equal factors are

employed, 297.

Extremes. Subject and predicate of a proposition, 38, 67.

FACT ... Any thinir which has been or is, 24.

" Knowledge of, how derived, 25.

" In what sense used, 25.
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FACT regarded as a genus, Section 25.

Factories, Value of science in, 408.

FALLACY Any unsound mode of arguing which appears to de-

mand our conviction, and to be decisive of the ques-

tion in hand, when in fairness it is not, 68.

" Illustration of, 53.
"

Example and analysis of, 59, 60.

" Material and Logical, 69.
" Rules for detecting, 70.

FIGURE A portion of space limited by boundaries, 82.
" Each geometrical, stands for a class, 281.

Figures In Arithmetic show how many times a unit is taken,

132.
" do not indicate the kind of unit, 132.
" Laws of the places of, 133, 134.
" have no value, 135, 205.
" Methods of reading, 137 ; of writing, 203.

Definitions of, 205, 206.
" should be early used in Arithmetic, 223.

First Arithmetic, what should be taught in it, 230.
" Faculties to be cultivated by it, 218.
" Construction of the lessons, 218-222.
" Lesson in Fractions, 224-228.
" Tables of Denominate Numbers Examples, 229

Fractions Come from the unit one, 139.
" should be constantly compared with one, 170.

Definitions of, 208.
" Lessons in, in First Arithmetic, 224-228

FKACTIONAL units, 163 ;
orders of, 164; language of, 164-167, 201.

" " three things necessary to their apprehension,
168.

" "
advantages of, 169.

" " two things necessary to their being equal, 169.

Galileo, Imprisoned in the 17th century, 393.

GENERALiZATlON...The process of contemplating the agreement of

several objects in certain points, and giving to all

and each of these objects a name applicable to

them in respect to this agreement, 14.

"
implies abstraction, 14.

GENUS The most extensive term of classification, and conse-
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quently the one involving the fewest particulars,

Sections 16, 17.

GENUS HIGUEST. That which cannot be referred to a more
extended classification, 19.

" SUBALTERN. A species of a more extended classifi-

cation, 18.

Geometrical Magnitudes, three classes of, 242, 277.
" " do not involve matter, 251.
" " their boundaries or limits, 251.
" " each luis its unit of measure, 256.
" "

analysis of comparison, 274, 27").

" "to what the examination of properties
has reference, 277.

"
Proportion, 171 ; Ratio, 171 ; Progression, 178.

GEOMETRY Treats of space, and compares portions of space with

each other, for the purpose of pointing out their

properties and mutual relations, 241.

" Why a deductive science, 261.

" First notions of, how acquired, 368-370.

Practical utility of, 407.

"
Origin of the science, 410.

* Its place in a course of instruction, 359.

* ANALYTICAL, Examines the properties, measures, and

relations of the Geometrical Magni-
tudes by means of the analytical

symbols, 285, 286.

" "
originated with Descartes, 285.

* " difference between it and Calculus, 288.

" "
its importance, extent, and methods,

188.

* DESCRIPTIVE. That branch of mathematics which

considers the positions of the Geo-

metrical Magnitudes as they may
exist in space, and determines these

positions by referring the magni-
tudes to two planes called the

Planes of Projection, 362.

" how regarded in France, 362.

Governor, Functions of, in machinery, 408.

Grammar Defined, 120.

Gravitation, I^aw of, 32, 394.
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Hall, Captain's, voyage from San Bias to Rio Janeiro, Section 404.

Harlem river, Bridge over, and width, 412.

Herscliel, Sir John, Quotation from, 27, 372, 395,409.

Hull of the steamship, how formed, 409.

Illative Conjunctions, 48.

ILLICIT PROCESS..When a term is distributed in the conclusion which

was not distributed in one of the premises, 67.

Indefinite Propositions, 62.

Index Of a root, 299.

INDUCTION Is that part of Logic which infers truths from facts,

30-33.
"

Logic of, 30.

"
supposes necessary observations accurately made, 32.

"
Example of, Blakewell, 32 ; of Newton, 32.

" based upon the relation of cause and effect, 33.

"
Reasoning from particulars to generals, 34.

" its place in Logic, 72.

" how thrown into the form of a syllogism, 74, 103.

" Truths of, verified by Deduction, 385, 386.

Inertia proportioned to weight, 272.

INFINITY, The limit of an increasing quantity, 306-310.

Integral Numbers, why easier than fractions, 170.

" constructed on a single principle, 235.

INTUITION Is strictly applicable only to that mode of contempla-

tion, in which we look at facts, or classes of facts,

and immediately apprehend their relations, 27.

Iron, different ideas attached to the word, 372.

JUDGMENT Is the comparing together in the mind two of the

notions (or ideas) which are the objects of appre-

hension, and pronouncing that they agree or dis-

agree, 8.

"
is either Affirmative or Negative, 8.

Kant, Quotation from, 21.

KNOWLEDGE Is a clear and certain conception of that which is

true, 23.

" facts and truths elements of, 25.

of facts, how derived, 25.

" some possessed antecedently to reasoning, 29.



INDEX. 407

KNOWLEDGE, the greater part matter of inference, Section 29.

two ways of increasing, 3?:!.

cannot exceed our ideas, 373.

the increase of, renders classification necessary,

page 20.

LANGUAGE Affords the signs by which the operations of the

mind are recorded, expressed, and communicated,
10.

"
Every branch of knowledge has its own, 11.

" of numbers, 91 ; of mathematics, 90.
" of mathematics must be thoroughly learned. 88.
" " "

its generality, 89.
" for fractional units, 164, 167, 207.
"

Arithmetical, 196-203.
"

exact, necessary to accurate thought, 209.
* of Arithmetic, its uses, 223.
* of Algebra, the first thing to which the pupil's wind

should be directed, 294.
" Culture of the mind by the use of exact, 373.
" of Calculus, 346.

Laws of Nature, Science makes them known, 21, 319.
" " refers individual cases to them, 55.
"

generalized facts, 55.
" include all contingencies, 372.
"

every diversity the effect of, 396.

Newton's, 329-337.

one dimension of space, 80.

in First Arithmetic, how arranged, 218.
" " " their connections, 222.

may stand for all numbers, 280.

represents things in general, 281.

.Th application of the principles of Trigonometry to

the determination of the difference between the

distances of any two points from the centre of the

earth, 361.

Its practical uses, 351.

Definition of, 32'2.

of discontinuous quantity, 323.

of continuous quantity, 325.

differently defined, 339-343.

Lemma,
Length
Lessons

Letter

LEVELLING ..

Limit,
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LINE One dimension of space, Sections 82, 243.
" A straight line does not change its direction, 82

243, 368.
* Curved line, one which changes its direction at every

point, 82, 243.
" Axiom of the straight, 243.

Lines, limits of, 251.
"

Auxiliary, 263.

Liquid Measure, Its units and scale, 153.
" Local value of a figure," has no significance, 135, 205.

Locke, Quotation from, 373.

LOGIC Takes note of and decides upon the sufficiency of the

evidence by which truths are established, 29.
"

Nearly the whole of science and conduct amenable

to, 29.

" of Induction, its nature, 30.

"
Archbishop Whately's views of, 72.

Mr. Mill's views of, 72.

Logical Fallacy, 69.

Machinery of factories arranged on a general plan, 408.
" of the steamship, 409.

Major Premise, often suppressed, cannot be denied, 46.
"

ultimate, of Induction, 74, 102.

Major Premises, of Geometry, 241, 261.

Mansfield, Mr., Quotation from, 375, 377.

MAKE The evidence contained in the attributes implied in

a general name, by which we infer that any thing
called by that name possesses another attribute or

set of attributes. For example :

" All equilateral

triangles are equiangular." Knowing this general

proposition, when we consider any object possess-

ing the attributes implied in the term "equila-

teral triangle," we may infer that it possesses the

attributes implied in the term "
equiangular ;

"

thus using the first attributes as a mark or evi-

dence of the second. Hence, whatever possesses

any mark possesses those attributes of which it is

a mark, 101,231,263.

Masts, of the steamship, how placed, 409.

Material Fallacy, 69.
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Mathematical Reasoning conforms to logical rules, Section 73.
" "

every truth established by, is developed

by a process of Arithmetic, Geometry, or

Analysis, or a combination of them, 96.

MATHEMATICS . .The science of quantity, 76.
"

Pure, embraces the principles of the science, 98 to 104.
* " on what based, 100.
"

Mixed, embraces the applications, 104.
"

Primary signification, 99.

"
Language of, 90.

" " Exact science," 100.

*
Logical test of truth in, 100.

* a deductive science, 100, 101.

" concerned with number and space, 73, 76, 108.
* What gives rise to its existence, 103.

* Why peculiarly adapted to give clear ideas, 374-376,

379.

* a pure science, 379.

* considered as furnishing the keys of knowledge, 381.

* Widest applications are in nature, 384.

* Effects on the mind and character, 378, 390.

* Guidance through Nature, 390.

" Its necessity in Astronomy, 391.

Results reached by it, 399, 400.

* Practical advantages of, 405.

" What a course of, should present, and how, 866
"

Reasonings of, the same in each branch, 349.

" Faculties required by, 351.

"
Necessity of, to the philosopher, page 16.

MEASURE A term of comparison, lOo.

" Unit of, should be exhibited to give ideas of num-

bers, 140.

" " for lines, surfaces, volumes, 253.

" of a magnitude, how ascertained, 253.

Middle Term
,

distributed when the predicate of a negative proposi-

tion, 64.

" When equivocal, 67.

Mill, Mr., hia views of Logic, 72, 74.

Mind, Operations of, in reasoning, 6.

" Abstraction a faculty, process, and state of, 18

Processes of, which leave no trace, 68.

18
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Mind,

Minus sign,

Motion

Multiplication,

Multiplication,

Names,

Faculties of, cultivated by Arithmetic, Section 188.

Thinking faculty of, peculiarly cultivated by mathe-

matics, 375, 376.

Power of, fixed by definition, 301.

proportional to force impressed, 272.

Readings in, 130 ; examples in, 161.

What the definition of, requires, 185.

Combinations in, 199.

All operations in, governed by one principle, 236.

in Algebra, illustrations of, 303-305.

Definitions are of, 1.

"
given to portions of space, and defined in Geometry.

242.

Naturalist determines the species of an animal from examining
a bone, 383.

Negative premises, nothing can be inferred from, 67.

"
demonstration, its nature, 267-269 ;

illustration of

268.

Newton, his method of discovery, 32.

"
changed Astronomy from an experimental to a de-

ductive science, 387-389.
" Lemmas, 329-337.
" in harmony with Leibnitz, 341.

Non-distribution of terms, 61.

" Word " some " which marks, not always expressed, 62.

NUMBER A unit, or a collection of units, 78.

" How learned, 78.

" Axioms for forming, 78, 308.
" Three ways of expressing, 113.

" Ideas of, complex, 115.

* Two things necessary for apprehending clearly, 117.

"
Simple and Denominate, 118.

"
Examples of reading Simple, 137.

" Two ways of forming from OXE, 138.

"
first learned through the senses, 140, 366.

" Two ways of comparing, 171.

"
compared, must be of the same kind, 179-183.

" Definitions of, 205, 206.

" must be of something, 279.

may stand for all things, 280.
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NUMBER First lessons in, impress the first elements of mathe-

matical science, Section 352.

Olmsted's Mechanics, quotation from, 273.

Optician, Illustration, 216.

Oral Arithmetic, its inefficiency without figures, 223.

Order of subjects in Arithmetic, 190.

PARALLELOGRAM...A quadrilateral having its opposite sides, taken two

and, two parallel, 246.
"

regarded as a species, 17 ; as a genus, 18.
"

Properties of, 260.

Particular proposition, 62.

"
premises, nothing can be proved from, 67.

Pendulum, the standard for measurement, 257.

Philosophy, Natural, originally experimental, 387.
" " has been rendered mathematical, 887.

Place, idea attached to the word, 81.

"
designates the unit of a number, 206.

PLANE That with which a straight line, having two points in

common, and anyhow placed, will coincide, 244.

" First idea of, how impressed, 369.

PLANE FIGURE. .Any portion of a plane bounded by lines, 244.

Plane Figures in general, 247.

PorNT That which has position in space without occupying

any part of it, 80.

Points, extremities or limits of a line, 243.

Practical Rules in Arithmetic, 185, 186.

The true, 211, must be the consequent of science, 233.

"
Popular meaning of, 401, 403.

"
Questions with regard to, 401, 402.

"
Consequences of an erroneous view of, 404.

" True signification of, 404.

Practice precedes theory, but is improved by it, 42.

" without science is empiricism, page 13.

PREDICATE That which is affirmed or denied of the subject, 38.

" Distribution, 63.

" Non-distribution, 63.

sometimes coincides with the subject, 63.

PREMISE Each of two propositions of a syllogism admitted to

be true, 40.
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PREMISE MAJOR PREMISE The proposition of a syllogism
which contains the predicate of the conclusion, Sec-

tion 40.

MINOR PREMISE The proposition of a syllogism
which contains the subject of the conclusion, 40.

Pressure, a law of fluids, 414.

Principle of science applied, 22.

" on which valid arguments are constructed, 52.

" Value of a, greater as it is more simple, 54.

" Aristotle's Dictum, a general, 55.

" the same in the ground rules for simple and denomi-

nate numbers, 159-162, 236.

" of science and rule of art, 187.

Principles should be separated from applications, 194, 195.
" of science are general truths, 212.

" of Arithmetic, how taught, 212.
" should precede practice, 233.

" of Mathematics, deduced from definitions and axioms,

301.

Process of acquiring mathematical knowledge, 366-370

Product of several numbers, 296.

Progression, Geometrical, 178.

Property of a figure, 260.

PROPORTION . . . .The relation which one quantity bears to another with

respect to its being greater or less, 171, 271-273
" Arithmetical and Geometrical, 171.
"

Reciprocal or Inverse, 273.
" of geometrical figures, 274-277.

PROPOSITION . . . A judgment expressed in words, 35.

" All truth and all error lie in propositions, also answers

to all questions, 36.

" formed by putting together two names, 37.

" consists of three parts, 38.

"
subject and predicate, called extremes, 38.

"
Affirmative, 39

; Negative, 39.

" Three propositions essential to a syllogism, 40.
"

Universal, 62.

"
Particular, 62.

QUADRILATERAL..A portion of a plane bounded by four straight lines,

246.
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QUADRILATERAL regarded as a genus, Section 17.
" Different varieties of, 246.

Quality of a proposition refers to its being affirmative or

negative, 63.

Quantities only of the same kind can be compared, 271.
" Two classes of, in Algebra, 293, 317.
" " " " in the other branches of Analysis,

286, 287, 317.
*

compared, must be equal or unequal, 109, 311.

QUANTITY Is a general term applicable to every thing which can

be increased or diminished, and measured, 75, 371.
"

Abstract, 75, 107.

Concrete, 107.
"

Propositions divided according to, 62.

"
presented by symbols, 89.

" consists of parts which can be numbered, 280.
*

Constant, 286.
"

Variable, 286.

" Six operations can be performed on, 292, 299.

*
represented by six signs, 293.

" Nature of, not affected by the sign, 294, 300.

Questions known, when all propositions are known, 36.

"
Analysis of, 183, 184.

" with regard to methods of instruction, 353.

Quotations from Kant, 21 ; Sir John Herschel, 27, 372, 391. 409;

Cousin, 188; Olmsted's Mechanics, 272; Locke,

370; Mansfield's Discourse on Mathematics, 375,

377 ; Lord Bacon, 378 ; Dr. Barrow, 378, 390.

Railways, Problem presented in, 411.^

Rainbow, Illustration, 372.

RATIO The quotient arising from dividing one number or

quantity by another, 171, 271.

" Discussion concerning it, 173-179.

" Arithmetical and Geometrical, 17L
- How determined, 173.

An abstract number, 271, 276.

" Terms direct, inverse, or reciprocal, not applicable to,

273.

Reading in Addition, 123, 124 ; advantages of, 125.

* in Subtraction, 127.
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Reading in Multiplication, Section 129.
" in Division, 130.

of figures, its aid in practical operations, 334.

Reason, To make use of arguments, 42.

A premise placed after the conclusion, 48.

REASONING The act of proceeding from certain judgments to

another, founded on them, 9.

" Three operations of the mind concerned in, 6.

"
Process, sameness of the, 42, 43, 45, 318.

"
processes of mathematics consist of two parts, 73.

" in Analysis is based on the supposition that we are

dealing with things, 282.

Reciprocal or Inverse Proportion, 270.

RECTANGLE A parallelogram whose angles are right angles, 246.

Remarks, Concluding subject of Arithmetic, 240.

Reservoirs, Croton, description of, 412.

Right angle, Definition of, 262.

Roman Table, when taught, 219.

Root, Symbol for the extraction of, 299.

Rule of Three, Solution of questions in, 177.
"

Comparison of numbers, 194.
" should precede its applications, 195.

Rules, Every thing done according to, 21.
" of reasoning analogous to those of Arithmetic, 45.

.

"
Advantages of logical, 50.

" for teaching, 194.

How framed, 301.

Scale of Tens, Units increasing by, 131-137, 165, 191.

SCIENCE In its popular sense means knowledge reduced to

order, 21, 276.
" In its technical sense means an analysis of the laws

of nature, 21.

" contrasted with art, 22.
" of Arithmetic, 180.

Principles of, 204, 212.
" 'Methods of, must be followed in Arithmetic, 232.
* of Geometry, 241, 252. 261.
"

Objects and means of pure, 372.
* should be made as much deductive as possible, 386.
* Deductive and experimental, 387.
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SCIENCE when experimental, Sections 388, 389 ; when deduc-

tive, 388, 389.
" What it has accomplished, 398.
" Practical value of, in factories, 408.
" " " " in constructing steamships, 409.
* " " " in laying out and measuring land,

410.
" " " " in constructing railways, 411.
" Its power illustrated in Croton aqueduct, 412.
" What constitutes it, 354.

Second Arithmetic, its place and construction, 231-334

Sextant, its uses in Navigation, 409.

SHADES, SHADOWS, AND PERSPECTIVE An application of Descriptive

Geometry, 363.

SIGXIFICATE . . . .An individual for which a common term stands, 15.

Signs, Six used to denote operations on quantity, 293.

" How to be interpreted, 294.
" do not affect the nature of the quantity, 294, 300.
" indicate operations, 300.

Solution of all questions in the Rule of Three, 177.

" of an equation in Algebra, 312.

SPACE. Is indefinite extension, 80.

" has three dimensions, length, breadth, and thickness,

80-82.
" Clear conception of, necessary to understand Geome-

try, 242.

SPECIES One of the divisions of a genus in which the charac-

teristic is less extensive, but more full and com-

plete, 16, 17.

SUBSPECIES One of the divisions of a species, in

which the characteristic is less extensive, but more

full and complete, 16, 19.

LOWEST SPECIES A species which cannot be regard-

ed as a genus, 17.

Spelling, 120 ;
in Addition, &c., 122-130.

SQUARE A quadrilateral whose sides are equal and angles

right an<rles, 249.

Statement of a proposition in Algebra, 312.

" in what it consists, 313.

Steamship, an application of science, 409.
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SUBJECT The name denoting the person or thing of which

something is affirmed or denied, Section 38.

Subjects, How presented in a text-book, 213-216.

Subtraction, Eeadings in, 127.
"

Examples in, 160.
" Combinations in, 198.
" All operations in, governed by one principle, 236.
" in Algebra, illustration of, 302.

'Suggestions, for teaching Geometry, 277.
" for teaching Algebra, 319.

Sam, Its definition, 207.

SURFACE A portion of space having two dimensions, 83, 244*

369.
" Plane and Curved, 83, 244.

Surfaces, Curved, 249.
" " of Elementary Geometry, 249.
" Limits of, 251.

SUKVEXLKO The application of the principles of Trigonometry to

the measurement of portions of the earth's surface,

361.
" A branch of practical science, 410.

SYLLOGISM A form of stating the connection which may exist for

the purpose of reasoning, between three proposi-

tions, 40.

* A formula for ascertaining what may be predicated.

How it accomplishes this, 41.

* not meant by Aristotle to be the form in which argu-

ments should always be stated, 53.

not a distinct kind of argument, 54.

an argument stated at full length, 56.

Symbols used for the terms of, 56.

Rules for examining syllogisms, 67.

has three and only three terms, 67.

" " " " "
propositions, 67.

test of deductive reasoning, 72, 102, 811.

SYMBOLS The letters which denote quantities, and the signs

which indicate operations, 93, 89, 300.

" used for the terms of a syllogism, 58.

*
Advantages of, 57.

*
Validity of the argument still evident, 58.

* Truths inferred by means of, true of all things, 381.
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SYMBOLS regarded as things, Section 282.
" Two classes of, in analysis, 310.
" Abstract and concrete quantity represented by, 371.

SYNTHESIS The process of first considering the elements sepa-

rately, then combining them, and ascertaining the

results of combination, 95, 377.

Synthetical form, for what best adapted, 71, 95.

Tables of Denominate Numbers, 141-158.

TANGENT Tangent and Limit, 327, 328.

TECHNICAL Particular and limited sense, 90.

TERM Is an act of apprehension expressed in words, 15.

A singular term denotes but a single individual, 15.

A common denotes any individual of a whole class, 15.
" affords the means of classification, 16.
" Nature of, 20.
" No real thing corresponding to, 20.

" Why applicable to several individuals, 20.

MAJOR TtfRM The predicate of the conclusion, 40.

MINOR TERM The subject of the conclusion, 40.

MIDDLE TERM The common term of the two

premises, 40.

* DISTRIBUTED A term is distributed when it stands

for all its significates, 61.

NOT DISTRIBUTED When it stands for a part of ita

significates only, 61.

TERMS Two of the three parts of a proposition, 38.

The antecedent and consequent of a proportion, 172.

should always be used in the same sense, 178, 209.

TEXT-BOOK Should be an aid to the teacher in imparting instruo

tion, and to the learner in acquiring knowledge,

213.

THICKNESS A dimension of space, 81.

Third Arithmetic, Principles contained in, and method of construction

235-240.

Time, Measure, its units and scale, 155.

Topograpny, Its uses, 410.

TKAPK/OID A quadrilateral, having two sides parallel, 246.

TRIANGLE A portion of a plane bounded by three straight lino

245.

18*
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TRIANGLE The simplest plane figure, Section 245.
" Different kinds of, 245.
"

regarded as a genus, 260.

TRIGONOMETRY..An application of the principles of Arithmetic, Alge-
bra, and Geometry to the determination of the

sides and angles of triangles, 360.
" Plane and Spherical, 360.

Troy Weight, Its units and scale, 144.

TRUTH An exact accordance with what has been, is, or shall

be, 24.
" Two methods of ascertaining, 24
"

is inference from facts or other truths, 24, 25.
"

regarded as a species. 25.
" How inferred from facts, 26.
" A true proposition. 36.

TRUTHS INTUITIVE OR SELF-EVIDENT Are such as become
known by considering all the facts on which

they depend, and apprehending the relations of

those facts at the same time, and by the same act

by which we apprehend the facts themselves, 27.
** LOGICAL Those inferred from numerous and com-

plicated facts ;
and also, truths inferred from

truths, 28.

" of Geometry, 241.

" Three classes of, 241.

"
Demonstrative, 241.

Unit fixed by the place of the figure, 134
" of the fraction, 168, 169.
" of the expression, 168.

Unities, Advantages of the system of, 157-162.

UNIT OP MEA8URE...The standard for measurement, 105.
" for lines, surfaces, volumes, 253.
"

only basis for estimating quantity, 255.

UNIT ONE A single thing, 111.
" All numbers come from, 115, 116, 139, 157.
** Method of impressing its values, 140.
* Three kinds of operations performed upon, 190-194

Units, Abstract or simple, 118, 159.
* Denominate or Concrete, 118.
" of currency, 139.
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Units

United States,

UNITY UNIT .

Universal

Utility and

YARIABLKS . .

of weight, Section 139.

of measure, 139, 146, 253.

of length, 147.

of surface. 148.

Duodecimal, 149.

of volume, 152.

Fractional, 163, 192.

Currency, 141.

.Any thing regarded as a whole, 116, 117.

Proposition, 62.

Progress, leading ideas, page 11.

.Quantities which undergo certain changes of value,

the laws of which are indicated by the algebraic

expressions into which they enter, 286, 287, 363.
"

represented by the final letters of the alphabet, 288.

Variations, Theory of, 289.

Varying Scales, Units increasing by, 138, 191.

Velocity known by measurement, 95.

VOLUMB A portion of, space having three dimensions, 84.
" A portion of space combining the three dimensions

of length, breadth, and thickness, 250, 870.

Limit of, 297.
" First idea of, how impressed, 370.

Volumes bounded by plane and curved surfaces, 84.

" Three classes of, 250.
"

Analysis of, comparison, 275, 276.
"

Comparison of, under the supposition of changes, 27(1,

Weight

Whately,

Words,

ZERO

known by measurement, 106.

should be exhibited to give ideas of numbers, 140.

Standard for, 258.

Archbishop, his views of logic, 72.

Definition of, 120.

expressing results of comb'nations, 197, 201.

Double, or incomplete sense of, 372.

.The limit of a decreasing quantity, 306-310.

what quantities are denoted by it, 348.
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National Series of Standard School-Books.

The salient features of these works which have combined to render them et,

popular may be briefly recapitulated as follows :

1. THE WORD-BUILDING SYSTEM.-This famous progressive method fof

young children originated and was copyrighted with these books. It constitutei

e process with which the beginner with words of one letter is gradually intro-

duced to additional lists formed 1) y prefixing or affixing single letters, and is thui

Jed aiiuost insensibly to the mastery of the more difficult constructions. This it

One or the most striking modern improvements in methods of teaching.

2. TREATMENT OF PRONUNCIATION. The wants of the youngest scholars

Jn this department are not overlooked. It may be said that from the first lesson

the student by this method need never be at a loss for a prompt and accurate ren

dering of every word encountered.

3. ARTICULATION AND ORTHOEPY are considered of primary importance.

4. PUNCTUATION is inculcated by a series of interesting reading lessons, the

simple perusal of which suffices to fix its principles indelibly upon the mind.

5. ELOCUTION. Each of the higher Readers (3d, 4th and 5th) contains elabo-

rate, scholarly, and thoroughly practical treatises on elocution. This feature alone

has pecured for the series many of its warmest friends.

6. THE SELECTIONS are the crowning glory of the series. Without excep.
lion it may be said that no volumes of the same size and character contain a col-

lection eo diversified, judicious, and artistic as this. It embraces the choicest

gems of English literature, so arranged as to afford the reader ample exercise in

every department of style. So acceptable has the taste of the authors in this de-

partment proved, not only to the educational public but to the reading community
at large, that thousands of copies of the Fourth and Fifth Readers have found

their way into public and private libraries throughout the country, where they are

In constant use as manuals of literature, for reference as well as perusal.

7. ARRANGEMENT. The exercises are so arranged as to present constantly

alternating practice in the different styles of composition, while observing a defi-

nite plan of progression or gradation throughout the -whole. In the higher books

the articles are placed in formal sections and classified topically, thus concentra-

ting the interest and inculcating a principle of association likely to prove valu-

able ir subsequent general reading.

8. NOTES AND BIOGRAPHICAL SKETCHES. These are full and adequate
to every want. The biographical sketches present in pleasing style the history

of every author laid under contribution.

9. ILLUSTRATIONS. These are plentiful, almost profuse, and of the highest

character of art. They are found in every volume of the series as far as and in-

cluding the Third Reader.

10. THE GRADATION is perfect. Each volume overlaps its companion pre-

ceding or following in the series, so that the scholar, in passing from one to an-

other, is only conscious, by the presence of the new book, of the transition.

11. THE PRICE is reasonable. The National Readers contain more matte?

than any other series in the same nnmber of volumes published. Consirterir.k

fceir completeness and thoroughness they are much the cheapest in the m.irkoi

12. BINDING, By the use of a material and process known only to themselves,

m common with all the publications of this bouse, the National Renders are war-

ranted to outlast any with which they may be compared tte ratio of relative da

ability being in their favor as two to one.
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WATSON'S INDEPENDENT READERS.

Tills SdrieS IB designed to meet a general demand fur smaller and cheaprt
hooks than the National Series proper, and to serve a* well K,r intermediate \ol-

nines of the National Readers in large graded schools requiring more booi.

one ordinary series will supply.

ty. The most casual observer is at cnce impressed with the unparalleled

mechanical bauty of the Independent Readers. The Publisher!- Iti-lioe that th

ft-.-thetic tastes of children may receive no small decree of cultivation frcm their

very earliest echool books, to say nothing of the importance of making etndy at-

tractive by all ench artificial aids that are legitimate. In accordance with this

view, not less than $25.000 was expended in their preparation before publishing,
with a result which entitles them to be considered "The Perfection of Common
School Books."

;:t'.01S. They contain, of course, none but entirely new s i :iun-. These

ire arranged according to a strictly progressive and novel method of developing
uie elementary sounds in order in the lower numbers, and in all. with a view to

jipii-s and general literary style. The mind is thus l.-d in fixed channels to profl

ciency in every branch of good reading, and the evil result? of 'scattering "as prac-

tised '.jy most school-book authors, avoided.

The Illustrations, as may be inferred from what has been said, are elegant

beyond comparison. They arc profuse in every number of the series from the

lowest to the highest. This is the ouly series published of which tiiis is true.

The Type is semi-phonetic, the invention of Prof. Watson. By it every

lettei having more than one so:md i-< cK-arly di.-iin-jui.-hcd in all its variation*

without in any way mutilating or disguising the normal form of the letu. r
.

Elocution is taught by prefatory treatises of constantly advancing grndi and

completeness in each volume, which are illustrated by won 1-mt- in the lower

hooks, and by black-board diagrams in the higher. Prof. Watson is the first to

introduce Practical Illustrations and Black-board Diagrams for teaching this

brunch.

Foot Notes on every page afford all the incidental instruction which the

teacher is usually required to impart. Iudic-o of words refer the pupil to the

place of their first use and definition. The Biographies of Authois and other*

are in every sense excellent.

Economy. Although the number of pages in each volnme is fixed at the

minimum, for the purpose recited above, the utmost amount of matter available

without overcrowding is obtained in the space. The pages are mnch wider and

larger than those of any competitor and contain (wenty per cent more matter thai

ny other series of the same type and number of pages.

All ths Great Features. Besides the above all the popular featured of tha

National Readers are retained except the Word-Building system. The lat>*>>

pives place to an entirely new method of progressive development, based upo

omp of the best features of the Word System, Phonetics and Object
'
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NATIONAL READERS.
ORIGINAL AND "INDEPENDENT" SERIES

SPECIMEN TESTIMONIALS.
From D. H. HARRIS, Supt. Public Schools, Hannibal, Mo.

The National Series of Readers are now in use in our public schools, and I regarei
them t/te best that I have ever examined or used.

From HON. J. K. JILLSON, Supt. of Education, Mate of South Carolina.
I have carefully examined your new and beautiful Series of Readers known ae

" The Independent Readers," and do not hesitate to recommend it as the finest ana
most excellent ever presented to the public.

From J). N. ROOK, Sec. of School Board, Wu'iameport, Pa.
I would say that Parker & Watson's Series of Readers aL'd Spellers give the best

satisfaction In our schools of any Series of Readers and Speller? that have ever been
used. There is nothing published for which we would exchange them

From PROP. H. SEELB, New Bravnfels Academy, Texas.
I recommend the National Readers for four good reasons : (I.) The printing, ea

graving, and binding is excellent. (2.) They contain choice selections from Englisf*
Literature. (3.) They inculcate good morals without any sectarian bias. (4.) Thej-
are truly National, because they teach pure patriotism and not sectional prejudice.

From S. FINDLEYJ Supt. Akron Schools, Ohio.
We use no others, and have no desire to. They give entire satisfaction. We like

the freshness and excellence of the selections. We like the biographical notes and
the definitions at the foot of the page. We also like the white paper and clear and
beautiful type. In short, we do not know where to look for books which would be
so satisfactory both to teachers and pupils.

From PRES. ROBERT ALLYN, McKendree College, IU,
Since my connection with this college, we have used in our preparatory depart

ment the Serias of Readers known as the "National Readers," compiled by Parker
& Wat&on, an ! published by Messrs. A. S. Barnes & Co. They are excellent ; afi'or*

choice selections
;
contain the right system of elocutionary instruction, and ar*

well printed and bound so as to be serviceable as well as interesting. I can coin,

mend them as among the excellent mean:* use 1 by teachers to make their pupils
proficient in that noblest of school arts, GOOD KEADING.

From W. T. HARRIS, Supt. Public Schools, St. Louis, Mo.
I have to admire these excellent selections in prose and verse, and the careftt

arrangement which places first what is easjf of comprehension, and proceeds gradV
ally to what is dil'ilcult I find the lessons so arranged as to bring together diner
ent treatments of tho same topic, thereby throwing much light on the pupil's path,
and I doubt not adding greafly to his

> progress. The proper variety of subjects
chosen, the concise treatise on elocution, the beautiful typography and substantia

binding all these I find still more admirable than in the former series of National

Readers, which I considered models in these respects.

From H. T. PHILLIPS, Esq., of the Soard of Education. Atlanta, Ga.
The Board of Education of this city have selected for use In the public school*

of Atlanta the entire series of your Independent Readers, together with Steele'

(Chemistry and Philosophy. As a member of the Board, and of the Committee or

Text-books, the subject of Readers was referred to me for examination. I gave t

pretty thorough examination to ten
(10)

different series of Readers, and in endes
voring to arrive at a decision upon tne sole question of merit, and entirely indi

pendent of any extraneous influence, I very cordially recommended the Independcn
Series. This verdict was approved by the Committee and adopted by the Board.

From Report ofRsv. W. T. BRANTLY, D.D., late Professor of Belles Lettres, Univer
sity of Georgia, on " Text-Books in Heading," before the Teachers' Convention of
Georgia, May U, 1870.

The National Series, by Parker & Watson, is deserving of its high reputation.
The Primary Books are suited to the weakest capacity ; whilst those more advanced
fipply instructive illustration on all that is needed to be known in <sonne<*ion witi
tbean.
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WATSON'S CHILD'S SPELLER.

THE INDEPENDENT CHILD'S SPELLEE.

This nnlgne book, published in 1872, is the first to be consistently prtn'.ed ^
Imitation of writing : ihat is, it teaches orthography as we use it. It is for the

smallest class of learner?, who soon become familiarized with words by thcii Torino

and learn to read writing while they spell.

EXTRACT FROM THE PREFACE.

PUCCCSH 'in teaching English orthography is still exceptional, and it mast BO con-
tinue until the principle* involved are recognized in practice. Form \* f.r

the rye and the hand must be trained to the formation of words ; and since spelling
is a par! of writing, the written form only should be used. The laws of mental
a^oci&t ion, also especially those of resemblance, contrast, and contiguity in time
and place should receive such recognition in the construction of the text-book a*

eiull insure, whether consciously or not, their appropriate use and legitimate re-

Eulta. Hence, the spelling-book, properly arranged, is a necessity from the first;

and, '.kough primers, readers, and dictionaries may serve as aids, it can have no

competent e-abstitute.

C;i:ir-ir.tej!tly with these views, the words used in the Independent Child's Spclle*

have such original classifications and arrangements in columns In reference 6

location, number of letters, vowel sounds, alphabetic equivalents, and consonat

terminations as exhibit most effectively their formation and pronunciation. Th
vocabulary is strictly confined to the simple and significant monosyllables in com-

mon use. He who has mastered these may easily learn how to spell and pronounce
words of more than oiif ^>

The introduction is an illustrated alphabet in rcript, containing twenty-six pic-

tures of objects, \cA their nam*, commencing both with capitals and email letters.

Part First embnu.es the words of one, two, and three letters; Part Second, the

words of four letters ; and Part Third, other monosyllables. They are divided into

short lists and arranged in columns, tin- vowels usually in line, *o as to exhibit in-

dividual characteristics ar.d similarity of formation. The division of wo-

paragraphs is shown by figures in the columns. Each list is immediately followed

by sentences for reading and writinir, in which the same words are again pr>

with irregularities of form and sound. Association it oins employed, memory
tested, and definition most satisfactorily taught.

Among the novel and valuable features of tL<? lessons and exercises, probably th

most prominent are their adaptedness for young- Children and their being printed in

exact imitation of writing. The author believe* that hands large enough to spin a

top, drive a hoop, or catch a ball, are not too small to use a crayon, or a elate nd

pencil ; that the child's natnrol desir* to draw and write h>onld not be thwarted,

but irratifled, encouraged, and wisely directed; and that since the written form !

the one actually used in connection with spelling in after-life, the ey and the hand

of the child should be trained to toat form from the first. He hopes that this littla

work, dsifTJed to precede all other spelling-books and conflict w'th none, maj
Mti*fy the reed so rnivorsaKy recognized cf a fit introductinu to rrtbog-aphy. p

manship, and fi^g'^sh composition.
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The National Readers and Spellers.
THEIR RECORD.

These books have been adopted by the School Boards, or offlcia' authority, ol

be following important States, cities, and towns in most cases for exclusive use

The State of Missouri. The State of Kentucky.
The State of Alabama.

The State of Florida. The State of North Carolina.

The State of Delaware. The State of Louisiana.

New York.
Ke<v York City.
Brooklyn.
Buffalo.
A ibany.
Rochester.

Troy.
Syracuse.
Ehnira.

&c., &c.

Pennsylvania.

Reading.
Lancaster.
Erie.
Scranton.
Carlisle.

C'arbondalo.
Westchester.

Schuylkill Haven.
Williamsport.
Norristown.
Bellefonte.
Wilkesbarre.

&c., &c.

New Jersey.

Newark.
Jersey City.
Paterson.
Trenton.
Camden.
Elizabeth.
New Brunswick.
Phillipsburg.
Orange.

&c., &c.

Delaware.

Wilmington.

D. C.

Washington,

Illinois.

Chicago.
Peoria.
Alton.

Springfield.
Aurora.

Galesbnrg.
Rockford.
Rock Island.

&c., &o.

"Wisconsin.

Milwaukee.
Fond du Lac.
Oshkoeh.
Janesville.
Racine.
Watertown.
Sheboygan.
La Crosse.
Waukesha.
Kenoeha.

&c., <fec.

Michigan.
Grand Rapids.
Kalainazoo.
Adrian,
uackson.
Moi-roe.

Lansing.
&c., &c.

Ohio.
Toledo.

Sacdusky.
Conneaut.
^harden.
Hudson.
Canton.
Salem.

&c., &c.

Indiana.
New Albany.
Fort Wayne.
Lafayette.
Madison.
Logansport.
Indianapolis.

low.i.

Davenport.
Burlington.
Muscatine.
Mount Pk-asam.

&c.

Nebraska.
Brownsville.
Lincoln.

&c.

Oregon.
Portland.
Salem.

&c.

Virginia-
Richmond.
Norfolk.

Petersburg.
Lynchburg.

&c.

South Carolina
Columbia.
Charleston.

Georgia.
Savannah.

Louisiana.
New Orleans.

Tennessee
Memphis

Jfee Educational Bulletin records periodkally all new points galnl
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SCHOOL-ROOM CARDS.
Baade's Reading Case,

A frame containing movable cards, with arrangement for

one sentence at a time,, capable of 28,000 traut-pobitioiib.

Eureka Alphabet Tablet
Presents the alphabet upon tlie Word Method System, by which th

child will learn tliu Mpiiab-t i i ni < days, and make uo small progress in

reading and spelling i.i the same time.

National School Tablets, 10

Embrace readi.ig a:id convcrsalion.il exercises, object and moral les-

sons, form, color, &c. A complete set of these birp: and elugnutly illus-

trated Cards will euibciliaa the school-room uioro tha.i any otLer articla

of furniture.

READING.
Fowle's Bible Reader

The narrative ;>ortions of the Bible, chronologically and topically ar-

ranged, judiciously combined with selections from the Psalms. Proverb*,
ann other portions which inculcate important moral legions or the great
truths of Christianity. The embarrassment and difficulty of reading tho
i:i >le itself, hv rourse, as a class exercise, are obviutrd, and its use made
feasible, by this meuus.

North Carolina First Reader

North Carolina Second Reader

North Carolina Third Reader
Prepared expressly for the schools of this State, by C. IT. TViloy, Super-

intendent of Co'iimon Sebools, aud F. M. Ilubbard, Prolesoor of Litera-

ature in the State University.

Parker's Rhetorical Reader
Designed to familiarize Headers with the pauses and other marks in

general use, and lead them to thi practice of modulation and inflection of

the voice.

Introductory Lessons in Reading and Elo-

cution
Of similar character to the foregoing, for less advanced classca.

High School Literature
Admirable selections from a long list of the world's b-*t wit,-, for ex-

ercise in reading, oratory, and composition. SpuccUts, dialogue*, and
model letters represent the latter departu.L-ui.
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ORTHOG:RAPHY
SMITH'S SERIES

Supplies a speller for every class im graded schools, and comprises the most com-
plete and excellent treatise on English Orthography and its companion
branches extant.

1. Smith's Little Speller .

First Bound in the Ladder of Learning.

2. Smith's Juvenile Definer
Lessons composed of familiar words grouped with reference to similar

signification or use, and correctly spelled, accented, and denned.

3. Smith's Grammar-School Speller
Famil'.ar words, grouped with reference to the saroennss of sound of syl-

lables differently spelled. Also definitions, complete rules for spelling and
formation of derivatives, and exercises in false orthographv.

4 Smith's Speller and Defmer's Manual
A complete School Dictionary containing 14,000 words, with various

other useful matter in the way of Rules and Exercises.

5. Smith's Etymology Small, and Complete Ed's.

The first and only Etymology to recognize the Anglo-Saxon our mother

tongue; containing also full lists of derivatives from the Latin, Greek,
Gaelic, Swedish, Norman, <fcc.. &c ; being, in fact, a complete etymology
of the language for schools.

Sherwood's Writing Speller
Sherwood's Speller and Definer

Sherwood's Speller and Pronouncer
The Writing Speller cmisists of properlj ruled and numbered blanks

to receive the words dictated by the teacher, with space for rem^rki Jitiij

corrections. The other volumes may be used for the dictation or ordinary
class exercises.

Price's English Speller
A cr.ru'plete spelling-book for a!l grades, containing more matter than

"Webster," manufactured in superior style, and sold at a lower price

consequently the cheapest speller extant.

Northend's Dictation Exercises
Embracing valuable information on a thousand topics, communicated

in such a manner an at once to relieve the exercise of spelling of its usriul

tedium, and combine it with instruction of a general character calculated

to profit and amuse.

Wright's Analytical Orthography
This standard work is popular, because it teaches the elementary soud

In a plain and philosophical manner, and presents orthography and 01

thoepy in an easy, uniform system of analysis or parsing.

Fowle's False Orthography
Exercises for correction.

Page's Normal Chart
The elementary sounds of the language for the school-room walla.
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ORTHOGRAPHY-Continued.

Barber's Complete Writing Speller
"The Student's Own Haud-Book of Orthography. Definitions, and Sentence*

consisting of Written Bzerciaei in the Proper Spelling, Meaning, and Use u\
Words." (Published Is73.) This differs from Sherwood'* and other Writ in-
Spellers in its more comprehensive character. Ii- blanks are adapted to writing
whole sentences instead of detached words, with the proper division- for nnnil cr~

ing, corrections, etc. Such aids as this, like Watson's Child's Spoiler in
wood's Writing Speller, find their ral-on d'itre in the postulate that the art of cci*

ailing is dependent upon written, and not upon spoken langna"e for its util

i-y, if not for its very existence. Hence the indirectnAes of purely oral instruction.

Pooler's Test Speller
The best collection of " hard words "

yet made. The more uncommon ones art
fully defined, and the whole are arranged alphabetically for convenient ref r.-nrr.
The book is designed for Teachern' Institutes and '

Spelling Schools," and is pre-
pared by an experienced and well-known conductor of Institutes.

ETYMOLOGY.
Smith's Complete Etymology,
Smith's Condensed Etymology,
Containing the Anglo-Saxon, French, Dutch, G*rTw<, Welsh, Danish. Gothic.

Swedish, Gaelic, Italian. Latin, and Greek Roots, ana tL.e English words derived
therefrom accurately spelled, accented, and defined.

From HON. Juo. G. McMTNN, late State 8vperinten*e*t tf Wisconsin.

I wish every teacher in the country had a copy of this work.

From PRIN. WM. F. PHILPS, Minn. State Narr*ol.

The book is superb just what is needed in the department o etymology and
spelling.

From PROP. C. H. YEP.RILL, Pa. State Normal Scfioo'.

The Etymology (Smith's) which we procured of yon we like mvb. It is the
best work for the class-room we have seen.

From HON. EDWARD BALLARD, Sttpt. of Common Schools.

The author has furnished a manual of singular utility for ite purpose.

DICTIONARY.
The Topical Lexicon,
This work is a School Dictionary, an Etymology, a compilation of synonym*, acd

a manual of general information. It differs from the ordinary lexicon in bei=;

arran^d bv topics instead <>f ihe letters of the alphabet thus realizing the appareai

paradox of a " Readable Dictionary." An unusually valuable school Nx>k.
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ENGLISH GRAMMAR.
CLARK'S DIAGRAM SYSTEM.

Ciark's Easy Lessons in Language,
Published 1874. Contains illustrated object-lessons of the most attractive charac.

ter, and is couched in language freed as much as possible from the dry technicalities
of the science.

Clark's Brief English Grammar,
Published 1872. Part I. is adapted to youngest learners, and the whole forms a

complete
'
brief course " in one volume, adequate to the wants of the common

school.

Clark's Normal Grammar,
Published 1870, and designed to take the place of Prof. Clark's veteran "Prac-

tical" Grammar, though the latter is still furnished upon order. The Normal is

an entirely new treatise. It is a full exposition of the system as described below,
with all the most recent improvements. Some of its peculiarities are A happy
blending of SYNTHESES with ANALYSES ; thorough Criticisms of common errors

in the use of our Language ;
and important improvements in the Syntax of Sen-

tences and of Phrases.

Clark's Key to the Diagrams,

Clark's Analysis of the English Language,

Clark's Grammatical Chart,
The theory and practice of teaching grammar in American schools is meeting1

with a thorough revolution from the use of this system. While the old method*
offer proficiency to the pupil only after much weary" plodding and dull memorizing,
this affords from the inception the advantage of practical Object Teaching, address-

ing the eye by means of illustrative figures ;
furnishes association to the memory,

its' most powerful aid, and diverts the pupil by taxing his ingenuity. Teachers
who are using Clark's Grammar uniformly testify that they ami their pupils find it

the most interesting study of the school course.

Like all great arid radical improvements, the system naturally met at first with
much unreasonable opposition. It has not only outlived the greater part of thin

opposition, but finds many of its warmest adniirers among those who could not
lit tirst tolerate so radical an innovation. All it wants is an impartial trial to coi-
vince the most skeptical of its merit. No one who has fairly and Intelligently
tested it. in the school-room has ever been known to go back to the old method.
A great success is already established and it i< easy to prophecy that the day is

not far distant when it will be the only system of teaching English 6-ram/nar. As
the SYSTEM is copyrighted, no other tex. -books can appropriate this obvious and

great improvement.

Welch's Analysis of the English Sentence,
Remarkable for Us new and simple classification, its method of treating conneo

<ives, its explanations of the idioms and constructive laws of the language, etc.
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Clark's Diagram English Grammar,
TESTIMONIALS.

From J. A. T. DITBNIX, Principal Dtibiuriie R. C. Aeadsmy, Iowa.

In my opinion, it is well calculated by its system of analysis to develop those rational
(acuities which in the old systems were rather left to develop themselves, while Um
memory was overtaxed, and the pupils discouraged.

From B. A. Cox, School Commissioner, Warren County, Illinois.

I have examined 150 teachers in the last your, and those hav.n-j studied r>r laiicht
Clark's System have universally stood fifty pur cent, better examinations than tboi

having studied other authors.

From M. II. B. BC&KET, Principal Masonic Institute, Georgetown, Tennessee.

I tnv'ed two years amusing myself in instructing (exclusively) Grammar < i

with CUrk'a system. The first class I instructed fifty days, but found that this wai
more tinm than was required to impart a theoretical knowledge of the science.

During the two years thereafter I instructed classes only thirty days each. Invariably
[ proposed that unless I prepared my classes for a more thorough, minute, and accu-
rate knowledge of English Grammar than that obtained from the ordinary books and
in the ordinary way in from one to two years, I would make no charge. 1 never
failed in a solitary case to far exceed the hopes of my classes, and made money au4
character rapidly assail instructor.

From A. B. DOUGLASS, School Comminsioner, Delaware County, Xew 1'ort

I have never known a class pursue the study of it under a lire teacher, that has not
succeeded; I have never known it to have an opponent in an educated teacher who
had liioruU'ih! 1

! investigated it; I have never known an iynornnt teacher to examine
it ; I have never known a teacher who has used it, to try any other.

From J. A. DOIMB, Thicker and Lecturer on English Grammar, Kentnckit.

We are tempted to assurt that it foretells the dawn of a brighter age in our mother-

tongue, Both pupil and teacher can fare sumptuously upon its contents, however

highly they may have prized the manuals into which they may have been initiated,

and by which their expressions have been moulded.

Frorri W. T. CHAPMAN, Superintendent Public S--hi>ol, ITtllinyion, Ohin.

I regard Clark's System of Grammar the best published. For teaching the ai.alysft

of the Kngljph Language, it surpasses any I ever used.

From F. S. LTON, Principal SoiM Xonnilt Union School, Connecticut.

l)uring ten years' experience in teaching, I have uned six different authors on th

object of rngiish Grammar. I am fully convinced that Clark's Grammar is better

calculated to make thorough grammarians than any other that I have seen.

From CATALOGUE or ROBBER'S COMMERCIAL COLLXOB, St. /,M, J/ixAoun.

We Mo not hesitate to assert, without fear of succeshful contradiction, that a bettor

knowledge of the English language can be obtained by this system in six weeks turn*

by the old methods in as many months.

From A. PIOKKTT, President of the State Tsarher*' Association, Wisconsin.

A thorough experiment in the use of many approved authors upon the subject oi

English Grammar has convinced me of ihe superiority of Clark When the pupil hai

completed the course, he is left upon a foundation of principle, and aot upon the dia.

*w of the author.

From GKO. F. MoFABi.AXi>, Prin. .VfAllistermUe Academy, Juniata Co., Penn.

At the first examination of public-school teachers by the county superintendent,

when one of our student teachers commenced analyzing a sentence according to Clark,

the superintendent listened in mute astonishment until h hd tabbed, then askrd

what that meant, and finally, with a very knowing look, said such work jrouldn t do

here and asked the applicant to parse the seu'enre right, and gave the lowest certifi-

cates to all who barely mentioned Clark. Afterwards, I prcseDt.-d him with , copy,

and the next fall he permitted it to be partially used, while the laird

.ipenly commended the system, and appointed three of my best teachorr Xo explain it

at the two Institutes and one County Convention held since

tr For further testimony of equal force, lee the Pobliaheri' 8pecia> larcnlar.

rurrent uuiubcrs cf tUe Educational Bulletin.
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GEOGRAPHY.
NATIONAL GEOGRAPHICAL SYSTEM,

THE SERIES.

I. Monteith's First Lessons in Geography,
II. Monteith's New Manual of Geography,
II. McNally's System of Geography,

INTERMEDIATE OR ALTERNATE VOLUMES.
I*. Monteith's Introduction to Geography,
2*. Monteith's Physical and Political Geography,

ACCESSORIES.
Monteith's Wall Maps 2 sets (see page 15),

Monteith's Manual of Map-Drawing (Allen's System)
Monteith's Map-Drawing and Object-Lessons,
Monteith's Map-Drawing Scale,

1. PRACTICAL OBJECT TEACHING. The infant scholar is first Introduced

to a picture whence he may derive notions of the shape of the earth, the phenom-
ena of day and night, the distribution of land and water, and the great natural

divisions, which mere words would fail entirely to convey to the untutored mind.

Other pictures follow on the same plan, and the child's mind is called upon to grasp
no idea without the aid of a pictorial illustration. Carried on to the higher

books, this system culminates in Physical Geography, where such matters a*

climates, ocean currents, the winds, peculiarities of the earth's crust, clouds and

rain, are pictorially explained and rendered apparent to the most ohtuse. The
illustrations used for this purpose belong to the highest grade of art.

2. CLEAR, BEAUTIFUL, AND CORRECT MAPS. In the lower numbers the

maps avoid unnecessary detail, while respectively progressive, and affording the

pupil new matter for acquisition each time he approaches in the constantly en-

larging circle the point of coincidence with previous lessons in the more ele-

mentary books. In the Physical and Political Geography the maps embrace many
uew and striking features. One of the most effective of these is the new plan for

displaying on each map tbe relative sizes of countries not represented, thus obvi-

ating much confusion which has arisen from the necessity of presenting maps in

tae same atlas drawn on different scales. The maps of "
McNally" have long been

celebrated for their superior beauty and completeness. This is the only school-

book in which the attempt to make a complete atlas aho clear and distinct. ha

been successful. The map coloring throughout the series Is also noticeaolo.

Delictte and subdued tints take tbe place of the startling glare of Inharmonious
colors which too frequently in such treatises dazzle the eyes, distract the atten-

tion, and serve to overwhelm the names of towns and the natural feature* of tb*

Un^scape.
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The National Series of Standard School-Hooks.

GEOGRAPHY-Continued.

3. THE VARIETY OF MAP-EXERCISE. Starting each time from a different

basis, the pupil in many instances approaches the same fact no less than te times,
thus indelibly impressing it upon his memory. At the came time, this system is

not allowed to become wearisome the extent of exercise on each subject being
graduated by its relative importance or difficulty of acquisition.

4. THE CHARACTER AND ARRANGEMENT OF THE DESCRIPTIVE
TEXT. The cream of the science has been carefully culled, unimportant matter

rejected, elaboration avoided, and a brief and concise manner of presentation cul-

tivated. The orderly consideration of topics has contributed greatly to simplicity.
Due attention is paid to the facts in history and astronomy which are inseparably
connected with, and important to the proper understanding of geography and
such only are admitted on any terms. In a word, the National System teaches

geography as a science, pure, simple, and exhaustive.

5. ALWAYS UP TO THE TIMES. The authors of these books, editorially

speaking, never sleep. No change occurs in the boundaries of countries, or of

counties, no new discovery is made, or railroad built, that is not at once noted
and recorded, and the next edition of each volume carries to every school-room the

new order of things.

6. SUPERIOR GRADATION. This is the only series which furnishes an avail,

able volume for every possible class in graded schools. It is not contemplated
that a pupil must necessarily go through every volume in succession to attain

proficiency. On the contrary, (wo will suffice, but three are advised ; and, if the

course will admit, the whole series should be pursued. At all events, the books
are at hand for selection, and every teacher, of 'every grade, can find amon_' them

one exactly suited to his class. The best combination for those who \vish t<>

abridge the course consists of Nos. 1, 2, and 3, or where children arc somewhat ad-

vanced in other studies when they commence geography, Nos. 1*, 2, and 8. Where
but two books are admissible, Nos. 1* and 2*, or Nos. 2 and 3, are recommended.

7. FORM OF THE VOLUMES AND MECHANICAL EXECUTION. The maps
and text are no longer unnaturally divorced in accordance with the time -honored

practice of making text-books on this subject as inconvenient and expensive as

possible. On the contrary, all map questions are to be fonnd on the page opposite
the map itself, and each book is complete in one volume. The mechanical execu-

tion is unrivalled. Paper and printing are everything that could be desired, and
the binding is A. S. Barnes & Company's.

8. MAP-DRAWING. In 1860 the system of Map-Drawing devised by Professor

JEROME ALLKN was secured exclusively for this series. It derives its claim to origi-

nality and usefulness from the introduction of afixed unit of measurement applica-

ble to every Map. The principles being so few. simple and comprehensive, the

subject of Map-Drawing is relieved of all practical difficulty. (In Nos. 2, 8*. and 3,

and published separately.)

9. ANALOGOUS OUTLINES. At the same time with Map-Drawing wa also

introduced (in No. 2) a new and ingenious variety of Object Lessons, consisting of a

comparison of the outlines of countries with familiar objects pictorially represented.
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?7ie Nationat Series of Standard

GEOGRAPHY-Contnued.

MONTEITH'S INDEPENDENT COURSE.

Elementary Geography

Comprehensive Geography (with 103 Maps)
J3^~ These volumes are not revisions of old works not an addition to any

series but are entirely new productions each by itself complete, independent,

comprehensive, yet simple, brief, cheap, and popular ; or, taken together, the most
admirable " series

" ever offered for a common-school course. They present tha

following features, skillfully interwoven the student learn ing all about one country
at a time.

LOCAL GEOGRAPHY, or the Use of Maps. Important features of

the Maps are the coloring of States as objects, and the ingenious system for laying
down a much larger number of names for reference than are found on any other

Maps of same size^ and without crowding.

PHYSICAL GEOGRAPHY, or the Natural Features of the Earth,

illustrated by the original and striking Relief Maps, being bird's-eye views or

photographic pictures of the Earth's surface.

DESCRIPTIVE GEOGRAPHY, including the Physical ;
with some

iccount of Governments, and Races, Animals, etc.

HISTORICAL GEOGRAPHY, or a brief summary of the salient

oints of history, explaining the present distribution of nations, origin of geo-

graphical names, etc.

MATHEMATICAL GEOGRAPHY1

, including ASTRONOMICAL.
which describes the Earth's position and character among planets ; also the Zones.

Parallels, etc.

COMPARATIVE GEOGRAPHY, or a system of analogy, con-

necting new lessons with the previous ones. Comparative sizes and latitudes ro

shown on the margin of each Map, and all countries are measured in the "frame
<jf Kansas."

TOPICAL GEOGRAPHY, consisting of questions for review, and

testing the student's general and specific knowledge of the subject, with sugges-
tions for Geographical Compositions.

ANCIENT GEOGRAPHY. A section devoted to this subject, with

Maps, will be appreciated by teachers. It is seldom taught in our common schools,
because it has heretofore required the purchase of a separate book.

GRAPHIC GEOGRAPHY, or MAP-DRAWING by Allen's "Unit ol

Measurement" system (now almost universally recognized as without a rival) is

introduced throughout the lessons, and not as an appendix.

CONSTRUCTIVE GEOGRAPHY, or GLOBE-MAKIXG. With eacK
book a set of Map Segments is furnished, with which each student may make hia

own Globe by following the directions given.

RAILROAD GEOGRAPHY, with a grand Map Illustrating routes

Df travel in the United States. Also, a "Tour in Europe."
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The National Series of Standard School-

MAP DRAWING.
Monteith's Map-Drawing Made Easy.
A neat little book of outlines and instructions. L'ivini; the " corners of Stateti

"
in

suitable blanks, so that Maps can be drawn by uiiskilllul hand- ti.un any at]
instructions for written exercises or OOmpoeitkMU on geographical tubi.

Comparative Geography.

Monteith's Manual of Map-Drawing (Allen's Sy-tnn).
The only consistent plan, by which all Maps are drawn on one scale. By its use

much time may be saved, and much interest and accurate knowledge gained.

Monteith's Map-Drawing and Object Lessons.
The last-named treatise, bound with Mr. Monteith's inirenious system for com-

mitting outlines to memory by means of pictures of livinir crntOTM and famihar
objects. Thus, South America resembles a dog's head ; Cuba, a lizard ; Italy a boot ;

France, a coffee-pot ; Turkey, a turkey, etc., etc.

Monteith's Map-Drawing Scale.
A ruler of wood, graduated to the "Allen fixed unit of measurement."

WALL MAPS.
Monteith's Pictorial Chart of Geography.
The original drawing for this beautiful and instructive chart was greatly admired

in the publisher's "exhibit" at the Centennial Exhibition of 1876. It \-

of the Earth's surface with every natural feature displayed, teaching uUo phyMcul
geography, and especially the mutations of water. The uses to which man put'- the
earth and its treasures and forces, as Agriculture, Minim:, Mannlactnrii

merce, and Transportation are also graphically portrayed M> that the young learner

1,'et" a realistic idea of " the world we live in," which weeks of book-study might
fail to convey.

Monteith's School Maps, 8 Numbers.
The "School Series" includes the Hemispheres (S Maps), United States, North

America, South America, Europe, Asia. Africa. Price. $2.50 each.
Each map is 28 * 34 inches, beautifully colored, has the names all laid down, and

is substantially mounted on canvas with rollers.

Monteith's Grand Maps, 8 Numbers.
The " Grand Series " includes the Hemispheres (1 Map), United States, South

America, Europe, Asia, Africa, The World on MercatorV Projection, and Physical
Map of the World. Price, $5.00 each. Size 42 x 52 inches, names laid down, col-

ored, mounted, &c,

Monteith's Sunday School Maps,
Including a Map of Paul's Travels ($5.00), one of Ancient Canaan ($3.00), and

Modern Palestine ($3.80), or Palestine and Canaan together ($5.00).

MONTEITH'S GEOGRAPHIES
Have been adopted, by official authority, for the schools of the following State*

and Cities in most cases for exclusive and uniform use.

CALIFORNIA, TENNESSEE, IOWA, ARKANSAS, NORTH CAROLINA,
MISSOURI, TEXAS, LOUISIANA, FLORIDA. KANSAS,
ALABAMA, VKRMONT, OREGON. MINNESOTA, MISSISSIPPI.

CITIES. New York fily. Brooklyn, Chirniro, Now Orleans, Buffalo, Richmond,

Jersey City, Hartford, Win-center, S:m Kraii'-i-i-o. Louisville. Newark, Milwaukee,

Charleston", liochester. Mobile. Syr.irii-e. Memphis. Salt I-ake City. Nachrille,

Vtiea Wilmington. Trenton, Norfolk, Norwirh, Lockport, Dnbuqi
Portland. Savannah, Indianapolis, Springfield, Wheeling, Toledo, Bridgeport, St.

Paul, Vicksburg, &c.



The National Series of Standard School-Books.

Monteitk & McNally's National Geographies.
CRITICAL OPINIONS.

From R. A. ADAMS, Member of Board of Education, New York.

I have found, by examination of the Book of Supply of our Board, that consid-

erably the largest number of any series now used in our public schools is the

National, by Monteith and McXally.
From BBO. PATRICK, Chief Pi-ovincial of the Vast Educational Society of the

CHRISTIAN BBOTHEES in the United States.

Having been convinced for some time past that the series of Geographies io

?e in onr schools were not giving satisfaction, and came far short of meeting
our most reasonable expectations, I have felt it my imperative duty to examine
into this matter, and see if a remedy could not be found.

Copies of the different Geographies published in this country have been placed
at our command for examination. On account of other pressing duties we havtf

not been able to give as much time to the investigation of all these different series

as we could have desired
; yet we have found enough to convince us that there are

many others better than thosewe are now using; butwe cheerfully give our most
decided preference, above all others, to the National Series, by Monteith & McNally.
Their easy gradation, their thoroughly practical and independent character,

their comprehensive completeness as a full and accurate system, the wise dis-

crimination shown in the selection of the subject matter, the beautiful and copious

illustrations, the neat cut type, the general execution of the works, and other x*

ceileticies, will commend them to the frienda of education everywhere.

From the "HOME MONTHLT," Nashville, Tenn.

MONTEITH'S AND McNAiXY's GEOGRAPHIES. Geography is so closely con-

nected with Astronomy, History, Ethnology, and Geology, that it is difficult to

define its limitJ in the construction of a text-book. If the author confines himself

Btrictly to a description of the earth's surface, his book will be dry, meager, and

unintelligible to a child. If, on the other hand, he attempts to give information

on the cognate sciences, he enters a boundless field, and may wander too far. It

eems to us that the authors of the series before us have hit on the happy medium
between too much and too little. The First Lessons, by applying the system of

object-teaching, renders the subject so attractive that a child, just able to read,

may become deeply interested in it. The second book of the course enlarges tho

view, bat still keeps to the maps and simple descriptions. Then, in the third

book, we have Geography combined with History and Astronomy. A general

view of tae solar system is presented, so that the pupil may understand the

earth's position on the map of the heavens. The first part of the fourth book
treats of Physical Geography, and contains a vast amount of knowledge com-

pressed into a small space. It is made bright and attractive by beautiful pictures

and suggestive illustrations, on the principle of object-teaching. The maps in

the second part of this volume are remarkably clear, and the map exercises are

copious and judicious. In the fifth and last volume of the series, the whole sub-

ject is reviewed and systematized. This is strictly a Geography. Its maps are

beautifully engraved and clearly printed. The map exercises are full and com-i

prehensive. In all these books the maps, questions and descriptions are given in

the same volume. In most geographies there are too many details and minute

descriptions more than any child out of purgatory ought to be required to learn.

The power of memory is overstrained ;
there is confusion no clearly defined idea

is formed in the child's mind. But in these books, in brief, pointed descriptions,

and constant nse of bright, accurate maps, the whole subject is photographed OP

the mind. 1(5



The JTaetonal Series of Stan,lartl .Wool-Scot,.'

MATHEMATICS.
'

DAVIES' NATIONAL COURSE.

ARITHMETIC.
I. Davies' Primary Arithmetic,
2. Davies' Intellectual Arithmetic,
3. Davies' Elements of Written Arithmetic,.
4. Davies' Practical Arithmetic,
5. Davies' University Arithmetic.

TWO BOOK SERIES.
I. First Book in Arithmetic, Primary and MentaL
2. Complete Arithmetic.

ALGEBRA.
1. Davies' New Elementary Algebra,
2. Davies' University Algebra,
3. Davies' New Bourdon's Algebra.

G-EOMETRY.
1. Davies' Elementary Geometry and Trigonometry,
2. Davies' Legendre's Geometry,
3. Davies' Analytical Geometry and Calculus,

4. Davies' Descriptive Geometry,
5. Davies' New Calculus,

MENSURATION.
1. Davies' Practical Mathematics and Mensuration,
2. Davies' Elements of Surveying,
3. Davies' Shades, Shadows, and Perspective,

MATHEMATICAL SCIENCE,
Davies' Grammar of Arithmetic,
Oavie*' Outlines of Mathematical Science,
Davies' Nature and Utility of Mathematics,

Davies' Metric System,
Davies & Peck's Dictionary of Mathematics,
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National Series of Standard School-Books.

DAVIES' NATIONAL COUKSE of MATHEMATICS,
ITS RECORD.

In claiming for this series the first place among American text-books, of what
ever class, the Publishers appeal to the magnificent record which its volumel

have earned during the thirty-Jive years of Dr. Charles Davies' mathematical

labors. The unremitting exertions of a life-time have placed tJie modern series oil

toe same proud eminence among competitors that each of its predecessors ha<

uccessively enjoyed in a course of constantly improved editions, now rounded ttf

their perfect fruition for it seems 1 1m ^st that this science is susceptible of n4

farther demonstration.

During the period alluded to, many authors and editors in this department have

started into public notice, and by borrowing ideas and processes original with Dr.

Davies, have enjoyed a brief popularity, but are now almost unknown. Many of

the series of to-day, built upon a similar basis, and described as " modern books,"
are destined to a similar fate ; while the most far-seeing eye will find it difficult to

fix the time, on the basis of auy data afforded by their past history, when these

hooks will cease to Increase and prosper, and fix a still firmer hi-ld on the aflection

of every educated American.

One cause of this unparalleled popularity is found in the fact that the enterprise
of the author did not cease with the original completion of his books. Always a

practical teacher, he has incorporated in his text-books from time to time the ad-

vantages of every improvement in methods of teaching, and every advance in

Bcience. During all the years in which he has been laboring, he constantly sub-

mitted his own theories and those of others to the practical test of the class-room

approving, rejecting, or modifying them as the experience thus obtained might

suggest. In this way he has been able to produce an almost perfect series of

class-books, in which every department of mathematics has received minute and

exhaustive attention.

Upon the death of Dr. Davies, which took place in 1876 ; his work was im

mediately taken up by his former pupil and mathematical associate of many years,

Prof. W. G. PKCK,LL.D., of Columbia College. By him the original Series is kept

carefully revised and not allowed hi any way to fall behind the times.

DAVIES' SYSTEM is THE ACKNOWLEDGED NATIONAL STANDARD FOR THB

UNITED STATES, for the following reasons :

1st. It is the basis of instruction in the great national schools at "West Point

and Annapolis.
2d. It has received the quasi endorsement of the National Congress.

3d. It is exclusively used in the public schools of the National Capital.

4th. The officials of the Government use it as authority in all cases involving

mathematical questions.

5th. Our great soldiers and sailors commanding the national armies and navies

were educated in this system. So have been a majority of eminent scientists in

this country. All these refer to " Davies " as authority.

6th. A larger number of American citizens have received their education from

this than from any other series.

7th. The series has a larger circulation throughout the whole country than any

other, being extensively used in every State in the Union,
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Davies' National Course of Mathematics.
TESTIMONIALS.

From L. VAN BOKKELEX, State SuperinUndtnt Public Instruction, Maryland.
The series of Arithmetics edited by Prof. Davies. and publi- firm,

lave been used for many years in the school- t) f n-ver;.l nmntie-. anil tli'' i itv i]

Baltimore, and have been appro-, ed 1

Under the law of 1365. establishing a uniionn -

these Arithmetics were unanimously adopted by "the >
after a careful examination, and are now used in "all the Public Schools of Marv
lud.
These facts evidence the hiarh opinion entertained by the School Authorities 4

(the value of the series theoretically and practically.

From HORACE WEBSTER, President of the College of- New Tort.

The undersigned has examined, with care and thon-rht, KI-V. of Da-
vies' Mathematics, and is of the opinion thai, as a \vlv: :iiplct*
anil b^st course for Academic and Collegiate instruction, with which he is ac-

quainted. .

From DAVID N. CAJIP, State Superintendent qf Common School*, Connecticut.

I have examined Davies' Series of Arithmetics with come care. The language
to dear and preeue : each principle ia thoroughly analyzed. and the whole BO ar

; us to facilitate the work of instruction. Haviiig observed tip

and success with which the different books have i . eminent teacher*.
it gives me pleasure to commend them to others.

From J. O. WILSON, Chairman Committee on Text-Books, WaalAnyton, D. C.

I consider Davies' Arithmetic? decidedly superior to any < Mid it

thi.-i opinion lam sustained. I believe, by the entire Board of Education and Corp*
of Teacher!? in this city, where they have been used for several years past.

From JOHN L. CAMPBELL, Professor of Mathematics, Wabash College, Indiana.

A proper combination of abstract reasoning and practical illustration is the
chief excellence in Prof. Davies' Mathematical works. J prefer his Aritl:'

AL''-lira<. Geometry and Tntronomeny to nil others now in use, and cordially re-

commend them to all who desire the aavaucemeut of sound learning.

From MAJOR J. H. WHTTTLESET. </orernmenl Inspector of Military Schools.

Be assured, I regard the works of Vrof. Davies, with which I am acquainted, as

by far the best left-books in print on nie subjects which they treat. I t-hall cer-

tainly encourage their adoption whet <;; era word from me may be ofany avail.

From T. McC. BALLANTDTE, Prof. Ha'hemctlcs Cumberland CoOeye, Kentucky.

\ have long taught Prof. Davies' Course of Mathematics, and 1 cocHnuo to lit*

their working.

From JOHN MCLEAN BELL, B. A., Prin. of Lower Canada College,

Ihnve used Davies' Arithmetical on: 1
. Mathematical Series as text-books In the

schools under my charge for the laM, MX years'. These I have fount! -if treat effi-

cacy in exciting, invigorating, ana concentrating the- intellectual faculties of the

treatise serves as an introduction to the next higher, by the rimitarity of

its reasonings and methods; and the student is carried forward, by ei;-

gradual steps, ovtr the whole field of mathematical Inquiry, and that, too, Ina
tliortfr time than i-* usually occupied in na-terinir a s'uiL'1" department. I

Iy and heartily recommend them to the Attention ofmy fellow-teachers in Canada

From D. W. STEELE, Prin. Phuekoian Academy, Cold Springs, Texas.

I have used Davies' Arithmetics I 111 I know them nearly by heart A better

. eries of pchool-books never w<>re published. J have recommended them untU
.ro now used in all this region of country.

\ lanre mass of similar "
Opinion -.

" may be obtained by addrewing the pob
ichers for special ein-ubir for J'-a- i

' Mathematics. New recomnendationf art

%u Wished in current numoera of t'ae Educational Bulletin.



T?ie . Yftftonal Series of Standard School-'Books.

MATHE.V.ATICS-Continued.

PECK'S ARITHMETICS.
By the Prof, of Mathematics at Columbia College, New York.

1. Peck's First Lessons in Numbers,
Embracing all that is usually included in what are called Primary and Intel-

lectual Arithmetics
; proceeding gradually from object lessons to abstract num-

bers; developing Addition and Subtraction simultaneously: with other attrac-

tive novelties.

2. Peck's Manual of Practical Arithmetic,
An excellent "Brief" course, conveying a sufficient knowledge of Arithmetic

lor ordinary business purposes.
It is thoroughly "practical," because the author believes the Theory cannot be

studied with advantage until the pupil has acquired a certain facility in combin-

ing numbers, which can only be had by practice.

3. Peck's Complete Arithmetic,
The whole subject theory and practice presented within very moderate

limits. This author's most remarkable faculty of mathematical treatment is

comprehended in three words : System, Conciseness, Lucidity. The directness

and simplicity of this work cannot be better expressed than in the words of a

correspondent who adopted the book at once, because, as he said, it is
"

free

from that juggling with numbers "
practiced by many authors.

From the "
Galaxy" New York.

In the "
Complete Arithmetic " each part of the subject is logically developed.

First ara given the necessary definitions ; second, the explanations of such signs

(if any) as are used ; third, the principles on which the operation depends ;

fourth, an exemplification of the manner in which the operaiion is performed,
which is so conducted that the reason of the rule which is immediately thereafter

deduced is made perfectly plain ; after which follow numerous graded examples
and corresponding practical problems. All the parts taken together are arranged
in logical order. The subject is treated as a whole, and not as if made up of

segregated parts. It may seem a simple remark to make that (for example) addi-

tion is in principle one and the same everywhere, whether employed upon simple
or compound numbers, fractions, etc., the only difference being in the -unit in-

volved ; but the number of persons who understand this practically, compared to

the number who have studied arithmetic, is not very great. The student of the
"
Complete Arithmetic " cannot fail to understand it. All the principles of the

science are presented within moderate limits. Superfluity of matter to supple-

ment defective definitions, to make clear faulty demonstrations and rales ex-

pressed either inaccurately or obscurely, to make provision for a multiplicity of

cases for which no provision is requisite has been carefully avoided. The

definitions are plain and concise : the principles are stated clearly and accurately ;

the demonstrations are full and complete ;
the rules are perspicuous and compre-

hensive ; the illustrative examples are abundant and well fitted to familiarize the

ntndent with the application of principles to the problems of science and of

every-day life.

fW The Definitions constitute the power of the book. We hare never seen

them excelled for clearness and exactness. Iowa Scfiooi Journal.
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MATHEMATICS Continued.

PECK'S HIGHER COURSE.
Peck's Manual of Algebra,

Bringing the methods of Bourdon within the range of the Academic Coarse.

Peck's Manual of Geometry,
By a method purely practical, and unembarrassed by the details which rather

confuse than simplify science.

Peck's Practical Calculus,

Peck's Analytical Geometry,

Peck's Elementary Mechanics,

Peck's Mechanics, with Calculus,

The briefest treatises on these subjects now published. Adopted by the great
Universities ; Yale, Harvard, Columbia, Princeton, Cornell, &c.

ARITHMETICAL EXAMPLES.
Reuck's Examples in Denominate Numbers,

Reuck's Examples in Arithmetic,

These volumes differ from the ordinary arithmetic in their peculiarly practical

character. They are composed mainly of examples, and afford the most severe and

thorough discipline for the mind. While a book which should contain a complete
treatise of theory and practice would be too cumbersome for every-day ue, tbe

insufficiency ofpractical examples has been a source of complaint.

HIGHER MATHEMATICS.
Macnie's Algebraical Equations,

Serving as a complement to the more advanced treatises on Algebra, giving sp*.

cial attention to the analysis and solution of equations with numerical coefficient*.

Church's Elements of Calculus,

Church's Analytical Geometry,

Church's Descriptive Geometry, 2 vols..

These volumes constitute the " West Point Course " in their several department*.

Courtenay's Elements of Calculus,

A standard work of the very highest grade.

Hackley's Trigonometry,
With applications to navigation and surveying, nautili and practical geometry

and geodesy.



National Series of Standard Sctiool-Sooks.

PENMANSHIP.
^

Beers' System of Progressive Penmanship.
Per dozen

This "round hand" system of Penmanship in twelve numbers, com-
mends itself by its simplicity and thoroughness. The first four numbers
are primary books. Nos. 5 to 7, advanced books for boys. Nos. 8 to 10,
advanced books for girls. Nos. 11 and 12, ornamental penmanship.
These books are printed from steel plates (engraved by McLees), and ara
unexcelled in mechanical execution. Large quantities are annually sold.

Beers' Slated Copy Slips, per set

All beginners should practice, for a few weeks, slate exercises, familiar-

izing them with the form of the letters, the motions of the hand and arm,
&c., &c. These copy slips, 32 in number, supply all the copies found in a

complete seiies of writing-books, at a trifling co'st.

Payson,Dunton&Scribner'sCopy-B'ks.P-<loz.,
The National System of Penmanship, in three distinct series (1> Com-

mon School Series, comprising the first six numbers ; 02) Business Series,
Nos. 8, 11, and 12 ; (3) Ladies' Series, Nos. 7, 9, and 10.

Fulton & Eastman's Chirographic Charts,
To embellish the school room walls, and furnish class exercise in the

elements of Penmanship.

PaySOn'S Copy-Book Cover, per hundred
Protects every page except the one In use, and furnishes "lines" with prnpet

lope for the penman, under. Patented.

National Steel Pens, Card with all kinds
Pronounced by competent judges the perfection of American-made pens, and

superior to any foreign article.

SCHOOL SERIES.
School Pen, per gross, . .f 60
Academic Pen, do . . 63
Fine Pointed Pen, per gross 70

POPULAR SERIES.
Capitol Pen, per gross, . . 1 00

do do pr. box of 2 doz. 25
Bullion Pen (ituit gold) pr. gr. 75
Ladies

1

Pen do 63

Index Pen, per gross ... 75

BUSINCSS SERIES
Albata Pen, per gross,
Bank Pen, do .

Empire Pen, do
Commercial )*cn, per gross
Express Pen, do
Falcon Pen, do
Elastic Pen, do

40
TO
70
60
75
70
T5

Stimpson's Scientific Steel Pen, per gross $1 50
One forward and two backward arches, ensuring great strength, well-

balanced elasticity, evenness of point, and smoothness of execution. One
pros? in twelve contain* a Scientific Gold Pen.

Stimpson's Ink-Retaining Holder, per doz. i 50
A simple apparatus, whic.* does not get out of order, withholds at a

single dip as much ink as the pen would otherwise realize from a dozen

trips to the inkstand, which it supplies with moderate and easy flow.

Stimpson's Gold Pen, $3 oo
; with Ink Retainer 4 50

Stimpson's Penman's Card, $o 25
One dozen steel Pens (assorted points) and Patent Ink-retaining Pe

bolder.
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HISTORY.
Monteith's Youth's History.
A History of the United States for beginners. It is arranged nnon the cat

plan, with Illustrative maps and engravings, review que-tion- .

(that their study may be optional with th.- younger rl:- of 1,-arm-r-K ami n
Biographical Sketches of aU persons who have been prominently identifier
history of our country.

Willard's United States, School and Univ.-rsitv Editions.
The plan of this standard work is

chronologically exhibited in front of B
p:iL

r <'
;
the Maps and Sketches are fou: -taiits to the memory, :i:

usually so difficult to remember, are so systematically arranged as in a great degree
to obviate the difficulty. Candor, impartiality, aiid accuracy, are the distil;
features of the narrative portion.

Willard's Universal History.
The moot valuable features of the "United States" are reproduced In thi- T I

peculiarities of the work are its great - and the prominence gi\
chronological order of events. The margin marks each
distinctness, so that the impil retains not only the - time, and i

the order of h-storv firmly and usefully in his' mind, Mrs. WillanlV book-
stand? revised, and at all times writte'n up to embrace important h:-
of recent date.

Lancaster's English History,
By the Master of the Stoughton Grammar School, Boston. The most practical r'

the "brief books." Though short, it is not n bare and uniir
contains enough of explanation and detail to make intelligible the caw an-'
events. Their relations to the history and development of the Ann :

made specially prominent.

Willis' Historical Reader,
Being Collier's Great Events of History adapted to American pchooK This rare

epitome Of genera] history, remarkable for its charming style and jud:<
of events on which :

- of nations have turned, lias been ski!

lated by Prof. Willis, with as few changes as would brin-j the I States

proper' position in the historical perspective. As reader or text-book it baa few
equals and no superiors.

Berard's History of England,
By an authoress W( >11 known for the success of her History of the Unite*:

The social life of the English people is felicitously interwoven, as iii fact, with the
civil and military transactions of the realm.

Ricord's History of Rome
Possesses the charm of an attractive romance. The Fables with which this history

abounds are introduced in such a way as not to deceive the inexperienced, while
adding materially to the value of the work as a reliable index to tne character aud
institutions, as well as the history of the Roman people.

Hanna's Bible History.
The only compendium of Bible narrative which affords a connected and chrono-

logical view of the important events there recorded, divested of all superfluous detail.

Summary of History; American, French and
English.A well-proportioned outline of leading events, condensing tne tnbetance of the

more extensive text-book in common use into a series of statement -

urd may be committed to memory, and yet so comprehensive
that it

]

an accurate though general view of the whole continuous life of nations.

Marsh's Ecclesiastical History.
Affording the History of the rhnrch in all ages, with n< pagan worH

during Biblical periods, and the character, rise, an-i progress of all R<

as the various sects of the worshipers of Chr
though strictly catholic. A separate volume contains carefully prepa:

^ use.
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HISTORY Continued.

BARNES' ONE-TERM HISTORY.
A Brief History of the United States,
This is probably the MOST ORIGINAL FCHOOL-BOOK published for many years

in any department. A few of its claims are the following:

1. Brevity- The text is complete for Grammar School or intermediate
classes, in 290 12mo pages, large type. It may readily be completed, if desired in
cue term of study.

2. Comprehensiveness. Though so brief, this book contains the pith of all
me wearying contents of the larger manuals, and a great deal more than the mem-
ory usually retains from the latter.

3. Interest has been a prime consideration. Small books have heretofore
been bare, full of dry statistics, unattractive. This one is charmingly written,
replete with anecdote, and brilliant with illustration.

4. Proportion Of Events. It is remarkable for the discrimination with
which the different portions of our history are presented according to their im-
portance. Thus the older works being already large books when the civil war
took place, give it less cpace than that accorded to the Revolution.

5. Arrangement. In six epochs, entitled respectively. Discovery ami Settle-
ment, the Colonies, the Revolution, Growth of States, the Civil War, and Current
Event's.

6. Catch Words. Each paragraph is preceded by its leading thought in

prominent type, standing in the student's mind for the whole paragraph.

7. Key NotSS. Analogous with this is the idea of grouping battles, etc.

about some central event, which relieves the sameness so common in s-nth de-

scriptions, and renders each distinct by some striking peculiarity of its own.

8. Foot Notes. These are crowded with interesting matter that is not
strictly a part of history proper. They may be learned or not, at pleasure. They
are certain in any event to be read.

9. Biographies of all the leading characters are given in full in foot-notes.

10. MaTJS. Elegant and distinct Maps from engravings on copper-plate, and
beantifully'colored, precede each epoch, and contain all the places named.

11. Questions are at the back of the book, to compel a more independent use
of the text. Both text and questions are so worded that the pupil must give in<

telligent answers IN HIS own WORDS. "Yes" and "No" will not do.

12. Historical Recreations, These are additional questions to feet the stu-

dent's knowledge, in review, as: "What trees are celebrated in our hteior,- :"
" When did a fog save our army ?

" " What Presidents died in office ';

'' " W lien

was the Mississippi our western boundary ?
'' " Who said,

'

I would rather be

right than President ?
' "

etc.

13. The Illustrations, about seventy in number, are the work of onr best

artists and engravers, produced at great expense. They are vivid and interest-

ing, and mostly upon subjects never before illustrated in a school-book.

14. Dates. Only the leading dates are given in the text, and these are so

associated as to assist the memory, but at the head of each page is the date of the

event first mentioned, and at the close ofeach epoch a summary of events and dates.

15. The Philosophy Of History is studiously exhibited the causes and
effects of events being distinctly traced and their interconnection shown.

16. Impartiality. All sectional, partisan, or denominational views are

tvoided. Facts are stated after a careful comparison of all authorities without

the least prejudice or favor.

17. IndeS. A verbal mdex at the close of the book perfects it as a work of

reference.

It will be observed that the above are all particulars in which School Histories

have been signally defective, or altogether wanting. Many other claims to faro;

>t shares in common with its prcdecesfors.
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ARNES 1 ONE-TERM HISTORY Continued.

From PROF. Wn. F. ALLEN, State Unir. of Witronttn.
I think the author of the new Brief History of the United State- " ha* been very

successful in combining brevity with sufficient fullness and interest. l"ai'ii-iilariy,
he has avoided the excessive number of names and dates that most histop-
tain. Two features that I like tery much are the anecdotes nt the foot of the page
and the " Historical Recreations " in the Appendix. The latter, I think, Is quite a
new feature, and the other is very well executed.

From 8. O. WRIGHT, Assist.-Supt. Pub. Inft., Kanta*.
It is with extreme pk-asure we submit our recommendation of the " Brief History

of the United States. It meets the needs of young and older children, eon
concision with

perspicuity, and if "brevity is the soul of wit," this "Hri-
mains not only that well-chosen ingredient, but wisdom sufficient

lighten those students who are wearily longintr for a " new departure" from certain
old and uninteresting presentations of fossilized writers. \\e congratulate u pro-
gressive public upon a progressive book.

From HON. NEWTON BATEXAN, Siipt. Pub. Inft.,

Barnes' One-Term Historv of the United States i- nn exceedingly attractive aad
spirited little book. Its claim to several new and valuable featup -

founded. Under the form of six well-dunned Epoch*, the History of the United
States Is traced tersely, yet pithily, from the earliest times to the present day. A
good map precedes each epoch, whereby the historv and geographer of the period
may be studied together, a* tfify aliray* should be. The syllabus of each paragraph
is made to stand in such hold relief, by the use of large, heavy type, as to De ol

much rnrifmonii- value to the >tudciit. The book is written in "a sprightly and
piquant style, the intercut never llagging from beginning to end a rare and difficult

achievement in works of this kind.

From the "Chicago Schoolmaster" (Editorial).
\ thoronsh examination of Barnes1 Brief History of the United States bring* the

examiner to the conclusion that it i a superior book in almost every respect. 1 ho
book is neat in form, and of good material. The type is clear. lar<_re. and <

Th. 1
f. icts and dates are correct. Ths arrangement of topirs is ju-t the thine needed

in a history text-book. By this arrangement the pupil can see at once w!

expected to do. The topics are well selected, embracing the leading ideas or p>in-

cipal events of American history. . . . The book as a whole is much superior
to any I have examined. So much do I think this, that I have ordered it for my
class, and shall use it in my school i^ijnwi) B. W.

A Brief History of France,

By the author of the
" Brief United States," with all the attractive features of that

popular work (which see), and new ones of its own.
It is believed that the history of France has never before been presented in such

brief compass, and this is eilec'ted without sacriiicing one particle of interest. The
hook reads like a romance, and, while drawing the student by an irresistible fasci-

nation to his task, impresses the great outlines indelibly upon the memory.

Gilman's First Steps in General History,
A "

suggestive outline" of rare compactness. Each country Is treated by it*elf,

and the United States receive special attention. Frequent Maps, contemporary
events in Tables, References to Standard Works for fuller details, and a minute

Index constitute the " Illustrative Apparatus." From no other work that we know
of can so succinct a view of the world's history be obtained. Considering the neces-

sary limitation of space, the style is surprisingly vivid, and at times even ornate.

In all respects a charming, though not the less practical, text-book,

Gilman's "Seven Historic Ages,"
This book is written in the style used by a father talking with hie children on the

M of historv. As one Ajfe after another is taken up, the author I

the young reader the prominent men and characteristic events by which it is I

remembered. The object is to stimulate the pupil in school or the child at home t

study history, to think of it as a lively picture of the doings of men, and n

dead list of uninteresting dates.

Baker's Brief History of Texas,
On the plan of "Barnes' Brief Histories," with Constitution of the State, for

\jhools.
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DRAWING.
Chapman's American Drawing Book,
The standard American text-book and authority m all branches of art. A com-

pilation of art principles. A manual for the amateur, and basis of study for the pro-
fessional artist. Adapted for schools and private instruction.
CONTENTS. "Any one who can Learu to Write can Learn to Draw." Primary

Instruction in Drawing. Rudiments of Drawing the Human Head. Rudiments in,

Drawing the Human Figure. Rudiments of Drawing. The Elements oi'iit'oinetry.-

Perspective. Of Studying and Sketching from Nature. Of Paimin;,-. Etching \\n\

.Engraving. Of Modeling. Of Composition Advice to the American Art-Studenv,
The work is of course magnificently illustrated with all the original designs.

Chapman's Elementary Drawing Book,
A Progressive Course of Practical Exercises, or a text-book for the training of the

eye and nand. It contains the elements from the larger work, and a copy F.hould
be ; n the hands of every pupil; while a copy of the "American Drawing Book."
named above, should be at hand for reference "by the class.

The Little Artist's Portfolio,
25 Drawing Cards (progressive patterns), 25 Blanks, and a fine Artist's Pencil,

all in one neat envelope.

Clark's Elements of Drawing,
A complete course in this graceful art, from the first rudiment? of outline to the

finished sketches of landscape and scenery.

Fowle's Linear and Perspective Drawing,
For the cultivation of the eye and hand, with copious illustrations and direc-

tions for the guidance of the unskilled teacher.

Monk's Drawing Books Six Numbers, per set,
Kacu took contains eleven large patterns, with opposing blank?. No. 1. Elemen-

tary Studies. No. 2. Studies of Foliage. No. 3. Landscapes. No. 4. Animals, L
No. 5. Animals, IL No. 6. Marine Views, etc.

Allen's Map-Drawing, Scale,
This method introduces a new era in Map-Drawing, for the following reasons :

1. It is a system. This is its greatest merit. 2. It is easily understood and taught
3. The eye is trained to exact measurement by the use of a scale. 4. By uo spe-

cial effort of the memory, distance and comparative size are fixed in the mind.
5. It discards useless construction of lines. 6. It can be taught bv any teacher, even
though there may have been no previous practice in Map-Drawing. 7. Any pupil
old enough to study Geography can learn by this System, in a short time, to draw
accurate maps. 8. The System is not the result of 'theory, but comes directly from
the school-room. It has been thoroughly and successfully tested there, \vith all

grades of
pupils.

9. It is economical, as'it requires no mapping plates. It gives
Die pupil the ability of rapidly drawing accurate maps.

Riplsy's Map-Drawing,
Based on the Circle. One of the most efficient aids to the acquirement of a

knowledge of Geography is the practice of map-drawing. It is useful for the same
reason that the best exercise in orthography is the tpritinq of difficult words.
Bight comes to the aid of hearing, and a double impression is produced upon the

memory. Knowledge becomes less mechanical and more intuitive. The stiulfr.t

tvho has sketched the outlines of a country, and dotted the important places, is little

likely to forget either. The impression produced may be compared to thit of
traveler who has been over the ground, while more coirprehensive and ace- irate in

4eti'.
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BOOK-KEEPING.
Folsom's Logical Book-keeping,
Folsom's Blanks to Book-keeping,

This treatise embraces the interesting and important discoveries
ol Prof. Folsom (of the Albany

"
Bryant & Strati. [he par-

tial enunciation of which in lecture* and otherv, .ictedBO.

much attention in circles interested in commercial education.

After studying business phenomena for many year*, he has arrived
at the positive lawn anil principles that nmieilie the. whuli- mlij-i of

Accounts; finds that the science is iia-ed ; icterm*
that value divides into two classf* with varied -pet ie.- ; th-it all the
exchanges of values are reducible to nine equations : and that all the
results of all these exchanges are limited to (Icirlieu in number.

As accounts have been universally taught hitherto, without f-etting
out from a radical analysis or definition of values, the -ciei,,-e has
been kej>t

iu great obscurity, and been made as dilli'-iilt to impart aa
to acquire. On the new theory, however, tln-e obstacle* are chii-My
removed. In reading over the first part of it. in which the i_'overninjj
laws and principles are discussed, a person with nrdii.ary mi,
will obtain a fair conception of the , I of cconnU.
But when he comes to study thoroughly the^e la-.vs and principles ,-t*

there enunciated, and work* out the examples and memoranda which
elucidate the thirteen results of Iv.isSne-s. the student will neither fail

in readily acquiring the science as it i-, nor in becoming able intelli-

gently to apply it in the interpretation of busin

Smith & Martin's Book-keeping,
Smith & Martin's Blanks,

This work is by a practical teacher and a practical book-keeper.
It IB of a thoroughly popular class, and will l>e welcomed by every
one who loves to see theory and practice combined in an easy, con-

cise, and methodical form.

The Single Entry portion is well adapted to supply n want felt in

nearly all other treatises, which ceein to l>e prepared mainly for the
use of wholesale merchants, leaving retailers, mechanics, farmers,
etc., who transact the greater portion of the liusiness of the country,
without a guide. The work is also commended, on this account, for

general use in Young Ladies' Seminaries, where a thorough ground-
in- in the simpler form of accounts will be invaluable to the future

housekeepers of the nation.

The treatise on Double Entry Book-keeping combines all the ad-

vantages of the most recent methods, wi'h the utmost simplicity of

application, thus affording the pupil all the advantages of actual ex-

perience in the counting-house, and giving a clear comprehension of
the entire subject through a judicious course of mercantile trans-

actions.

The shape of the book is such that the transactions can be pre-
sented as in actual practice : and the simplified form of Blanks-
three in number adds greatly to the ea* experienced in acquiring
tho science.
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NATURAL SCIENCE.
FAMILIAR SCIENCE.

Norton & Porter's First Book of Science,
BY eminent Professors of Yale College. Contains the"

thy. Astronomy, Chemistry, Physiology, and Geology, ftrraaind on U*
Caicehetical plan for pnmary classes and beginners.

Chambers' Treasury of Knowledge,
Ktoe lessons ar*^*rrf, common things which Be most imiindiafcjy
uKadftrat attract tfeeatmiiom oftheywa)g mind; MOMt, COMUBOB objocta*

<jal, and Vegetable lritiim. IhHaial articles, and
staaoBs; ***** ijrtiaatiL view of Nasre under the variooi

NATURAL PHILOSOPHY.
Norton's First Book in Natural Philosophy,
By Prot Noroai,<jfTateOoB. Deogned for beainuer*. Proftiseiy i

Peck's Ganot's Course of Nat. Philosophy
*n>e stinted text-took of France. Americanized and popularized bt: of France. .^rcrricanized and

Tgy?l27Ln
Peck's Elements of Mechanics,

and adequate in it^tlf for a i

Bartlett's svimiaic, in UILYTIC, Mechanics,
Bartlelt's Acoustics and Optics,
A svstem of CoDegiatt: Philosophy, by Prof. EAETXETT, of West Point Hditarj

Steele's 14 Weeks Course in Philos. (see p. 34)

Steele's Philosophical Apparatus,
t-li* cxporiaveatti JB the ordinarr Ten-books. T^W articiBt

QEOLOGf-Y.
Page's Elements of Geology,

-.
*-

. -r..t
:
'. :. --..

' -- V . ."_>-. :T*:i:Z!~.. ?.~.-.',i. L-.L K^.i^-*X

Emmons' Manual of Geology,

Steele's 14 Weeks Course (seep.34)

Steele's Geological Cabinet,
teen, avatar parts. Sold
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Peck's Ganot's Popular Physics,
TESTIMONIALS.

From PBOF. ALOITZO Coms, Cornea CoOeye, Iowa.

1 vn pleased with it I have decided to introduce it as a text-book.

From H. F. Jomfsos, President Madison College, Sharon, JtLt

I am pleased with Peck's Ganot, and think it a magnificent book,

from PBOF. EDWARD BROOKS, Pennsylvania State Formal School.

So eminent are its merits, that it will be introduced aa the text-book trpoc ea
iheutary physica in this institution.

From H. n. LOCKWOOD, Professor Katvral Philosophy U. 8. Nar.dl Armttrnf
I am so pleased with it that I will probably add it to a course of lecture* given U

the midshipmen of mid school on physics.

From GEO. S. MACKIE, Professor Xatural IRitory Uxttertit) of XathriUe, Torn.

I have decided on the introduction ot Peck's Ganofs Philosophy, aa I am ati

fled that it is the beat book for- the purposes of mv pupil* that I have eeeb. coor

bining simplicity of ezplanation with elegance of illustration.

From W. S. McRAE, Superintendent Veray Public Schools, Indiana,

Having carefully examined a number of text-book on natnral philoopby, I d
not. hesitate to cxpres-s my decided opinion in lavor of Peck's Ganot. The matter.
style, and illustration eminently adapt the work to the popular wants.

From REV. SAXCEL McKnrsreY, D.D., Preset Austin. College, HuntniOz, Texat.

It gives rac. pleasure to commend it to teachers. I have taught pome rlnnnrn with
It as bur text, and must eay, for simplicity of style and clearness of illustration, J

have found nothing as yet published of equal value to the teacher and pupil.

From C. V. SFEAB, Principal Maplewood Institute, PitleJUld, Mast.

I am much pleased with its ample illustrations by plate. and it* clearness end
simplicity of statement. It cover- the ground u.-uafly gone over by oar highec
clase, and contains many fresh illustrations from life or daily occurrence^, uad
new applications of scientific principles to such.

From J. A BASTIELD, Superintendent ManhaB PubBc School*, Michiya ,

I have u?ed Peck's Ganot since 1863. and with increasing pleasnre and f- 1.
*

tion each term. I consider it gnperior to any other work on phyt>ic in its i ia .na-

tion to our hi^h schools and academies. Its illurtraiioiia are superb oettcf

than three times their number of pages of fine print.

From A. SCHTTLEB, Prof, of Mathematics in Baldwin Unireriity, Sent, Mo.
After a careful examination of Peck's Ganot's Natural Philosophy, Dd ictna|

test of ita merits as a text-book. I can heartily recommend it as admirably Uaj
to meet the wants of the trrade of Ptndenta for which it is intended.

and illustrations are unrivaled. We use it in the Baldwin t Diversity.

from D. C. YAJT NORMAIT, Principal Van Karma* bv&twU, New York

The Natnral Philosophy of M. Ganot. edited by Profc Pe*to,ta By ytoAim.
the best work of it* kind, for the use intended, everjwblfehedIta tL<
Whether reearded in relation to the natnral order of the topics, tneue
clearness of its definitions, or the fuDness and beauty of ita flMinflnai, u H ee.

lainly, I think, an advance.

rW~ For many similar testimonialfi, see current numbers of UM XButratad E6
BfifttiouJLl Bulletin.

M
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NATURAL SCIENCE- Continued.

CHEMISTRY.
Porter's First Book of Chemistry,

Porter's Principles of Chemistry,
The above are widely known as the productions of one of the most eminent ecien-

tific men of America. The extreme simplicity in the method of presenting the
science, while exhaustively treated, has excited universal commendation.

Darby's Text-Book of Chemistry,
Purely a Chemistry, divesting the subject of matters comparatively foreign to It

(such as heat, light, electricity, etc.), but usually allowed to engross too much atten-
tion in ordinary school-books.

Gregory's Chemistry, (Organic and Inorganic, each)
The science exhaustively treated. For colleges and medical students.

Steele's Fourteen Weeks Course,
A successful effort to reduce the study to the limits of & single term. (See page 34.)

Steele's Chemical Apparatus,
Adequate to the performance of all the important experiments.

BOTANY.
Thinker's First Lessons in Botany,
For children. The technical terms are largely dispensed with in favor of an easy

and familiar style adapted to the smallest learner.

Wood's Object- Lessons in Botany,

Wood's American Botanist and Florist,

Wood's New Class-Book of Botany,
The standard text-books of the United States in this department. In style they

are simple, popular, and lively; in arrangement, easy and natural; in description,

graphic and strictly exact. The Tables for Analysis are reduced to a perfect system.
More are annually sold than of all others combined.

Wood's Plant Record,
A simple form of Blanks for recording observations In the field.

Wood's Botanical Apparatus,
A portable Trunk, containing Drying Press, Knife, Trowel, Microscope, and

Tweezers, and a copy of Wood's Plant Record composing a complete outfit for the
collector.

Willis's Flora of New Jersey,
"

Caialoffus Ptantarum in Nma Casarea repertarum." This remarkable flora

is of great interest to all botanists, and the Jersey Pines have been termed " the
Mecca to which every young botanist hopes some day to make a pilgrimage." This
woikis indispensable" to those botanizing on the ground, and is the most useful
book ef reference ever published for collectors in all parts of the country. It con-
tains also a Botanical Directory, with addresses of living American botanists.

Young's Familiar Lessons,

Combining simplicity of diction with some degree of technical and scientific

knowledge for intermediate classes. Specially adapted for Texas and the South-
west.

Darby's Southern Botany,
Embracing general Structural and Physiological Botany, with vegetable products,

ar*i descriptions of Southern plants, and a complete Flora of the Southern States.
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NATURAL SCIENCE Continued.

WOOD'S BOTANIES.
TESTIMONIALS.

From PROF. RICHABD OWEN, Unlrtrrity of Indiana.
1 am well pleased with the evidence of philosophical method exhibited In th*

general arrangement, a- well a- with the clearness of the explanation*, the ready
intelligibility of the analytical table?, and the illustrative aid furnished by the
numerous and excellent wood-cute. I design using the work a* a ten-book" with
my next class.

From PRIN. B. R. ANDERSON, Columbus Union .S/-A/W. H?Y>;>*fn.
I have examined several works with a view to recom:

book on Botany, but I lay them all aside for " Wood's B "
The

arrangement of the book is in my opinion excellent, its style fa- ; attrac-

tive, it? treatment of the various departments of t- - rlinrmiL'h. a<

but far from unimportant, I like the topical form of the question- to each chapter.
It seems to embrace the entire science. In fact, I consider it a complete, an
and exhaustive work.

From M. A. MARSHALL, New Hartn Hljh School. Conn.
It has all the excellencies of the well-known Class-Book of Botanv by the same

author in a smaller hook. By a judicious system of condensation, the size of the
Flora is reduced one-half, while no species are omitted, anil many new ones are
added. The descriptions of species are very brief, yet sufficient" to identify the

plant, and, when taken in connection with the generic" description, form a complete
description of the plant. The book as a whole will suit the want?- of cla-s.--

than anything I have yet seen. The adoption of the Botanist and Floris-t would
not require the exclusion of the Class-Book of Botany, as they are BO arranged thai
both might be used by the same class.

From PROF. G. H. PERKINS. Unii-emity of Vermont and Staff Arjrifitltural College.
I can truly say that the more I examine Wood's Class-Book. the better pleased I
m with it." In its illustration-, especially of particulars not easily observed by tlio

fUu'.ent. and the clearness and compactness of its statement-, M v- < 11 as in tli:- ter-

ritory its flora embraces, it appears to me to surpass any other work I know of.

The whole science, so far as it can be tauirht in a collet course, i- v.

and rendered unusually easy of comprehension. The mode of a- ll>-nt,

Avoiding as it does to a irreat extent those microscopic character* which puzzle tho

b-irinner, and using those that are obvious as far as possible. I regard the work M
a must admirable one, and shall adopt it as a text-book another year.

AGRICULTURE.
Pendleton's Scientific Agriculture,
A text book for collets and schools; treats of the following topics: Anatomy

and Phvsiologv of Plants : Atrricultnral Meteorology ; Soils as related to
Ph^cs:

Chemist rv of the Atmosphere; of Plants; of SoiTs; ^Uiwn and Mtan! M*
imn-s ; Animal Nutrition, etc. By E. M. PENDLETON, M. D., Prof, of Agricultare In

the University of Georgia.

From President A. D. WHITE, Cornea UnirerMy.

Dear Sir- I have examined your
" Text-book of Agricultural Science." and

Menu to me excellent in view of the purpose it is im-ml-d to serve. Many of your

chanter Sfemted me especiaty. ancfalf parts of the work seem to combine
^Kjeu-

tiflc instniction with practical information in proportions dictated by sound <

mon sense.

From President ROBINSON, of Brown rnlr*rrity.

It i scientific in method as well a* in matter, comprehensive in plan natnral and

lo^cal in order comt.act and lu.-id in its statements, and must be useful both a a-

teil^ook in Agrkultnral colleges, and as a hand-book for intelligent pUnwr. and

(aimers. Q1ol
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NATURAL SCIENCE Continued.

PHYSIOLOGY.
Jarvis' Elements c/i Physiology,

Jarvis' Physiology and Laws of Health,
The only books extant \vhich approach this subject with a proper view of the

true object of teaching Physiology in schools, viz.. that scholars may know how to
take care of their own health. In bold contrast with the abstract Anatomic*, which
children learn as they would Greek or Latin (and forgot as soen), to discipline the

rund, are these text-books, using the science as a secondary consideration, and only
so far as is necessary for the comprehension of the laws of health.

Hamilton's Vegetable and Animal Physiology,
The two branches of the science combined in one volume lead the student to a

proper comprehension of the Analogies of Nature.

Steele's Fourteen Weeks Course,
In the popular style, avoiding technical and purely scientific formulas. It con-

tains beautiful and vivid illustrations, some or them colored, and a blackboard
analysis of the skeleton. The sections on diseases and accidents, and iheir prompt
home treatment, give the book great practical value (see p. 34).

ASTRONOMY.
Willard's School Astronomy,

By means of clear and attractive illustration?, addressing the eye in many cases

by analogies, careful definitions of all necessary technical terms, a careful avoidance
or verbiage and unimportant matter, particular attention to analysis, and a general
adoption of the simplest methods. Mrs. Willard has made the best and most at-

tractive elementary Astronomy extant.

Mclntyre's Astronomy and the Globes,
A complete treatise for intermediate classes. Highly approved.

Bartlett's Spherical Astronomy,
The West Point course, for advanced classes, with applications to the current

wants of Navigation, Geography, and Chronology.

Steele's Fourteen Weeks Course,
Reduced to a single term, and better adapted to school use than any work here-

tofore published. Not written for the information of scientific men. but for the

inspiration of youth, the pages are not burdened with a multitude of figures which
no memory could possibly retain. The whole subject is presented in a clear and
concise form. (See p. 34)

NATURAL HISTORY.
Carll's Child's Book of Natural History,

Illustrating the Animal.Vegetable, and Mineral Kingdoms, with application te
the Arts, For beginners. Beautifully and copiously illustrated.

ZOOLOGY.
Chambers' Elements of Zoology,

A complete and comprehensive system of Zoology, adapted lor academic instruc-

tion, presenting a systematic view of the Animal Kingdom as a portion of externak
Nature.

Steele's Fourteen Weeks Course,
Notable for its superb and entertaining illustration?, which include every ani-

mal named
;
blackboard tables of classification and tabular review of the whole

animal kingdom ; interesting and characteristic facts and anecdotes ;
directions for

colleclinj; and preserving specimens, etc., etc. (See p. 34.)

32



National Series of Standard School-ftoofa.

Jarvis' Physiology and Laws of Health.
TESTIMONIALS.

From SAMCKL B. MCLANE, Superintendent Public Schools, Keohtk, Town,
I am glad to see a really good text-book on this much neglected branch. This to

4ear, concise, accurate, and eminently adapted to the claim-room.

from WILLIAM F. WTKM, Principal of Academy, H* Chester, Pennmjlv<t*t*.
A thorough examination has satisfied me of its superior claims as a text-book to tbc

Itteution of teacher and taught I shall introduce it at once.

Prom II. R. SANFORH, Principal of East Gn.est* Conference Semiranj, .V. Y.

,

"
Jarvis' Physiology" is received, and fully met our expectations. W immediately

Adopted it.

from ISAAC T. GOODNOW, State Superintendent of Kansas pvblithrd in connection
Ufith the " Schttnl Law."

"Jarvis' Physiology," a cnnnnon-sonsc. practical work, with just enough of anat-

omy to understand the physiological portions. The last six pages, on Man's Kecpon
EibUity for his own health, are worth the price of the book.

From D. W. STEVENS, Superintendent Public Schools, Fall River, MOM.
I have examined Jarris' "

Physiology and Laws of Health," which you had the
kindness to send to me a short time ago. In my judgment it Is far the best work ol

the kind within my knowledge. It has been adopted as a text-bouk In our public
schools.

From HKNBT G. DKNNT, Chairman Book Committee, Bottom, Matt.

The very excellent "
Physiology

"
of D_. Jarvis I had introduced into our High

School, where the study had been temporarily dropped, believing it to be by far the
best work of the kind that had come under my observation; indeed, the reintrodnc-
tion of the study was delayed for some months, because Dr. Jarvis' book could not be

had, and we were unwilling to take any other.

From Psor. A. P. PBABODT, D.D., LL.D., Harvard Un<vtrsity.

I have been in the habit of examining school-books with great care, and I

hesitate not to say that, of all the text-books on Physiology which have been given to

the public. Dr. Jarvis' deserves the first place on the score of accuracy, thoroughness
method, simplicity of statement, and constant reference to topics of practical interact

and utility.

From JAMES N. TOWUBETD, Superintendent Public Schools, Hudson, A'. Y.

Every human being is appointed to take charge of bis own body ; and of all book*
written upon this subject, I know of none which will so w.-ll prepare one to do this as

"Jarvis' Physiology" that is. in so small a compass of matter. It considers the

pure, simple laws of health paramount to science : and though the work is thoroughly
scientific, it is divested of all cumbrous technicalities, and presents the subject of phy-
sical life in a manner and style reully charming. It is unquestionably the best text*

book on physiology I have ever seen. It is giving great satisfaction in the schools of

this city, where it has been adopted as the standard.

From L. J. SANFOKD, M.D., Prof. Anatomy and Physiology in Yale CotUfft

Books on human physiology, designed for the use of schools, are more generally
failure perhaps than are school-books O!i most other subjects.
The great want in this department is met, we thiuk, in the well-written treatise of

Dr. Jarvis, entitled "
Physiology and Laws of Health." The work is not tool'r. tfaivin, viiLiueu x iivoiuiugy mm j.itwa in jir'tiiti.

detailed nor too expansive in any department, and is clear and concise in all. It U

fying the student to attend, iinderstandingly, to an exposition of those functional pro
cesses which, collectively, make up health; tlu.s the laws of health are enunciated.

en which, if heeded, will tend to its preservation.

fir- For further testimony of similar character, see current numbers of the Din*
fettfri Educational Bulletin.
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NATURAL SCIENCE.

"FOUKTEEN WEEKS" IN EACH BEMCH,
By J, DORMAN STEELE, A.M.

Steele's 14 Weeks Course in Chemistry (New Ed.)
Steele's 14 Weeks Course in Astronomy
Steele's 14 Weeks Course in Philosophy
Steele's 14 Weeks Course in Geology
Steele's 14 Weeks Course in Physiology
Steele's 14 Weeks Course in Zoology
Our Text-Books in these studies are, as a general thing, dull and uninteresting.

They contain from 400 to 600 pages of dry facts and unconnected details. They
abound in that which the student cannot learn, much less remember. The pupil
commences the study, is confused by the fine print and coarse print, and neither

knowing exactly what to learn nor what to hasten over, is crowded through the

single term generally assigned to each branch, and frequently comes to the clo=e

without a definite and exact idea of a single scientific principle.

Steele's Fourteen Weeks Courses contain only that which every well-informed

person should know, while all that which concerns only the professional scientist

is omitted. The language is clear, simple, and interesting, and the illustrations

bring the subject within the range of home life and daily experience. They give
such of the general principles and the prominent facts as a pupil can make famil-

iar as household words within a single term. The type is large and open ;
there

is no fine print to annoy ; the cuts are copies of genuine experiments or natural

phenomena, and are of fine execution.

In fine, by a system of condensation peculiarly his own, the author reduces each

branch to the limits of a single term of study, while sacrificing nothing that is es-

sential, and nothing that is usually retained from the study of the larger manuals

in common use. Thus the student has rare opportunity to economize his time, or

rather to employ that which he has to the best advantage.
A notable feature is the author's charming

"
style," fortified by an enthusiasm

over his subject in which the student will not fail to partake. Believing that

Natural Science is full of fascination, he has moulded it into a form that attracts

the attention and kindles the enthusiasm of the pupil.

The recent editions contain the author's "
Practical Questions

" on a plan never

before attempted in scientific text-books. These are questions as to the nature

and cause of common phenomena, and are not directly answered in the text, the

design being to test and promote an intelligent use of the student's knowledge of

the foregoing principles.

Steele's General Key to his Works-
This work is mainly composed of Answers to the Practical Questions and Solu

iions of the Problems in the author's celebrated "Fourteen Weeks Courses "
is

the several sciences, with many hints to teachers, minor Tables, &c. Should b*

en every teacher's desk.
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Steele's 14 Weeks in each Science.

TESTIMONIALS.
From L. A. BIKLE, Pretidiitt A". C. College.

I have not been disappointed. Shall take pleasure in introducing thin Miiat
From J. F. Cox, Preet. Southern, Female College, Ga.

I am much pleased with these books, and expect to introduce them.

From J. R. BRAXUAM, Prin. Brownsville Female College, Tom.
They are capital little books, and are now in use in our institution.

From W. n. GOODALE, Professor Readtiile Seminary, La.
We are using your 14 Weeks Course, aud are much pleased with them.

From W. A. BOLES, Supt. SheJbytille Graded School, Ind.

They are as entertaining as a story book, aud much more improviug to the mind

From S. A. Sxow, Principal of High Softool, Uxbridge, Mast.

Steele's 14 Weeks Courses in the Sciences are a perfect success.

From JOHN W. DOCGHTT, Xewburg Free Academy, N. T.

1 was prepared to find Prof. Steele's Course both attractive and instructive. My
highest expectations have bueii fully realized.

From J. S. BLACKVELL, Prest. Ghent College, Ky.

Prof. Steele's unexampled success in providing for the wants of academic chutes,
has led me to look forward with high UttcipaaOBi to his forthcoming

From J. F. COOK, Prest. La Grange College, 3Io.

I am pleased with the neatness of these books and the delightful diction. I have
been teaching for years, and have never seen a lovelier little volume than the As.

tronomy.

From M. W. SMITH, Prin. of High School, Jiorruon, 1U.

They seem to me to be admirably adapted to the wants of a public school, con-

taining, as they do, a sufficiently comprehensive arrangement of elementary prin-
ciples to excite a healthy thirst for a more thorough knowledge of those sciences.

From J. D. BABTLET, Prin. of High School, Concord, ff. H.

Thsy are just such books as I have looked for, viz., those of interesting etyle,
not cumbersome and filled up with things to be omitted by the pupil, and yet i-uf-

ficiently full of facis for the imrpose of most scholars in these sciences in our high
schools

;
there is nothing but what a pupil of average ability can thoroughly

master.

From ALONZO NORTON LEWI?, Principal of Parktr Academy, Conn.

I consider Steele's Fourteen Weeks Courses in Philosophy, Chemistry, Ac., the

be*t school-books that have been issued in this country.
As an introduction to the various branches of which they treat, and especially

for that numerous class of pupils who have not the time for a more extended

course, I consider them invaiuabie.

From EDWARD BROOKS, Prin. State Normal School, JfiUerrciOe, Pa.

At the meetin" of Normal School Principals. I presented the following resohi^
tion, which was" unanimously adopted:

"
Retolrtd, That Steele's 14 Week*

- in Natural Philosophy and Astronomy, or an amount equivalent t<

is contained in them. 1>e adopted for use in the State Normal Schools of Pennsyl-
vania." The works themselves will be adopted by at least Uww of Uw school*,

and, I presume, by them all.
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LITERATURE.
Gilman's First Steps in English Literature,

The character and plan of this exquisite little text-book may be best understood
from an analysis of its contents :

INTRODUCTION. Chapter I, Historical ; II, Definition of Terms
; in, Languages

of Europe, with Chart.
PERIOD OP IMMATURE ENGLISH, with Chart. Chapter IV, Original English V

Broken English ; VI, Dead English ; VII, Reviving English.
PERIOD OP MATURE ENGLISH, with Chart. Chapter VIII, The Italian Influence;

IX, Puritan Influence
; X, French Influence ; XI, Age of Pope ; XII, Age of John-

son
; XIII, Age of Poetical Romance ; XIV, Age of Prose Romance.

'The volume concludes with a Chart of Bible Translations, a Bibliography or
Guide to General Reading, and other aids to the student.

Cleveland's Compendiums,
ENGLISH LITERATURE. AMERICAN LITERATURE.

ENGLISH LITERATURE OF THE XIXTH CENTURY.
In these volumes are gathered the cream of the literature of the English-speaking

people for the school-room and the general reader. Their reputation is national.
More than 125,000 copies have been sold.

Boyd's English Classics,

MILTON'S PARADISE LOST. THOMSON'S SEASONS.
YOUNG'S NIGHT THOUGHTS. POLLOK'S COURSE OP TIME.
COWPER'S TASK. TABLE TALK, &c. LORD BACON'S ESSAYS.
This series of annotated editions of great English writers, in prose and poetry,

IB designed for critical reading and parsing in schools. Prof. J. R. Boyd prove*
himself an editor of high capacity, and the works themselves need no encomium.
As auxiliary to the study of Belles Lettres, etc., these works have no equal.

Pope's Essay on Man,

Pope's Homer's Iliad,

The metrical translation of the great poet of antiquity, and the matchless "Essay
on the Nature and State of Man," DJ ALEXANDER POPE, afford superior exercise in
literature and parsing.

AESTHETICS.

Huntington's Manual of the Fine Arts,

A view of the rise and progress of Art in different countries, a brief account ql
the most eminent masters of Art, and an analysis of the principles of Art. It if

complete in itself, or may precede to advantage the critical work of Lord Kames.

Boyd's Kames' Elements of Criticism,
The best edition of this standard work

; without the study of which none may b*
considered proficient in the science of the Perceptions. No pther study can be pur
Bued with BO marked an effect upon the taste and refinement ofm pupil.
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CLEVELAND'S COMPENDIUMS.

From the Xen- Em/lnnder.
This Is the very best book of the kind we have ever examined.

From GEORGE B. EMER.-ON. K<<|.. lionton.

The Biographical Sketches are just and dJbcruniiM&g: the selections are adml*
ble, and I have adopted the work as a text-book for my first <

From PROP. MOSES Coir TYLER, of the Michigan I'nivemity.
I have given your book a thorough examination, and am greatly delighted with

ft ; and shall have great pleasure in direct MIL' tin- attention or my classes to a work
which affords so admirable a bird's-eye view'of recent "

English Literature."

From the Saturday Review.
It acquaints the reader with the characteristic method, tone, and quality of all the

chief notabilities of the period, and will give the careful student a better idea of the
recent history of English Literature than nine educated Englishmen in ten poeMM.

From the Methodist Quarterly Review, New York.
This work is a transcript of the best American mind ; a vehicle of the noblest

American spirit. No parent who would introduce his child to a knowledge of our
country's literature, and at the same time indoctrinate his bean In the purest prin-

ciples, need fear to put this manual in the youthful hand.

From REV. C. PEIBCB, Principal, Went Newton, Matt.
I do not believe the work is to be found from which, within the same limits, so

much interesting and valuable information-in regard t<> KiiL'lish writers and Enirli-h
literature of every age, can be obtained; and it deserves to find a place In all our

high schools and academies, as well as in every private library.

From the Independent.
The work of selection and compilation requiring a perfect familiarity with the

whole range of English literature, a judgment clear and impartial, a taste at once
delicate and severe, and a most sensitive regard to purity of thought or feeling has
been better accomplished iu this than in any kindred volume with which we ar

acquainted.

POLITICAL ECONOMY.

Champlin's Lessons on Political Economy,
An improvement on previous treatises, being shorter, yet containing everything

essential, with a view of recent questions in finance, etc., which is not elsewhere
found.

From J. L. BOTHWBLL. Prin. PuoHc School .Yo. lit, Albany, 2T T.

\ have examined ChamplinV Political Economy with much pleasure, and shall be

pleased to put it into the hands of my pupils. In quantity and quality I think it

superior to anything that I have examined.

From PRES. N. E. COBLEIOH. Ea*t Tennessee Wedeyan Unirertity.

An examination of Champlin's Political Economy ha* satisfied me that it i^ the

book I want. For brevity and compactness, division of the subject, and clear state-

ment, and for appropriateness of treatment, I consider it a better text-book than

any other in the market.

From the Ettninrj Mail. New York.

A new interest has been imparted to the science of political economy since we
have been necessitated to raine such vast sums of money for the

support
of the gov-

ernment The time, therefore, is favorable for the introduction of works like the

above This little volume of two hundred pages is intended for beginnero, for tn<

common school and academy. It Is intended as a basis upon which to rear a more

elaborate superstructure. There is nothing in the principles of political economy
above the comprehension of average scholars, when they are : learly set forth. This

i to have ben done by President Champlin in an easy and graceful m*owir.
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ELOCUTION.
Thwing's Vocal Culture.

A Drill-Book for voice and gesture, by Kev. Prof. Thwing, of Brooklyn Tabernacle
Lay College. Price 50 cts.

Taverner Graham's Reasonable Elocution,
Based upon the belief that true Elocution is the right interpretation of THOUGHT,

and guiding the student to an intelligent appreciation, instead of a merely mechan-
ical knowledge, of its rules.

Zachos' Analytic Elocution.
All departments of elocution such as the analysis of the voice and the sentence,

phonology, rhythm, expression, gesture, etc. are here arranged for instruction in

classes, illustrated by copious examples.

Sherwood's Self Culture.

Self-culture in reading, speaking, and conversation a very valuable treatise to
those who would perfect themselves in these accomplishments.

SPEAKERS.
Northend's Little Orator Child's Speaker.
Two little works of the same grade but different selections, containing simple and

attractive pieces for children under twelve years of age.

Northend's Young Declaimer.

Northend's National Orator.

Two volumes of Prose, Poetry, and Dialogue, adapted to- intermediate and gram-
mar classes respectively.

Northend's Entertaining Dialogues.
Extracts eminently adapted to cultivate the dramatic faculties, a? well as entertain

an audience.

Swett's Common School Speaker.
Selections from recent literature.

Raymond's Patriotic Speaker,
A superb compilation of modern eloquence and poetry, with original dramatic ex-

ercises. Nearly every eminent living orator is represented, without distinction of

place or party.

COMPOSITION AND RHETORIC.
Brookfield's First Book in Composition,
Making the cultivation of this important art feasible for the smallest child. By a

new method, to induce and stimulate thought.

Boyd's Composition and Rhetoric.

This work furnishes all the aid that is needful or can be desired in the various de-

partments and styles of composition, both in prose and verse.

Day's Art of Rhetoric,
Noted for exactness of definition, clear limitation, and philosophical development

of subject ; the large share of attention given to Invention, as a branch of Rhetoric,
and the unequalled analysis of style.
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MIND AND MORALS?
Mahan's Intellectual PhilosophyThe subject exhaustively considered. Tt
and independent thinking.

Mahan's Science of Logic

The subject exhaustively considered. The author has evinced learning candor
and independent thinking.

many, and France, in this department.

Boyd's Elements of LogicA systematic and philosophic condensation of the subject, fortified with addition*
5-om Watts, Abercrombie, Whately, &c.

Watts on the Mind
The Improvement of the Mind, by Isaac Watts, Is designed as a guide for the

attainment of useful knowledge. A* a text-book it is unparalleled; and the disci-
pline it affords cannot be too highly esteemed by the educator

Peabody's Moral Philosophy
A short course ; by the Professor of Christian Morals, Harvard University fw

the Freshman Class and for High Schools.

Fletcher's Practical Ethics
A topical analysis of each of the Virtues and Graces, furnishing outlines for the

pupil to illustrate from his own experience or reading.

Alden's Text-Book of Ethics
For young pupils. To aid in systematizing the ethical teachings of the Bible,

and point out the coincidences between the instructions of the sacred volume and
the sound conclusions of reason.

Willard's Morals for the Young
Lessons in conversational style to indicate the elements of moral philosophy.

The study is made attractive by narratives and engravings.

GOVERNMENT.
Howe's Young Citizen's Catechism
Explaining the duties of District, Town, City, County, State, and United States

Officers, with rules for parliamentary and commercial business.

Young's Lessons in Civil Government
A comprehensive view of Government, and abstract of the laws showing the

rights, duties, and responsibilities of citizens.

Mansfield's Political Manual
This Is a complete view of the theory and practice of the General and State Gov-

ernments, designed as a text-book. The author is an esteemed and able professor
of constitutional law, widely known for his sagacious utterances in the public press.

Martin's Civil Government
Emanating from Massachusetts State Normal School. Hlctorical and sta

Each chapter summarized by a succinct statement of underlying principles on wLlcU

good government is bated.
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MODERN LANGUAGE.
Illustrated Language Primers,

FRENCH AND ENGLISH. GERMAN AND ENGLISH.
SPANISH AND ENGLISH.

The names of common objects properly illustrated and arranged in easy lessons.

Ledru's French Fables,

Ledru's French Grammar,
Ledru's French Reader,
The author's long experience has enabled him to present the most thoroughly

practical text-books extant, in this branch. The system of pronunciation (by pho-
netic illustration) is original with this author, and will commend itself to all Ameri-
can teachers, as it enables their pupils to secure an absolutely correct pronunciation
without the assistance of a native master. This feature is peculiarly valuable also
to "self-taught" students. The directions for ascertaining the gender of French
nouns also a great stumbling-block are peculiar to this work, and will be found

remarkably competent to the end proposed. The criticism of teachers and the test

of the school-room is invited to this excellent series, with confidence.

Worman's French Echo,
To teach conversational French by actual practice, on an entirely new plan, which

recognizes the importance of the student learning to think in the language which he
speaks. It furnishes an extensive vocabulary of words and expressions in common
use, and suffices to free the learner from the embarrassments which the peculiarities
of his own tongue are likely to be to him, and to make hi thoroughly familiar with
the use of proper idioms.

Worman's German Echo,
On the same plan. See Worman's German Series, page 42.

Pujol's Complete French Class-Book,
Offers, in one volume, methodically arranged, a complete French course nsually

embraced in series of from five to twelve books, including the bulky and expensive
Lexicon. Here are Grammar, Conversation, and choice Literature selected from
the best French authors. Each branch is thoroughly handled; and the student,
having diligently completed the course as prescribed, may consider himself, without
further application, aufait in the most polite and elegant language of modern times.

Pujol's French Grammar, Exercises, Reader,
These volumes contain Part I, Parts II and HI, and Part IV of the Complete Class-

Book respectively, for the convenience of scholars and teachers. The Lexicon is

bound with each part.

Maurice-Poitevin's Grammaire Francaise,
American schools ar3 at last supplied with an American edition of this famous

text-book. Many of our best institutions have for years been procuring it from
abroad rather than forego the advantages it offers. The policy of putting students
who have acquired some proficiency from the ordinary text-books, into a Grammar
written in the vernacular, cannot be top highly commended. It affords an opportu-
nity for finish and review at once ; while embodying abundant practice of its own
rules.

Joynes' French Pronunciation,

Wi I lard's Historia de los Estados Unidos,
The History of the United States, translated by Professors TOLON and DE Toimoe,

will be found a valuable, instructive, and entertaining reading-book for Spanish
classes.
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Pujol's Complete French Class-Book.
TESTIMONIALS.

From rnoF. ELIAS PKISSNEIS, T~nion College.
\ take great pleasure in recommending Pujol ai,d Van Norman's French Class-

Book, as there is -10 Trench grammar or class-book which can be conii>arcu v ith
It in completeness, system, clearness, and general utility.

Fran EDWAKD NORTH, President cf Hamilton College.
I have carefully examined Pujol and Van X..rni . 1>olj tn j| 8m

atisfied jf Its superiority, for college purposes, over any other heretofore nsed.We shall p'jt fall to use it with our next class in French.
"

FrwA. CURTIS, Preftof Cincinnati Literary and Scientific Institute.

I am confident that it may be made an instrument in conveying u> the student,
ta frjm six months to a year, the art of speaking and writing the French with
llmost native fluency and propriety.

From IlmAX ORCUTT, A. M., Prln. rJlenwood and TUden Ladled Semimariet.
I have used Pujol's French Grammar in my two seminaries, exclusively. for

more than a year, and have no hesitation in sayim: that I reasrd It the beet text-
book in this department extant And my opinion id confirmed by tb< testimony
of Prof. F. De Launay and Mademoiselle Marindin. 'i me that Uia
book is eminently accurate and practical, a tested in the school-room.

From PROP. THEO. F. DB FCXAT, Hebrew Educational Institute. Memptiit, Tmn.
M. Puiol's French Grammar is one of the best and most practical works. The

French lanijua^e is chosen and ele;r;mt in stvU' modern and easy. It is far su-
perior to the ofher French class-book* in this country. Th-- ^-election of the con-
versational part i? very good, and will interest pupils ; and brini; all completed in
only one volume, it is especially desirable to have it introduced in our schools.

From PROP. JAMES n. WORMAS, Bordentown Female College, ST. J.

The work is upon the came plan as the text-books for the study of French and
EiiL'lish publi-lK'd in Berlin, for the study of those who have not the aid of 4
teacher, and these books are considered, by the first authorities, the best books.
In most of our institutions, Americans teach the modem Language*, and hereto-
fore the trouble has been to pive them a text-book that would dispose of the
difficulties of the French pronunciation. This difficulty is snccessfnlJT remove*}
by P. and Van N., and I have every reason to believe it wiH soon make its waj
into most of our best schools.

From PROP. CHARLES 8. DOD, Ann Smith Academy, Lexington, Va,

I cannot do better than to recommend "
Pujol and Van Norman." For compre-

hensive and systematic arrangement, progressive and thorough development of
all irrnmmatical principles: an'1 idioms, with a due admixture of theoretical knowl-

'dge and practical exercise, I regard it as superior to any (other) book of the kind.

From A. A. FORSTEB, Prin. Plnehurst School, Toronto, C. W.
I have great satisfaction in bearing testimony to M. Pujol's System of French

Instruction, as jriven in his complete class-book. For clearness and comprehen-
siveness, adapted for all classes of pupils, I have found it superior to any other
work of the kind, and have now nsed it for some years in my establishment with,

great success.

From PROP. OTTO FEDDEB, MapUwood Institute, PUt&dd, MOM.
The conversational exercises will prove an immense saving of the hardest kind

ot labor to teachers. There i scarcely any thing more trying in the way of

teachin" lsr><rna!_re, than to rack your brain for short and easily intcllk-iMe bit*

of. conversation, and to repeat them time and again with no better result than

extorting at long intervals a doubting "onl," or a hesitating non, monsieur "

fy For further testimony of a similar character, se
urrent numbers of the Educatioiial Bulletin.

peck) vircalar,

in.
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GERMAN.
A COMPLETE COUKSE IN THE GERMAN.

By JAMES H. WORMAN, A.M.

Worman's Elementary German Grammar
Worman's Complete German Grammar
These volumes are designed for intermediate and advanced claeses respectively.

Though following the same general method with "Otto" (that of 'Gispey').
our author differs essentially in its application. lie is more practical, more ty*
tcmatic, more accurate, and besides introduces a number of invaluable features

which have never before been combined in a German grammar.
Among other things, it may be claimed for Prof. Worman that JIP lias been

the first to introduce in an American text-book for learning German, a ^;. t-U'iu

of analogy and comparison with other languages. Our best teachers are also

enthusiastic about his methods of inculcating the art of speaking, of understanding
the spoken language, of correct pronunciation; the sensible and convenient origi-

nal classification of nouns (hi four declensions), and of irregular ve bs, aJso de-

serves much praise. We also note the use of heavy type to indicate ttymological

changes in the paradigms. nd, in the exercises, the parts which specially illustrate

preceding rules.

Worman's Elementary German Reader
Worman's Collegiate German Reader
The finest and most judicious compilation of classical and standard German

Literature. These works embrace, progressively arranged, selections from th

masterpieces of Goethe, Schiller, Korner, Senme, Uhland, Freiligrath, Heine,

ScLlegel, Holty, Lenau, Wieland, Herder, Lessing, Kant, Fichte, Schelling, Win-

kelmann, Hnmboldt, Ranke, Raumer, Menzel, Gervinus, &c., and contains com-

plete Goethe's "
JpLigenie," Schiller's

"
Jungfran;" also, for instruction in mod-

ern conversational German, Benedix's "
Eigensinn."

There are besides, Biographical Sketches of each author contributing, Notes,

explanatory and philological (after the text), Grammatical References to all lead-

ing grammars, as well as the editor's own, and aa adequate Vocabulary.

Worman's German Echo
Consists of exercises In colloquial style entirely in the German, with an ade-

quate vocabulary, not only of words but of idioms. The object of the system de-

veloped in this work (and its companion volume in the French) is to break up the

laborious and tedious habit of translating the thoughts, which is the student's

most effectual bar to fluent conversation, and to lead him to think In the language
in which he speaks. As the exercises illustrate scenes in actual life, a considera-

ble knowledge of the manners and customs of the German people ia also acquired
from the usa of thia manual.

Worman's German Copy-Books, 3 Numbers,
On the same plan as the most approved systems for English penmanship, witX

progressive copies.
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Worman's German Grammars.

TESTIMONIALS.
From Prof. U VS". JONES, /' . r<t.

From \rhat I have Been of the work it ii almost certain / niuill introduce ,.

this inxtitution.

From Prof. Q. CAMPBELL. Univerrity ofMinnesota.
A valuable addition to our school-books, ad will find many friends, and d"

good.
From Prof. O. II P. COBPREW, 3Iary Military Jti.-t . M<1.

I am better pleased with them than any I havo ever taught I hare already order I

through our booksellers.

From Prof. R. S. Kr.xDALt, Yernon Academy,
I at once put the Elementary Grammar into the hands of a class of beginners, and

havu used it tcit/i great xatixj'uctivn.

From Prof. D. K. HOLMES, Iierl !n Academy, Wit.

VTorman's German works are superior. I shall use them hereafter in my Gurman
classes.

From Prof. MAGNUS BUCIIIIOLTZ, Hiram Collect, Ohio.

I have examined the Complete Grammar, and find It excellent. You may rely that
It will be used here.

From Prin. Tnoa. \V. TOBET, Padw.ah Female Seminary, Ky.
The Complete German Grammar is worthy of an extensive, circulation. It la ad-

mirably adapted to the class-room. I shall use it

From Prof. ALEX. ROSENSIMTZ, Hmutton Academy, Teteat-

Bearer will take and pay for 3 dozen copies. Mr. \V,.ruiMj deserves the approbation
and esteem of the teacher and the thanks of the student.

From Prof. G. MALMENK, Auyusta Seminary, Xainr.

The Complete Grammar cannot fail to gins great utisfattion by the simplicity
of its arrangement, and by its completeness.

From Prin. OVAL PIBKEY, Christian Unirxrtity, No.

Ju*t tuch a serie* as is positively n<?cessary. I do hope the author will succeed as

well in the French, &c., as he lias in the German.

.From Prof. 8. D. HILLMAN, Dickinson Collfyt, Pa.

The class havo lately commence!, and my pxaminntion thus fur warrants me in say-

iiig that I regard it as the best grammar for instruction in the German.

From Prin. SILAS LIVEP.MOUK, Bloomjleld Seminary, 3fo.

I hare found a classically and scientifically educated Prussian gentleman whom I

propose to make German instructor. I have shown him both your German grammars.
He has expressed /<'< njiprobiition of them generally.

From Prof. Z. TEST, ff,>tcland School for Young L<tdie, JV. T.

I shall introduae the books. From a cursory examination I have no hesitation In

pronouncing the Complete Grammar deeded improvement on the text-book* at

present in use in this country.

From Prof. LEWIS KI.-TLER, XorUiicestern I'nirertity, TO.

Tlaving looked through the Complete Grammar with some car I must say that you
have produced n good book : you may be awarded with this gratification that your

grammar promotes the facility of learning the German language, and of becoming
acquainted with its rich literature.

From Pre. J. P. Rors, Stoclneell Collegiate Inn1

I supplied a class with the Elementary Grammar, and it glres complete *attxfae\l

tinti. The conversational and reading exercise! are well calculated to illustrate th*l

principles, and lead the student on an easy yet thorough eoum. I think the Com
plate Grammar equally attractive.
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THE CLASSICS.

LATIN.
Silber's Latin Course,
The book contains an Epitome of Latin Grammar, followed by Readin- Exerei***.

with explanatory Notes and copious References to the leading Latin Grammars, ai
also to the Epitome which precedes the work. Then follow a Latin-English Vocabu
lary and Exercises in Latin Prose Composition, being thus complete in itself and a
very suitable work to put in the hands of one about to study the language.

Searing's Virgil's neid,
It contains only the first six books of the ^neid. 2. A very carefully constructed

Dictionary. 3. bufficiently copious Notes. 4. Grammatical references to four lead-
ing Grammars. 0. Numerous Illustrations of the highest order 6 A superb Mapof the Mediterranean and adjacent countries. 7. Dr. 8. H. Taylor's "Questions on
tne Aneid. 8. A Metrical Index, and aa Essay on the Poetical Style 9 A photo-
graphic foe simile of a>i early Latin M.S. 13. The text according to Jahn, but para-
graphed according to Ladewig. 11. Superior mechanical execution.

" Have examined it with great pleasure and can safely say it is the hest edition
of Virgil with which I am acquainted." PKOF. LESLIE WAGGENER, Betttel Col-

lege, Ky.
" Am rery much pleased. In following points think it surpasses : instructive

illustrations, pointed and sensible notes where they are convenient to use. and a
vocabulary that gives the derivation of Latin words." Pmn. E. L. KICHAKDSON,
Adduon Union School, JV. T.

" A fine specimen of art, and edited in a masterly manner." SCPT. W. C. ROTB,
Lawrence frolic Schools, Kansas.

" Of Searing's Virgil I cannot speak in too high terms. While as a text-book
it contains as many excellences as any I have ever seen, the fineness of the paper
and the beauty of typography and exceeding neatness make it an ornament for the
centre-table." PRN. E. C. SPALJHNG, Nunda Academy, N. Y.

Forfurther testimonials, see page 45.

Blair's Latin Pronunciation,
An inquiry into the proper sounds of the Language during the Classical Period.

By Prof. Blair, of Hampden Sidney College, Va.

GREEK.
Crosby's Greek Grammar,
Crosby's Xenophon's Anabasis,-

MYTHOLOG-Y.
Dwight's Grecian and Roman Mythology.

School edition, University edition,
A knowledge of the fables of antiquity, thus presented in a systematic form, is M

fcidispensable to the student of general literature as to him who would peruse intelli-

gently the classical authors. The mythological allusions eo frequent in literature ~
understood with such a Key as tMa.
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SEARING'S VIRGIL.

SPECIMEN FRAGMENTS OF LETTERS.
"I adopt it gladly." Peru. V. DABNEY, Loudoun School, Va.
"I like Searing's Virgil." PROF. BRISTOL, Kipon College, Wit.

"Meets my desires very thoroughly." PROF. CLARK, Btrea College, Ohio.

"Superior to any other edition of Virgil." PRES HALL, Macon Collt

"Shall adopt it at once." PRIN. B. P. BAKER, Searcy Female Institute. Ark.
"Your Virgil is a beauty." PROF. W. II. DB MOTTK, Illinois Female College.
"After use, I regard it the best." PRIN. O. H. BARTON, n<mte Academy,
" We like it better every day." PRIN. R. K. BCEHRLE, Allentoirn Academy, Pa.
"lam delighted with your Virgil." PRIX. W. T. LEONARD, Pierce Academy, Matt.
14 Stands well the test of class-room." PRIN. F. A. CHASE, Lyont Col. Intt

"I do not see how it can be improved." PRIN. N. F. D. BROWNE, Chart. Hall, Md.
"The most complete that I have seen." PRIN. A. BROWN, Columbus nigh School,

>hio.

"Onr Professor of Language very highly approves." SCPT. J. O. JAKES, Tesai
ftUttanj Institute.

"It responds to a want Ion? felt by teachers. It is beautiful and complete."
PROF. BROOKS, I'nirerrity of Minnesota.
" The ideal edition. We want a few more classics of the same sort." PRIX. C. F.

P. BANCROFT, Lookout Mountain Institute, Tenn.

'I certainly have never seen an edition BO complete with important requisite* for

a student, nor with such flue text and general mechanical execution." PKES. -I. It.

PARK, University of Deferet, Utah.

"It is charming both in its design and execution. And, on the whole, I think it

,s the best thing of the kind that I have seen." PROF. J. DE F. HICHAKDS, Prtt.

pro tern, of University of Alabama,
"In beauty of execution, in judicious notes, and in an adequate vocabulary, it

merits all praise. I shall recommend its introduction." PRE. J. K. PATTERSON,
Kentucky Agricultural and Mechanical College.

Containing a good vocabulary and judicious notes, it will enable the inch; -

student to acquire an accurate knowledge of the most interesting part of Virpl's
works." PROF. J. T. DUNKLIN, East Alabama College.

"It wants no element of completeness. It is by fer the best classical text-book
with which I am acquainted. The notes are just right. They help the -

when he most needs help." PRIN. C. A. BUNKER, Caledonia Grammar School, VI.

"I have examined Searing's Virgil with interest, and find that it more nearly
meets the wants of students than that of any other edition with which I am ac-

quainted. I am able to introduce it to some extent at once." PRIN. J. EASTER,
East Genesee Conference Seminary.

"
I have been wishing to get a si:*ht of it, and it exceeds mv expectations. It is

a beautiful hook in every respect, and bears evidence of careful and critical study.

The engravings add htttractkn as well as interest to the work. I shall recommend
it to m.\ I

>RIN. CHAS. H. CHANDLER, Glenwood Ladief Seminary.
" A. S. Barnes & Co. have published an edition of the first six books of Vlnril'a

J3neid which is superior to its predecessors in several respects. The publishers
have done a good service to the cause of classical education, and the book deserves
a laree circulation." PROF. GEORGE W. COLLORD, Brooklyn Pr>lyt<rhnis, A. T.

Mv attention was called to Searing's Vinril by the fact of Its coiuainiiiL' a vooa.

bulary which would obviate the necessity of procuring a lexicon. But nw in the

class-room has impressed me most favorably with the accuracy and just proportion
of its notes, and the general excellence of its grammatical *ULV

ral character of the book in its paper, it* typography, an highly

rgil, it suits our snon sen

Princeton Wgh Safari, 1U.
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RECORDS.
Cole's Self-Reporting Class-Book,
For paving the Teacher's labor in averaging. At each opening are a fall set oi

Tables showing any scholar's standing at a glance and entirely obviating the neces-

sity of computation.

Tracy's SchOOl-ReCOrd, Pocket edition,

For keeping a simple bnt exact record of Attendance. Deportment, and Scholar,

ehip. The larger edition contains also a Calendar, an extensive list of Topics for

Compositions and Colloquies, Themes for Short Lectures, Suggestions to Young
Teachers, etc,

Brooks' Teacher's Register,
Presents at one view a record of Attendance, Recitations, and Deportment for the

whole term.

Carter's Record and Roll-Book,
This is the most complete and convenient Record offered to the public. Besides

the usual spaces for General Scholarship, Deportment, Attendance, etc., for each
name and day, there is a space in red lines enclosing six minor spaces in blue for

recording Recitations,

National School Diary,
A little book of blank forms for weekly report of the standing of each scholar,

from teacher to parent. A great convenience.

REWARDS.
National School Currency,
A little box containing certificates in the form of Money. The most entertaining

and stimulating system of school rewards. The scholar is paid for his merits and
fined for his shortcomings. Of course the most faithful are the most successful in

business. In this way the use and value of money and the method of keeping
accounts are also taught. One box of Currency will supply a school of fifty pupils.

TACTICS.
The Boy Soldier,

Complete Infantry Tactics for School?, wUb yiup*n*loiD <
?,'ci the n?e of those wh

would Introduce this pleasing relaxation from the confinta? dntiec of ie desk.
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CHARTS.
McKenzie's Elocutionary Chart,
Baade's Reading Case,
This remarkable piece of school-room furniture is a receptacle containing a nnnv

DOT of primary cards. fy an arrangement of slides on ti

time is shown to the class T \vt-nn - ml tnuisi><>f ition* maybe made,
ftflbnling a variety of progressive exerciM-s \\M piece of apparatus
offers. One of its best features is, that it is so i-xcecdiri^ly simple HO not to gt-t oul
Of order, while it may be operated with one finder.

Marcy's Eureka Tablet,
A new system for the Alphabet, by which it may b taught without fail in nine

Vssons.

Scofield's School Tablets,
On Five Card-, exhibitin<: T'-n Surface*. These Tablet* teach Orthography.

Reading, Object-l-i-SMins. C'olor, I'orm, etc.

Watson's Phonetic Tablets,
Four Cards, and Eipht Surfaces ; teaching Pronunciation aod Elocution phonetic-
uy for class exercises.

Page's Normal Chart,
Tin- whole science of Elementary Sound? tabulated. By the author of Page's

Theory and Practice of Teaching.

Clark's Grammatical Chart,
Exhibit? the whole Science of Language in one comprehensive diagram.

Davies' Mathematical Chart,
Mathematics made simple to the eye.

Monteith's Reference Maps, school aen^ Gran^ne*,
Eidi* Numbers. Mounted on Rollers. Names all laid aown In email type. *o

th.-it to the pupil at a short distance they arc Outline Maps, while they senre u
thtir oicn key to the teacher.

Willard's Chronographers,
Ili-:orical. Four Numbers. Ancient ("hrono-jraplici ; English ( hronojrrapher;

American Chfonognpber ; Temple of Time (geiicnu). Dale.- and Events repre.
eented to the eye.

APPARATUS.
Harrington's Geometrical Blcoln.
These patented blocks are hinged, BO that each to; m can be d'naftri

Harrington's Fractional Blocks,

Steele's Chemical Apparatus,
Sleele's Philosophical Apparatus, 0=ce r.28)

Steele's Geological Cabinet, (seep.28)

Wood's Botanical Apparatus, 'see p.30 )

Bock's Physiological Apparatus,
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MUSIC.

otic and Temperance Songs, Opening and Closing Songs ; in fact, everything needed
By an eminent Musician and Composer.

The National School Singer,

Bright, new music for the day school, embracing Song Lessons, Exercise Song*,
Songs of Study, Order, Promptness and Obedience, of Industry and Nature, Patri-
otic and Temperanc<
in the school-room.

Jepson's Music Readers. 3 vols.

These are not books from which children simply learn songs, parrot-like, but
teach the subject progressively the scholar learning to read music by methods sim-
ilar to those employed in teaching him to read printed language. Any teacher,
however ignorant of music, provided he can, upon trial, simply sound the scale, may
teach it without assistance, and will end by being a good singer himself. The " Ele-

mentary Music Reader " or first volume, rally develops the system. The two com-
panion volumes carry tne same method into the higher grades, but their use is not
essential.
The First Reader is also published in three parts, at 30 centa each, for those who

prefer them in that form.

Bartley's Songs for the School.

A selection of appropriate Hymns of an unsectarian character, carefully classified

and set to popular and
"
singable

"
Tunes, for opening and closing exercises. The

Secular Department is full of bright and well selected: music.

Nash & Bristow's Cantara,

The first volume is a complete musical text-book for schools of every grade. No. 3

IB a choice selection of Solos and Part Songs. The authors are Directors of Music
in the public schools of New York City, in which these books are the standard of

instruction.

The Polytechnic
Collection of Part Songs for High and Normal Schools and Clubs. This work con-

tarns a quantity of exceedingly valuable material, heretofore accessible only in sheet

form or scattered in numerous and costly works. The collection of " College Songs

is a very attractive feature.

Curtis' Little Singer, School Vocalist,

Kingsley's School-Room Choir, Young Ladies' Harp,

Hager's Echo (A Cantata).

DEVOTION.
Brooks' School Manual of Devotion,

This volume contains daily devotional exercises, consisting of a hymn, selections

of Scripture for alternate reading by teacher and pupils, and a prayer. Its value fi

opening and closing school is apparent.

Brooks' School Harmonist,

Contains appropriate tunes for each hymn In the
" Manual of Devotion

" described
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DEPARTMENT OF GENERAL LITERATDRE,

PRICKS IKCLUDIKO POSTAGE.

THE TEACHERS' LIBRARY.
Object Lessons Welch, - - . -

$1 oo
This is a complete exposition of the popular modern system of " object-teach-

Ing," for teachers of primary classes.

Theory and Practice of Teaching Page, - -
I 50

This volume has. without doubt, been read by two hundred thousand teacher*,and its popularity remains undimiuished large "edition* beinp exhausted yearly.
It was the pioneer, as it is now the patriarch, of professional works for teachers.

The Graded School Wells, - - - -
I 25

The proper way to organize graded schools is here illustrated. The author has
availed himself of the hc-t elements of the several systems prevalent in Boston New
York, Philadelphia. Cincinnati, St. Louis, and other cities.

The Normal Holbrook, - - - - . i 50
Carries a working school on its visit to teachers, showing the most approved

methods of teaching all the common branches, including the technicalities, explan-
ation?, demonstrations, and definitions introductory and peculiar to each branch.

School Management Holbrook, .... 15
Treating of the Teacher's Qualifications : How to overcome Difficulties'

and Others : Organization ; Discipline ; Methods of inciting Diligence and Order ;

Stratwry in Management; Object Teaching.

The Teachers' Institute Fowle, .... \ 25
This is a volume of sn<_riretions inspired by the author's experience at instirnteB,

in the instruction nf y< UUIL: teachers. A thousand points of interest to this claas are
most satisfactorily dealt with.

Schools and Schoolmasters Dickens, - i 25
Appropriate selections from the writings of the great novelist

The Metric System Davies, .... i 50
Considered with reference to its general introduction, and embracing the views

Of John Quiucy Adams and Sir John Herschel.

The Student ; The Educator Phelps,
- - each, I 50

The Discipline of Life Phelps,
- i 75

The authoress of these works is one of the most distincnlshed writer* on edn-
csti :.u . and they cannot fail to prove a valuable addition to the School and Teachers*
Li -ir'incs, bcini: in a high degree both interesting and instinctive.

A Scientific Basis of Education Hecker, - - a 50
Adaptation of study and classification by temperament*.

40



2'he National 2'eachers' Zibrrtry.

Teachers' Hand-Book Phelps $i 50
By WM. F. PHELPS, Principal of Minnesota State Normal School. Embracing

the objects, history, organization and management of Teachers' Institutes, followed
by Methods of Teaching, in detail, for all the fundamental branches. Every young
teacher, every practical teacher, every experienced teacher even, needs this book.

Front the New York Tribune.
" The discipline of the school should prepare the child for the discipline of life.

The country schoolmaster, accordingly, holds a position of vital interest to the des-

tiny of the republic, and should neglect no means for the wise and efficient discharge
of his significant functions. This is the key-note of the present excellent volume.
In view of the supreme importance of the teacher's calling, Mr. Phelps has presented
an elaborate system of instruction in the elements of learning, with a complete de-
tail of methods and processes, illustrated with an abundance of practical examples
and enforced by judicious counsels, which may serve as an aid to the teacher in the

performance ot his arduous duties, and in the attainment of the highest excellence
in his profession. The author's directions may not always be accepted without
challenge by experienced instructors, who, however, are encouraged to think tor

themselves ;
but they are always suggestive, and cannot fail to be of signal value

to those who are just entering upon their profession and beginning to comprehend
its difficulties, as well as to discover its secrets."

American Education Mansfield -
i 50

A treatise on the principles and elements of education, as practised in this

country, with ideas towards distinctive republican and Christian education.

American Institutions De Tocqueville
-

I 50
A valuable index to the genius of our Government.

Universal Education Mayhew I 75
The subject is approached with the clear, keen perception of one who has ob-

served its necessity, and realized its feasibility and expediency alike. The redeem-

ing and elevating power of improved commo'n schools constitutes the inspiration of

tie volume.

Higher Christian Education Dwight
-

i 50
A treatise on the principles and spirit, the modes, directions and results of all

true teaching ; showing that right education should appeal to every element of en-

thusiasm in the teacher s nature.

Oral Training Lessons Barnard -
i oo

The object of this very useful vrork is to furnish material for instructors to

impart orally to their classes, in branches not usually taught in common schools,

embracing all departments of Natura) Science and much general knowledge.

Lectures on Natural History Chadbourne 75
Affording many themes for oral instruction in this interesting science especially

in schools where it is not pursued as a class exercise.

Outlines of Mathematical Science Davies i oo
A manual suggesting the best methods of presenting mathematical instruction

on the part of the teacher, with that wmprehensive view of the whole which is nec-

essary to the intelligent treatment of a part, in science.

Nature and Utility of Mathematics Davies -
i 50

An elaborate and lucid exposition of the principles which lie at the foundation

of pure mathematics, with a higiily ingenious application of their results to the de-

velopment of the essential idea of the different branches of the science.

Mathematical Dictionary Davies and Peck 400
This cyclopaedia of mathematical science defines, with completeness, precision,

and accuracy, every technical term ; thus constituting a popular treatise on each

branch, and a general view of the whole subject

50



The National 'Teachers' Library.

Liberal Education of Women Orton . *$i 50
Treats of ''the demand and the method ;" \w\\\ a compilation of the best and

most advanced thought on this subject, liy the leading writers and ttluuitore in

England and America. Edited by a Professor in Yus&ur College.

Education Abroad Northrop ...... *i 50

A thorough discussion of the advantages and disadvantages of sending American
children to Europe to be educated; also. Papers on Legal Prevent ion of Illiteracy,

Study and Health. Labor as an Educator, and other kindred subjects. By the lion.

Secretary of Education for Connecticut.

The Teacher and the Parent Northend
A treatise upon common-school education, designed to lead teachers to view their

calling in ita true light, and to stimulate them u> licit-lily.

The Teachers' Assistant Northend . . . . *i so

A natural continuation of the author's previous work, more directly calculated for

daily use in the administration of school discipline and iustructicu.

School Government Jewell
Full of advanced ideas on the subject which Its title Indicates. The cri

upon current theories of punishment and schemes of administration have excited

general attention and comment.

Grammatical Diagrams Jewell ..... *i

The diagram system of teaching grammar explained, defended, and Improved-
The curious in literature, the searcher tor trial). th>-e interested in new invention-',

8s well as the disciples of Prof. Clark, who would see their favorite theory fairly

treated, all want this book. There are ninny who would like to be made familiar

with this system before risking its use in a c Ui^s. The opportunity is here afforded.

The Complete Examiner Stone
Consists of a series of questions on every English branch of school and academic

instruction, with reference to a given page or article of leading text-books wb
the answer may be found in full. Prep-ireJ. to aid tnctan i" secnrins OB M%
pupils in prepa'ring for promotion, and tea> ting review question*.

School Amusements Root
To assist teachers in making the school interesting with hints upon the manage-

ment of the school-room. Rules for military and gymnastic exercises are inclu !!.

Dtastnled by diagrams.

Institute Lectures-Bates .......
These lectures, originally delivered before institutes, are basd upon Tariont

In the departments of mental and moral culture. The volume i* <-alen

:o prepare the will, awaken the inquiry, and stimulate the thought of the zcalon.

teacher.

Method of Teachers' Institutes-Bates
..rth the best method of conducting institutes with a detailed account of the

object, ortranization. plan
of instruction, and true theory of education on which

nch instruction should be based.

History and Progress of Education
The systems of education prevailing in all nations and ages, ;. 1

to the present time, and the bearing of the pa-t upon the present in this rgrd,

worthy f the careful investigation of all concerned m education.
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National School library.

THE SCHOOL LIBRARY.
The two element? of instruction and entertainment were never more happily com-

bined than in this collection of :-tandard books. Children and adults alike will here
find ample food for the mind, of the sort that is easily digested, while not degener-
ating to the level of modem romance.

LIBRARY OF LITERATURE.
Milton's Paradise Lost. Boyd's Illustrated Ed., $1 60

Young's Night Thoughts . . . . do. . . i GO

Cowper's Task, Table Talk, &c. . do. . . 1 eb

Thomson's Seasons do. . . i GO

Pollok's Course of Time . . . . do. . . i GO

These works, models of the best and purest literature, are beautifully illustrated,
and notes explain all doubtful meanings.

Lord Bacon's Essays (Boyd's Edition) . . . i co

Another grand English classic, affording the highest example of purity in lan-

guage and style.

The Iliad Of Homer. Translated by POPE. . . 80
Those who are unable to read this greatest of ancient writers in the original,

should not fail to avail themselves of this metrical version.

Compendium of Eng. Literature Cleveland, 2 25

English Literature of XlXth Century do. 2 25

Compendium of American Literature do. 225
Nearly one hundred and fifty thousand volumes of Prof. CLEVELAND'S inimitable

compendiums have been sold. Taken together they present a complete view of
literature. To the man who can afford but a few books these will supply the place
of an extensive library. From commendations of the very highest authorities the

following extracts will give some idea of the enthusiasm with which the works are

regarded by scholars :

With the Bible and your volumes one might leave libraries without very painful
regret. The work cannot be fouiid from which in the same limits so much interest-

ing and valuable information may be obtained. Good taste, fine scholarship,
familiar acquaintance with literature, unwearied industry, tact acquired by practice,
an interest in the culture of the young, and regard for truth, purity, philanthropy
and religion are united in Mr. Cleveland. A Judgment clear and Impartial, a taste

at once delicate and severe. The biographies are just and discriminating. ATI

admirable bird's-eye view. Acquaints the reader with the characteristic method,
tone, and quality of each writer. Succinct, carefully written, arid wonderfully com-
prehensive in detail, etc., etc.

Milton's Poetical Works CLEVELAND ... 2 25

This is the very best edition of the great Poet It includes a life of the author,
notes, dissertations on each poem, a faultless text, and is the vniy edition of Hilton
with a complete verbal Index.



National School Library.

LIBRARY OF HISTORY.
Seven Historic Ages Gilman, - $i oo
Or. Talks about Kings, Queens, and Barbarians. These delightful t-ke:

notable events stir the imagination of the young reader, aud give nim a taste for fur-
ther historical reading. Illustrated.

Outlines of General History Gilman, - - i 25
The number of facts which the author has compressed into these outline sketches

Is really surprising; the chapters on the Middle Ages and Feiulalir-ni .

examples of his power of succinct but comprehensive statement. In hi* <>

representative periods
and events in the histories of Nations he show* very sound

judgment, and his characterization of conspicuous historical figure* is accurate and
impartial.

Great Events of History Collier, - i 50
This celebrated work, edited for American readers by Prof. O. R. Willis, _'

a series of pictures, a pleasantly readable and easily remembered view of th

tian era. Each chapter is headed by its central point of interest to afford a--
for the mind. Delineations of life and mannim at different periods are inter
A geographical appendix of great value is added.

History of England Lancaster, i 50
An arrangement of the essential facts of English History in the briefest manner

consistent with clearness. With a fine Map.

History of Liberty Aiken, .... i oo
Explaining the growth of the "

fair consummate flower" of freedom in America
as the result of centuries of trial and experience in the Old World.

Critical History of the Civil War Mahan, 3 oo
A logical analysis of campaigns and battles, and the cause* of victory and defeat.

By Dr. Asa Mahan, first President of Oberlin College. Dr. Mahan never forget* that

history is
"
philosophy teaching by examples,'

1 and his work should be a text-book
for American youth.

History of Europe Alison, - 2 50
A reliable and standard work, which covers with clear, connected, and complete

narrative the eventful occurrences of the years A. D. 1789 to 1815, being mainly a
history of the career of Napoleon Bonaparte.

History of Rome Ricord, - i 75
An entertaining narrative for the young. Illustrated. Embracing successively,

The Kings ; The Republic ;
The Empire.

Ecciesiastical History Marsh, - - 2 oo
A history of the Church in all ages, with a comprehensive review of all forms of

religion from the creation of the world. No other source affords, in the same com-

pass, the information here conveyed.

History of the Ancient Hebrews Mills, - i 75
The record of " God'e people

" from the call of Abraham to the destruction of

Jerusalem ; gathered from sources sacred and profane.

The Mexican War Mansfield, i 50
A history of its origin, and a detailed account of its victories ;

with official de-

patcbes, the treaty of peace, and valuable tables. Illustrated.

Early History of Michigan Sheldon, 2 50
A work of value and deep interest to the people of the West Compiled under

the supervision of Hon. Lewis Cass. Portraits.

History of Texas Baker,
A pithy and interestinff resume. Copiously illustrated. The State constitution

and extracts from the speeches and writings of eminent Toxans are appended.
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National Historical Ziibrary.

NEW LIBRARY OF HISTORY.
Barnes' Centenary History,

... - *$6 oo
" One Hundred Tears of American Independence." This superbly illustrated

work, by the author of "Barnes' Brief Histories" (for schools), is appropriately
issued in the ''centennial year" (1876). An extended Introduction brins down
the history from the earliest times. The leading idea is to make American" History
popular for the masses, and especially with the young. The style is therefore
life-like and vivid, carrying the reader along by the sweep of the story as in a novel,
eo that when he begins an account of an important event he cannot very well lay
down the book until he finishes.

Lamb's History of New York City.
One of the most important works ever issued. It opens with a brief outline of the

condition of the old world prior to the settlement of the new, and proceeds to give
a careful analysis of the two great Dutch Commercial Corporations to which New
York owes its origin. It sketches the rise and growth of the little colony on Man-
hattan Island ; describes the Indian Wars with which it was afllicted

; gives colo_r
and life to its Dutch rulers; paints its subjugation by the English, its after vicissi-

tudes, the Revolution of 1689; in short, it leads the reader through one continuous
chain of events down to the American Revolution. Then, gathering up the threads,
the author gives an artistic and comprehensive account of the progress of the Cit}-,

in extent, education, culture, literature, art, and political and commercial impor-
tance, during the last century. Prominent persons are introduced in all the differ-

ent periods, with choice bits of family history, and glimpses of social life. The
work contains maps of the City in the different decades, and several rare portraits
from original paintings, which have never before been engraved. The illustrations,
about 250 in number, are all of an interesting and highly artistic character.
The work is now being published, by subscription only, in about 30 parts, at 50

cents each.

Carrington's Battles of the Revolution, - $6 oo
A careful description and analysis of every engagement of the War for Indepen-

dence, with topographical charts prepared from personal surveys by the author, a
veteran officer of the U. 8. Army, and Professor of Military Science in Wabash
College.

Baker's Texas Scrap-Book,
-

$5 oo
Comprising the History, Biography, Literature, and Miscellany of Texas and its

people. A valuable collection of material, anecdotical and statistical, which is not
to be found in any other form. The work is handsomely illustrated. (Sheep, $6.00.)

LIBRARY OF REFERENCE.
Home Cyclopaedia of Literature and Fine Arts, - $3 oo
A complete index to all terms employed in belles lettres, philosophy, theology,

law, mythology, painting, music, sculpture, architecture, and all kindred arts.

The Rhyming Dictionary Walker, i 25
A serviceable manual to composers, being a complete index of allowable rhymes.

The Topical Lexicon Williams, - i 75
The useful terms of the English language classified by subjects and arranged ac-

eording to their affinities of meaning, with etymologies, definitions, and illii:<. ra-

tions. A very entertaining and instructive work.

Mathematical Dictionary Davies and Peck, - 4 oo
A thorough compendium of the science, with illustrations and definitions.
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National ftloaraphical Library.

LIBRARY OF BIOGRAPHY.

Autobiography of President Finney, - - - $2 oo
The "Memoirs of Rev. Charles G. Finney. written by himself," with Portrait on

steel. The work presents the experience, labors, and thoughts of the eminent
Evangelist, Preacher, and Teacher. It fives the history of the great revivals in
which he labored, and also his work in connection with Obvrliu College.
The book is full of personal incidents illustrating the power of the Gospel upon

the hearts and lives ofmen, and of practical suggestions for the promotion of revi-
vals. It is also rich in its exhibition of personal religious experience, and of the
nature and the efficacy of prayer.

Life of P. P. Bliss Whittle, Moody &. Sankey,
- 2 oo

The memorials of the lamented singer and evangelist which have here been patb-
ered by the hands of loving friends will commend themselves to a grwit multitude
of interested leaders. Ten thousand copies of the book were sold within thirty

days after publication. It contains steel-plate engravings of the Blis family, and a
number of new songs with music not before published.

Life of Dr. Sam Johnson Boswell, - - - 2 25

This work has been before the public for seventy years, with increasing approba-
tion. Boswell is known as " the prince of biographers."

Henry Clay's Life and Speeches Mallory. 2 vols., 4 50

This great American statesman commands the admiration, and MB character and

deeds solicit the study of every patriot.

Life and Services of General Scott Mansfield, - i 75

The hero of the Mexican war, who was for many years the most prominent figure

In American military circles, should not be forgotten in the whirl of more recent

events than those by which he signalized himself. Illustrated.

Garibaldi's Autobiography,
- - - i 50

The Italian patriot's record of his own life, translated and edited by bis friend and

admirer. A thrilling narrative of a romantic career. With portrait.

Lives of the Signers Dwight,
- i 50

The memory of the noble men who declared our country free at the peril of their

own "
lives, fortunes, and sacred honor," should be embalmed in every American

heart.

Life of Sir Joshua Reynolds Cunningham,
- i 50

A candid, truthful, and appreciative memoir of the great painter, with a compilation

of his discourses. The volume is a text-book for artiste, as well as those who woul<

acquire the rudiments of art. With a portrait.

Prison Life,
--------

Interesting biographies of celebrated prisoners and martyrs, designed especially

for the instruction aud cultivation of youth.

55



National School library.

LIBRARY OF TRAVEL.

Texas; the Coming Empire McDaniel and Taylor, $i 50
Narrative of a two thousand mile trip on horseback through the Lone Star State;

with lively descriptions of people, scenery, aud resources.

Life in the Sandwich Islands Cheever, i 50
The " Heart of the Pacific, as it was and is," shows most vividly the contrast be-

tween the depth of degradation and barbarism and the light and liberty of civiliza-

tion, so rapidly realized in these islands under the humanizing influence of the
Christian religion. Illustrated.

The Republic of Liberia Stockwell, ... i 25
This volume treats of the geography, climate, soil and productions of this

interesting country on the coa-st of Africa, with a History of its early t-ettlement.
Our colored citizens especially, from whom the founders of the new State went forth,
should read Mr. Stockwell's account of it. It is so arranged as to be available for a
School Reader, and in colored schools is peculiarly appropriate as an instrument of
education for the young. Liberia is likely to bear an important part in the future of
their race.

Ancient Monasteries of the East Curzon, - -
i 50

The exploration of these ancient seats of learning has thrown much light upon the
researches of the historian, the philologist, and the theologian, as well as the general
etndent of antiquity. Illustrated.

Discoveries in Babylon and Nineveh Layard,
- i 75

Valuable alike for the information imparted.with regard to these most interesting
rums and the pleasant adventures and observations of *he author in regions that to
most men seem like Fairyland. Illustrated.

A Run Through Europe Benedict, - 2 oo

A work replete with instruction and interest an admirable guide-book.

St. Petersburgh Jermann t
-

i oo

Americans are less familiar with the history
and social customs of the Russian

people than those of any other modern civilized nation. Opportunities such as this
oeok affords are not, therefore, to be neglected.

The Polar Regions Osborn, -
i 25

A thrilling and intensely interesting narrative of one of the famous expeditions in
search of Sir John Franklin unsuccessful in its main object, but adding many facts
to the repertoire of science.

Thirteen Months in the Confederate Army,
- 75

The author, a northern man conscripted into the Confederate service, and rising
from the ranks by soldierly conduct to positions of responsibility, had remarkable
opportunities for the acquisition of facts respecting the conduct of the Southern
armies, and the policy and deeds of their leaders. He participated in many engage-
ments, and his book is one of the most exciting narratives of adventure ever pub-
lished. Mr. Stevenson takes no ground as a partisan, but views the whole subject as
with the eye of a neutral only interested in subserving the cuds of history I y th
contribution of impartial facts. Illustrated.
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National School library.

RELIGIOUS LIBRARY.
Abbott's Commentaries MATTHEW AM. MARK, $2 50
With Notes, Comments, Maps, and Illustrations; also, an Introduction t<> il

study of the New Testament, a condensed Life of Christ, and a Tabular Harmony of
the Gospels. Trade edition, *2.50

; subscription edition, royal bvo,

MA UK AND LUKE, $2 00. ACTS OF THE AI-OMI.I:>. *2 00
With Notes, etc., as above; also, an Introduction to the study, a Ga/'

Chronological Table, etc.

Ray Palmer's Poetical Works, ..... 4 oc
An exquisite edition of the complete hymns and other poetical writings of the

Most eminent of American sacred poets author of "My fuith looks up to Thee."

Dale on the Atonement, ........ 2 oo

The theory and fact of Christ's atonement profoundly considered.

The Service of Song Stacy ....... 1 50

A treatise on Sinirins, in public and private devotion. Its history, office, and
importance considered.

True Success in Life Palmer ...... 1 so

Earnest words for the young who are just about to meet the responsibilities and

temptations of mature life.

"Remember Me" Palmer ....... 1 so

Preparation for the Holy Communion.

Chrysoslom, or the Mouth of Gold Johnson 1 oo

An entertainim: dramatic sketch, by Rev. Edwin Johnson, illustrating the lift

and times of St Chrysostom.

The Memorial Pulpit Robinson. 2 vok, each i 50

A series of wide-awake sermons by the popular pastor of the Memorial Presby-
terian Church, New York.

Responsive Worship Budington GO

An argument in favor of alternate Scripture reading by Pastor and Congregation.

Lady Willoughby ........... !

The diary of a wife and mother. An historical romance of the seventeenth cen-

tury. At once beautiful mid puthetic, entertain ing and instructive.

Favorite Hymns Restored Gage .... 1 25

Most of tin' standard hymn- have undergone modification or abridgment by com-

pilers, but this volume contains them exactly as written by the autl.

Poets' Gift of Consolation . . i 50

A beautiful selection of poems referring to the death of children.

The Mosaic Account of Creation
Tlic Miracle of To-day: or New Witnesses of the Oneness of Genesis and Science-

With E-SHV on the Cause and Epoch of the present Inclination of the Earth 8 Axu,
and on Cosmology. By Charles B. Warring.



National School J^ibraiy.

VALUABLE LIBRARY BOOKS,

Principles and Acts of the Revolution, . . 3 oo

Compiled from " Niles's Register." Being
" a collection of Speeches, Orations,

and Proceedings, with Sketches and Remarks on Men and Things.'' This work has

long been standard, though for many years out of yrint, and the eager demand for

its republication induces the publishers to offer this new edition.

American Institutions De Tocqueville . . 1 50

Democracy in America De Tocqueville 2 so

The views of this distinguished foreigner on the genius of our political institu-

tions are of unquestionable value, as proceeding from a standpoint whence we sel-

dom have an opportunity to hear.

Constitutions of the United States .... 2 25

Contains the Constitution of the General Government, and of the several State

Governments, the Declaration of Independence, and other important documents
relating to American history. Indispensable as a work of reference.

Public Economy of the United States ... 2 25

A full discussion of the relations of the United States with other nations, espe-
cially the feasibility of a free-trade policy.

Grecian and Roman Mythology Dwight 3 oo

The presentation, in a systematic form, of the Fables of Antiquity, affords most
entertaining reading, and is valuable to all as an index to the mythological allusions
so frequent in literature, as well as to students of the classics who would peruse in-

telligently the classical authors. Illustrated.

General View of the Fine Arts Huntington 1 75
The preparation of this work was suggested by the interested inquiries of a

group of young people concerning the productions and styles of the great masters
of art, whose names only were familiar. This statement is sufficient index of its

character.

The Poets of Connecticut Everest 1 75

With the biographical sketches, this volume forms a complete history of the

poetical literature of the State.

The Son of a Genius Hofland ....
A juvenile classic which never wears out, and finds many interested readers in

every generation of youth.

Sunny Hours of Childhood
Interesting and moral stories for children.

Morals for the Young Willard
A series of moral stories, by one of the most experienced of American educators,

fllnstrated.

Improvement of the Mind Isaac Watts
A classical standard. No young person should grow up without having perused

it.
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Church Music, etc.

DPUBLIO
Songs for the Sanctuary,
By REV. 8. C. ROBINSON. 1344 Hymns', with Tunes. The most euccppsfhl modern

hymn and tune book, for congregations and choirs. More than 200,(-

B07 Hymns, with Tune?, $1.40.

Psalms and Hymns and Spiritual Songs,
Ali-o by Dr. ROBINSON. Differs from "

Sonir* for the Sanctuary "in having all tin

hymns set to music, for pure congregational singing. 12*1 Psalms and Hymns, with
Tunes. Cheap edition, $1.75 ; edition without Tunea, 75 cents.

Baptist Praise Book,
Bv REV. DR.- FULLER, LEVY. PHELPS, FISH, ARXTTAOE, WINKLER, EVARTS, LOB-

UfBR an 1 MANLV. and .1 P. HOI.BKOOK. K-q. 1311 Hymns. with Tune*. Edition
without Tuiies, ~1.75. Chapel edition, 550 Hymns, with Tones, $1.25.

Plymouth Collection,
tCongre^ational.) By REV. HENRY WARD BEECHER. 1374 Hymns, with Tune*.

Separate edition for Baptist Churches. Editions without Tunee, $1.25 and $1.75.

Hymns of the Church,
(Undenominational.) By KEV. l)i:-. THOMPSON. YERXILTZ, and EDDT. 1007

Hymns, with Tunes. Th- DM of this book i* required in all congregation!) of the

Reformed Church in America. Edition without Tunes, $1.75. Chapel edition

( Hymns of Prayei and Praise "), 330 Hymns, with Tunes, 75cto.

Episcopal Common Praise,
The Service set to appropriate Music, with Tunes for all the Hymns In the Book

of Common Prayer.

Hymnal, with Tunes,
(Episcopal) By HALL & WHITELEY. The new Hymnal, set to Music. Edition

with Chants, $1.50. Edition of Hymns only (" Companion
"
Hymnal), 60cto.

Metrical Tune Book. Bypmup PHILLIPS.

Quartet and Chorus Choir. By j. p. HOLBBOOK.

Containing Music for the Unadaptcd Hymns In Songs for the Sanctuary.

Pilgrim Melodies. By j. E. SWMTMB.

Christian MelodieS. ByOw>.B.CrantvB. Hymns and Tunee.

MOUnt Zion Collection. By T. E. PERKINS. FortheCholr.

By THOS. HASTINGS. For the Choir.

Public Worship (Partly Responsive)

Containing complete sen-ices (not Episcopal) for five Sabbaths: for use n schools,

public institutions, summer resorts, chnrdhes without a settled pastor; in short,

wherever Christians desire t > wor^iip no clergyman being present.

The Union Prayer Book,
A Manual for Public awl Private Worship With thow featnr . v- ob-

jectionable to other denominations of Christians than
ED^opal

eliminated 01

modified. Contains a Service for Sunday Schools and Family Prayer*.

The Psalter,
Selections from the Psalms, for responsive reading.
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National School Library.

LATEST PUBLICATIONS.
The Commonwealth Reconstructed Clark, - -

$1 50
Setting forth why our democracy is a partial failure, with a remedial method.

Nine Lectures on Preaching Dale, -
i 50

By Rev. R. W. Dale, of England. Delivered at Yale College, October 1877. Con-
tents: Perils of Young Preachers; The Intellect in Relation to Preaching; Reading;
Preparation of Sermons ; Extemporaneous Preaching ; Evangelistic JPreachiug ;

Pa-toral Preaching ; Conduct of Public Worship.

The Working Classes in Europe Hughes, -
I oo

Choice Articles from the "
International Review " on Labor, Republican Govern-

ment, and kindred topics. By Thomas Hughes, M.P., and other competent writers.

Our National Currency Amasa Walker, - o 50
The money problem in all its bearings.

The World's Fair in 1876 F. A. Walker, - - o 75
An historical and critical account by the distinguished chief of the Bureau of

Awards, Gen. Francis A. Walker.

Student's Common-Place Book Fox, - - $4 50
The result of over thirty years effective reading by a clergyman and teacher, form-

ing a Cyclopedia of Illustration and Fact. Interleaved for Additions by the owner;
thus combining a printed Manual of Literature with the Blanks of nn Index Rerum.
Its double value will make it the favorite book of the library.

Biographical and Critical Essays Atlas Series, - i 50
Choice articles from the International Review on Macaulay. Ticknor, Ernst Cnr-

tius, Hamerton, Longfellow, Bryant, Poe, Chas. Tennyson, Freeman, Stunner, John
Stuart Mill. By Edward A. Freeman, and other eminent writers.

Formation of Religious Opinions Palmer, - i 25
Hints for the benefit of young people who have found themselves disturbed by in-

ward questionings or doubts concerning the Christian faith.

Outlines of English Literature Gilman, - - i oo

Gives, within the compass of two hundred pages, a suggestive outline sketch of
the history of English Literature, grouping authors in accordance with the develop-
ment of the language and literature.

PERIODICALS.
The International Review, - - - $5 oo

As its title indicates, presents
" the ripest and hest thought of the age

" in all

countries, Its contributors are the leading thinkers and writers of both Continents.
Published bi-monthly, $5.00 per year. Bound volumes for 1874 tnd succeeding years.

each, $6.00.

Magazine of American History,
-

5 oo

For the collection and preservation of all material relating to our country. Edited

by John Austin Stevens, Librarian of the New York Historical Society. Monthly.
$5.00 per year.
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